STABLE CATEGORIES OF HIGHER PREPROJECTIVE ALGEBRAS

OSAMU IYAMA AND STEFFEN OPPERMANN

ABSTRACT. We introduce (n + 1)-preprojective algebras of algebras of global dimension n. We
show that if an algebra is n-representation-finite then its (n + 1)-preprojective algebra is self-
injective. In this situation, we show that the stable module category of the (n+ 1)-preprojective
algebra is (n+ 1)-Calabi-Yau, and, more precisely, it is the (n+ 1)-Amiot cluster category of the
stable n-Auslander algebra of the original algebra. In particular this stable category contains
an (n + 1)-cluster tilting object. We show that even if the (n + 1)-preprojective algebra is not
self-injective, under certain assumptions (which are always satisfied for n € {1,2}) the results
above still hold for the stable category of Cohen-Macaulay modules.
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1. INTRODUCTION

The preprojective algebras A of path algebras A of quivers have been introduced by Gelfand
and Ponomarev to understand representation theory of path algebras of quivers. They have
played important roles in representation theory and other areas of mathematics, e.g. resolutions
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of Kleinian singularities, crystal bases of quantum groups, quiver varieties, and cluster theory.
Preprojective algebras satisfy many important homological properties, in particular they give
rise to 2-Calabi-Yau triangulated categories: For the Dynkin case the stable module category
mod A is 2-Calabi-Yau | , ], and for the non-Dynkin case the bounded derived category
2P(fd A) of finite dimensional modules is 2-Calabi-Yau [('32]. Moreover Geiss-Leclerc-Schroer
[ , ] constructed a 2-cluster tilting object in the stable category mod A for the Dynkin
case. These properties play an important role in the categorification of Fomin-Zelevinsky cluster
algebras [I'Z]. Also there is another important class of 2-Calabi-Yau triangulated categories
in cluster theory, namely cluster categories | | and their generalization given by Amiot
[ , |, and sometimes there exists a triangle equivalence between the stable category
mod A and a cluster category. Actually for each Dynkin case Amiot [ | constructed a triangle
equivalence

mod A ~ G3

with the 2-Amiot cluster category 67 of the stable Auslander algebra I' of A. This gives another
proof of the existence of a 2-cluster tilting object in mod K, since Amiot cluster categories contain
cluster tilting objects [ .

The aim of this paper is to introduce a higher analogue of preprojective algebras and generalize
the properties of classical preprojective algebras discussed above to the higher case. In particular
we compare them with higher (Amiot-)cluster categories [BM, , , |. For an algebra
A of global dimension at most n, its (n+ 1)-preprojective algebra is defined as the tensor algebra

A = Ty Ext} (DA, A) := €D Ext} (DA L A)®h

=0

This is a generalization of Crawley-Boevey’s description A= T Ext/l\(DA7 A) of classical prepro-
jective algebras [CB1] and Assem-Briistle-Schiffler’s description of cluster tilted algebras [ ]
Our (n+1)-preprojective algebra A is the O-th homology of Keller’s derived (n+1)-preprojective
DG algebra IT | | which plays an important role in the study of n-Amiot cluster categories
[ , ], and in particular A is isomorphic to the n-Calabi-Yau tilted algebra Endygp (A).
While it is known that IT is always a bimodule (n+1)-Calabi-Yau DG algebra | ], our (n+1)-
preprojective algebra A is not so nice in general from a homological viewpoint. Therefore we have
to restrict ourselves to certain nice classes of algebras A, which are called “n-representation-finite
algebras” or, more generally, “algebras satisfying the vosnex property”.

The notion of n-representation-finite algebras has been introduced by the authors in [[0] in the
context of higher Auslander-Reiten theory. We define a finite dimensional algebra to be weakly
n-representation-finite if there is an n-cluster tilting object in the module category, and we call
it n-representation-finite if moreover it has global dimension at most n (see Section 2). Various
papers have constructed classes of n-representation finite algebras [/, , , , ,

, , , 1O]. In this case the n-Amiot cluster category € is Hom-finite, and the (n+1)-

preprojective algebra A is a finite dimensional algebra which, regarded as a A-module, gives the
unique basic n-cluster tilting object in mod A [[va3] (see Theorem 2.21). One of our main results
in this paper is that the (n + 1)-preprojective algebra A of an n-representation finite algebra
A is self-injective (see Corollary 3.4). As an application we give a complete classification of
iterated tilted 2-representation-finite algebras (see Theorem 3.12) by using Ringel’s classification
of self-injective cluster tilted algebras [ |. Moreover we show that any quasi-tilted algebra of
canonical type (2,2,2,2) is 2-representation-finite (see Proposition 3.13). Thus, in contrast to
the (classical) 1-representation-finite situation, there is a 1-parameter family of 2-representation-
finite algebras. N

For an n-representation-finite algebra A, we study the stable module category mod A (and a
derived category version of it, called mod % — see Theorem 2.16) in Section 4, and obtain the
following result.

Theorem 1.1. Let A be an n-representation-finite algebra.
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(1) (Corollary 4.6) The stable module category mod A is an (n + 1)-Calabi- Yau triangulated
category.
(2) (Theorem /J.15) We have a triangle equivalence

mod A ~ %”I?H

between the stable module category of A and the~ (n + 1)-Amiot cluster category of T',
where I' is the stable n-Auslander algebra End, (A) (see Definition 2.22).
(3) (Corollary 4.16) mod A contains an (n + 1)-cluster tilting object.

For the case n = 1 we recover the properties of classical preprojective algebras explained
above.

In the final Section of this paper we generalize the results above by weakening the assumption
that A is n-representation-finite. We introduce a homological condition called “vosnex property”
(see 3.5) which generalizes n-representation-finiteness. By definition this condition is always
satisfied in the cases n = 1 or 2. We generalize Theorem 1.1 and the main result of Keller-
Reiten [I[<R] for the case n = 2 by showing the following.

Theorem 1.2. Let A be an algebra satisfying the vosnex property.

(1) (Lemma 5.9, Corollary 5.12) A is Iwanaga-Gorenstein of dimension at most 1, and the
stable category of Cohen-Macaulay modules CM(A) over A is an (n + 1)-Calabi- Yau
triangulated category.

(2) (Theorem 5.43) We have a triangle equivalence

CM(A) ~ 7,
with the (n+1)-Amiot cluster category of T', where ' is the stable endomorphism algebra

EndA(A) _
(3) (Corollary 5.44) CM(A) contains an (n + 1)-cluster tilting object.

Even for the case n = 2, we have the following properties of 2-Calabi-Yau tilted algebras
which were not known before.

Corollary 1.3 (n = 2). Let A be a finite dimensional algebra with gl.dim A < 2 such that €3
1s Hom-finite. Then we have a triangle equivalence

CM(A) ~ %,

where I' = Endy (A). In particular CM(A) contains a 3-cluster tilting object.

It should be noted that all results of Section 4 are contained in the corresponding results of
Section 5. However we give separate proofs for most of them, since the proofs in the setup of
Section 4 are considerably shorter and more explicit.

In Appendix A we give a detailed explanation of how we use the universal property of n-Amiot
cluster categories.

Acknowledgements. We would like to thank Claire Amiot and Bernhard Keller for helpfully
explaining to us how to apply their results.

2. BACKGROUND AND NOTATION

We refer to | ) , | for general background on representation theory of algebras, to
[ , , | for the theory of functor categories and to [ , | for tilting theory
and derived categories.

Throughout this paper we fix a base field k, which is not necessarily algebraically closed. All
algebras and categories are assumed to be k-algebras and k-categories, respectively. Moreover,
all algebras are assumed to be basic and connected.

We say a category .7 is Hom-finite if for any X,Y € 06 .7 the k-vector space Hom #(X,Y’)
is finite dimensional.
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Notation 2.1. We use the notation Hom #(X,Y") for the morphisms in .7 from X to Y, if
X,Y € 06 7, and, by abuse of notation, also for morphisms in mod .7 from X to Y, if X and
Y are .7-modules. Moreover, in some diagrams (when there is little space) we omit the Hom
and just write ,(X,Y). For .7-modules X and Y we denote by Hom »(X,Y’) the space of
morphisms in the stable module category.

Definition 2.2 ([BK]). Let .7 be a Hom-finite triangulated category. A Serre functor 7S is
an auto-equivalence of .7, such that there is an isomorphism

Hom#(X,Y) = DHomg (Y, #SX)
natural in X and Y. If a Serre functor exists it is unique up to unique natural isomorphism.

Notation 2.3. Let .7 be a triangulated category with a Serre functor #S. Asin [ , 10] we
set

,7871 = yS[—n]: T — ,7,
where [1] denotes the suspension in .7. Whenever there is no danger of confusion we omit the

left index 7.

Definition 2.4 ([[<on]). Let .7 be a Hom-finite triangulated category. We say .7 is n-Calabi-
Yau if [n] is a Serre functor on .7. Equivalently we could ask .7 to have a Serre functor S, and
S, &id.

The two most important types of triangulated categories for this paper are the following:

e The bounded derived category of mod A, for a finite dimensional algebra A, is denoted
by Y\, or by & if there is no danger of confusion.

e The n-Amiot cluster category € of a finite dimensional algebra A with gl.dimA < n
(see Subsection 2.1 below, and | , D).

Notation 2.5 ([lva2]). Let A be a finite dimensional algebra. We denote by
7, = 7" 1 mod A—> mod A, and

=70 ™D mod A —> mod A

the n-Auslander-Reiten translation and inverse n-Auslander-Reiten translation, respectively.
Note that if A is an algebra with gl.dim A < n, then 77 = H%(5, S -).

We call an algebra A with gl.dim A < n 7,-finite if 7,'A = 0 for sufficiently large i, or,
equivalently, if 7! DA = 0 for sufficiently large i. The equivalence of these two conditions can be
seen as follows:

7 'A = 0 <= Homgy, (A,S,"A) = 0 <= Homgy, (S, DA, DA) = 0 <= 7:(DA) = 0.

2.1. n-Amiot cluster categories. For the convenience of the reader we recall the construction
and the most important properties of n-Amiot cluster categories.

It should be noted that while Amiot | ; | formulates the results we recall in this
subsection only in case n = 2, they immediately generalize to arbitrary n.

Construction 2.6 (Amiot — see | , ]). Let A be an algebra of finite global dimension,
such that A/RadA is separable over k. We set I' to be the DG algebra A & DA[—n — 1].
Projection I' — A yields a restriction functor Y5 — Zr. Now the n-Amiot cluster category is
defined to be the quotient category

Ex = thickg. (A)/perfT,

where thickg,. (A) denotes the smallest thick subcategory of Zr containing (the image of) A, and
perfI' = thicky,. (I') denotes the perfect complexes over I'.

Remark 2.7. Whenever we use the n-Amiot cluster category of an algebra A, we assume
A/ Rad A to be separable over the base field k (see [CR, ]) — that is A/ Rad A is a product
of matrix rings over skew fields, such that the centers of these skew fields are separable field
extensions of k. See the assumptions at the beginning of Section 2 in | | on why we need
this.
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Lemma 2.8 (Amiot — see | , 1). The restriction functor induces a functor m: I — €.
This functor commutes with the Serre functors of the two categories.

Lemma 2.9 (Amiot — see | , ). Let A be a finite dimensional algebra with gl.dim A <
n. The n-Amiot cluster category €} is Hom-finite if and only if A is 7,-finite.

The n-Amiot cluster category is the “algebraic n-Calabi-Yau” version of the derived category,
as indicated by the following theorem.

Theorem 2.10 ([Amiot — see | , ). Let A be an algebra with gl.dim A < n, which is
Tn-finite. Then the n-Amiot cluster category is n-Calabi- Yau, and satisfies a universal property.
(See Appendiz A, and in particular Theorem A.20 for details on the universal property.)

2.2. (n+ 1)-preprojective algebras.

Definition 2.11. Let A be an algebra of global dimension at most n. Then the (n + 1)-
preprojective algebra of A is

A =Ty Ext (DA, A),
that is the tensor algebra of the A-A-bimodule Ext} (DA, A) over A.

Remark 2.12. In | | Keller introduced the notion of derived (n 4+ 1)-preprojective algebras.
The (n + 1)-preprojective algebras are the 0-th homology of his derived (n + 1)-preprojective
algebras.

One basic property of (n + 1)-preprojective algebras is the following.

Lemma 2.13. Let A be an algebra of global dimension at most n. Then
A= @T A

as A-modules. _
In particular A is T,-finite if and only if A is finite dimensional. In that case we also have

DA = P DA

i>0
Proof. Since gl.dim A < n we have
=770~ D = Bxt} (DA, Q= ""Y ) = Ext} (DA, —) = Ext} (DA, A) ®p —.

This implies the first isomorphism. The remaining claims follow. O

Tn
2.3. n-cluster tilting subcategories.

Definition 2.14 ([IY]). Let 7 be a triangulated category. A full subcategory % C 7 is called
n-cluster tilting subcategory, if it is functorially finite and

U ={X € 7 |Homg(%,X[i]) =0Vie {1,...,n—1}}
={X € 7 |Homg (X[, %) =0Viec{l,...,n—1}}.

An object X in 7 is called n-cluster tilting object, if add X is an n-cluster tilting subcategory.
Similarly one defines n-cluster tilting subcategories and objects in abelian categories.

We have the following basic property.

Proposition 2.15 ([IY, Corollary 3.3]). Let .7 be a triangulated category, and let % be an
n-cluster tilting subcategory of . Then for any Xo € 7, there exist triangles

SNTN T NN

Up—1 ~—+ Xpo«——+ X3 o X1 «—+ Xo
with U; € U .
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We will make use of the following examples of n-cluster tilting subcategories.

Theorem 2.16 (| , Theorem 1.22]). Let A be an algebra of global dimension at most n,
which is T,-finite. Then

U = add{SLA |i € Z} C Dy
18 an n-cluster tilting subcategory of the derived category.
Theorem 2.17 (Amiot — see | , ). Let A be an algebra of global dimension at most

n, which is T,-finite. Then wA is an n-cluster tilting object in the n-Amiot cluster category €' .
Moreover the endomorphism algebra Endegyp (mA) of A is isomorphic to the (n+1)-preprojective

algebra A of A.

Remark 2.18. Note that % is the preimage of addwA under the functor from the derived
category to the n-Amiot cluster category as indicated in the following diagram.

% add w(A)
D i 8
2.4. n-representation-finiteness.
Definition 2.19. (1) A finite dimensional algebra A is called weakly n-representation-finite

if mod A contains an n-cluster tilting object.
(2) It is called n-representation-finite if moreover gl.dim A < n.

Note that an algebra is weakly 1-representation-finite if and only if it is representation-finite,
and 1-representation-finite if and only if it is hereditary and representation-finite.

For examples of n-representation-finite algebras see [HI1, [0] and Section 3.2.

We have the following basic property of weakly n-representation-finite algebras.

Proposition 2.20. Let A be a weakly n-representation-finite algebra with an n-cluster tilting
object M in mod A.

(1) 7, induces a bijection from isomorphism classes of indecomposable non-projective mod-
ules in add M to isomorphism classes of indecomposable non-injective modules in add M .

(2) If moreover gl.dim A < n (that is, A is n-representation-finite), then for any X € add M
without non-zero projective summands we have 7, X = S, X.

Proof. (1) [lva2, Lemma 2.3]. '
2) Since A € add M we have Ext} (X, A) = 0 for 0 < i < n. This implies Homu (X, A) =0

A
(see [lya3, Lemma 2.3]). Thus 7, X = S, X. O

Using this, we have the following result.

Theorem 2.21 ([Iva3]). Let A be an n-representation-finite algebra. Then

(1) A is the unique basic n-cluster tilting object in mod A, and
(2) for % as in Theorem 2.16 we have

U = add{A[in] | i € Z}.

Definition 2.22. The n-Auslander algebra and stable n-Auslander algebra of an n-representation-

finite algebra A are defined as Endy (A) and End, (A), respectively.
The following is the basic property of (stable) Auslander algebras.
Theorem 2.23 ([lya3, ). Let A be n-representation-finite. Then

gldimEnda(A) <n+1, and gldimEnd,(A) <n+ 1.
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3. N-REPRESENTATION-FINITENESS AND SELF-INJECTIVITY

Theorem 3.1. Let A be an algebra with gl.dim A < n. Then the following are equivalent:
(1) A is n-representation-finite,
(2) DA€ %, and
(3) w =S .

For the proof we will need the following easy lemma (e.g. [ , Proposition 5.4]).

Lemma 3.2. Let A be an algebra with gl.dimA < n. Denote by (25°,22°) the standard
t-structure of 9. Then we have S,27° C 229 and Sgl.@go C 90,

Proof of Theorem 3.1. (1) = (3): We only have to show A € S and DA € % . For any
indecomposable projective A-module P there exists an indecomposable injective A-module 1
such that 71 = P for some ¢ > 0 (Proposition 2.20(1)). By Proposition 2.20(2) we have
SYT= P. Thus P € addS{SA € S%. Hence we have A € S% . Similarly we have DA € % .

(3) = (2): This is clear.

(2) = (1): By assumption any indecomposable injective A-module [ is in %, and hence of
the form I =§,; 1 Py for some indecomposable projective module P;. Hence, by Lemma 3.2, we
have

Sﬁll € 957" for any i < 0,
(3.1) Si1=sSi"1P; ¢ 27°N 2<% = mod A for 0 < i < {1, and
SiT =S4 P e 97" for any i > ;.

In particular we see that A is 7,-finite. Set

J4
M= B @S@I.

I indecomp. =0
injective

Then add M = % Nmod A. By Theorem 2.16 we have Ext’y (M, M) = 0 for any 0 < i < n.
Assume that a A-module X satisfies Exty (M, X) = 0 for all 0 < i < n. Then (3.1), together
with gl.dim A < n, implies Homgy (%, X[i]) = 0 for any 0 < i < n. Hence, by Theorem 2.16, we
have X € % Nmod A = add M. Similarly any A-module X satisfying Ext} (X, M) = 0 for all
0 < i < n belongs to add M. Therefore M is an n-cluster tilting A-module. g

3.1. Self-injective (n + 1)-preprojective algebras.

Notation 3.3. As customary for algebras, we say that a category % is self-injective if projective
and injective objects in mod % coincide. (Here and throughout this paper mod % denotes the
category of finitely presented functors % °? — mod k.)

We obtain the following immediate consequence of Theorem 3.1.
Corollary 3.4. Let A be n-representation-finite. Then A (= Endgrn(7A)) and % are self-
mjective.
Proof. By Theorem 3.1, % is closed under S. Hence m(add A) = 7(%) is closed under S in €}
Using Serre duality we have
DA =D Endgrp (7A) = Homgrp (A, S7A) € add Endgrp (7(A)) = add A.
Thus A is self-injective. Similarly we have that % is self-injective. O

We now turn the implication of this corollary into an equivalence by strengthening the second
condition.

Notation 3.5. We say an n-cluster tilting subcategory % in a triangulated category 7 has
the “vanishing of small negative extensions”-property (= vosnez), if Hom (% [i], % ) = 0 for all
ie{l,...,n—2}.

By abuse of notation we say that an algebra A has the vosnex property, if it is 7,-finite, and
the category % (as in Theorem 2.16) has the vosnex property.
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Proposition 3.6. Let % be an n-cluster tilting subcategory in a triangulated category 7. Then
the following conditions are equivalent.

()% S .

(2) % = Un.
(gﬂomy( [i],)=0Vie{1,...,n—1}.

(4) % is self-injective, and has the vosnex property (see 5.5).

Before we start the proof, let us note that what it means in the situation of derived and
n-Amiot cluster categories.

Corollary 3.7. Let A be an algebra of global dimension at most n. Then the following are
equivalent.

(1) A is n-representation-finite.

(2) 4 = S .

(3) add A = gpS(add 7A).

4) % s self—mjective and has the vosnex property.

(5

\_/\_/\_/\_/

Aisa self-injective algebra, and A has the vosnex property.

Finally note that for n = 2 the vosnex property is always satisfied, so that we obtain the
following.

Corollary 3.8. Let A be an algebra of global dimension at most 2. Then the following are
equivalent.
(1) A is 2-representation-finite.
(2) # = oSU .
(3) add7A = WS(adde).
(4) % is self- mjective
(5) A is a self-injective algebra.

For the proof of Proposition 3.6 we need the following preliminaries.

Construction 3.9. Let 7 be a triangulated category, and &/ and % two subcategories. Then
o * # denotes the full subcategory of .7, such that

Obo/ + B ={X € 067 | 3 a triangle A X B A[l] with A € &/ and B € %}.

Lemma 3.10 ([I'Y, Corollary 6.4]). Let % be an n-cluster tilting subcategory of a triangulated
category 7. Set

Z ={X € 7 |Homgz(%,X[i]) =0 for any 0 <i < n— 2}.
Then we have 2 = U x % (1], and there is an equivalence
Homgo (% ,—): Z /(% [1]) — mod % .
Lemma 3.11. Let % be an n-cluster tilting subcategory of a triangulated category 7. Then

the following are equivalent:

(1) % has the vosnex property,
(2) S C U « (1], and
B) S % CcUu|-1)~%.

Proof. We only show the equivalence (1) <= (2), the equivalence (1) <= (3) is dual. Let
% = «%1] as in Lemma 3.10. Then

Sw C &
< Homg(%,S%][i]) =0 Vie{l,...,n—2} (by Lemma 3.10)
< Homg (i, %)=0 VYie{l,...,n—2} O

Using this, we prove the desired proposition.
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Proof of Proposition 3.6. Since S% = % [n], conditions (1) and (2) are clearly equivalent.
Next we show (2) <= (3) in the following sequence of equivalent conditions.

(3) <= Homg(%[n],%[n—1i]) =0 Vie{l,...,n—1}
= UM U since % is n-cluster tilting
— (2) since % and % [n] are both n-cluster tilting

For the equivalence (1) <= (4) first note that we have seen above that (1) = (3), and
clearly (3) = % vosnex. So (1) and (4) both imply % to have the vosnex property. Hence,
by Lemma 3.11 we know that SZ € % x % [1]. Now

all injective %/ -modules are projective
<= VU € #3U" € % : DHom#(U,—) = Hom4(—,U’) in mod %
—_—

Hom & (—,SU)
VYU eV €¢¥:SU=U (by Lemma 3.10)
= SU CU
Similarly all projective % -modules are injective if and only if  C S% .
Summing up we obtain the equivalence (1) <= (4). O

3.2. The 2-representation-finite iterated tilted algebras. As an application of Corol-
lary 3.8, we classify the iterated tilted algebras which are 2-representation-finite.

Theorem 3.12. Let A be an iterated tilted algebra. Then A is 2-representation-finite if and
only if A =2 kQ/I, where k is some finite dimensional skew field over k, and Q and I are one of
the following:

a1 a2 Qp—2 Qnp—1
(1) Q=0 o o oand I = (ay---p_1).
n vertices
(2) Q is a full subquiver of the following quiver, obtained by choosing for anyi € {1,...,n—1}
exactly one of the arrows ~; or 0; (and all other arrows).

a1 o a2
( B2 B3 Bnm
o o) o) e 0 o)
NN AN/
O “ e O O

] ]
and
ajag — By B
I'=1| B whenever v; € Q1
B;0; whenever §; € Q1

Proof. Let H be a hereditary algebra derived equivalent to A. Then €% ~ ‘5?[, and under this
equivalence wA corresponds to a cluster tilting object T € ‘ia”]?[ In particular A = End%;/% (mA) =

End%z[ (T) is a cluster tilted algebra. By Corollary 3.8 we know that A is self-injective. Ringel’s

classification [ | of self-injective cluster tilted algebras determine possible H and 7. This
immediately gives us the classification. O
Inspired by | | and Theorem 3.12 we also look at some quasi-tilted algebras.

Proposition 3.13. Let A be an iterated quasi-tilted algebra of canonical type (2,2,2,2). If
gl.dim A < 2 then A is 2-representation-finite.

Proof. The Auslander-Reiten quiver of a weighted projective line of type (2,2,2,2), and hence
also the Auslander-Reiten quiver of the corresponding cluster category, consists of tubes of rank
1 and 2. Thus any object X in the cluster category satisfies

X 272X =SS, X & SX.
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The claim now follows from Corollary 3.8 (3) = (1). O

Remark 3.14. Proposition 3.13 shows in particular, that there is a one-parameter family
of 2-representation-finite algebras (namely the canonical algebras of type (2,2,2,2)). On the
other hand, it is known by | | that there are only countably many isomorphism classes of
representation-finite algebras. Thus in this way (weak) 2-representation-finiteness differs from
(weak) 1-representation-finiteness.

4. THE STABLE CATEGORY I: THE n-REPRESENTATION-FINITE CASE

In the previous section we have seen that, for an n-representation-finite algebra A, the (n+1)-

preprojective algebra A s self-injective. Hence its stable module category is a triangulated
category. In this section we will see that this category is precisely the (n + 1)-Amiot cluster

category of the stable Auslander algebra I' = End, (A). We will actually see that mod % ~ Zr,
and we have the following picture:

%

YIr —————— mod %
m push-down
G = mod A

4.1. The (n + 1)-Calabi-Yau property. First we prove that in the setup above mod A is
(n + 1)-Calabi-Yau. We need the following notation, to be able to lift auto-equivalences from
categories to their (stable) module categories.

Definition 4.1. Let .7 be a category, o € Aut(.7) an auto-equivalence. Let X € mod 7. Then
we denote by aX the module that is given by the composition

a—l

X
T —— T —— (mod k)°P.
In particular we have « Hom 7 (—,T") = Hom #(—, oT") (this is the reason for choosing to compose
with a1 above). Note that o induces auto-equivalences on mod .7 and mod .7.

Proposition 4.2. Let 7 be a triangulated category with a Serre functor #S. Let % be a
subcategory satisfying S% = % . Then mod % is a triangulated category with Serre functor

7So0 [—1]@@.

Proof. We have D Hom (U, —) = Hom #(—, #SU). So projective and injective objects in mod %
coincide, and hence mod 7 is a triangulated category.

We calculate the inverse Auslander-Reiten translation 7,, of a %-module Y in the following
diagram.

Y DHom (U —) —— DHomg(U', —)
| |
7S7Y Homz(—, 7SU") —— Homg(—, 78U")
>
7Y [—2|mod % Homg(—,U°) Homg(—,U') Y
By Auslander-Reiten duality we have
Homy, (X,Y) = DExty,(7,Y, X)
= DExtly (7S 'Y [2lmod 7 X)
= DHomy, (7S™'Y 1] med 7, X)-
This shows that #S o [—1]med# is the Serre functor on mod % . O

Lemma 4.3. Let T be a triangulated category with a full subcategory % satisfying
e Homy (% ,%[i]) =0 forie {l,...,n—1}, and
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o Un|=%.
Any triangles
Un Un—l Un—2 U2 Ul
Un+1 D Xn—l ~—t Xn—2 X ~—+ UO

with U; € U give rise to a long exact sequence

d_1

7 (= Uo[=n]) —
3(_7 UO) 6

L (C Unit) —— (= U)

d
. 7(=Uny1[n]) — 7(=, Un[n]) ’
in mod % , with Im dy = Hom 7 (—, X1 [¢n + 1]).
Proof. By the existence of the triangles in the lemma we have
Xn—1 €U U] and XieUl-1xw
Xoo € U+ U] < U2 Xp € U[-2)x U1+ U
Xi €U U] - xUn—1i] XieU|—i|*xU[—i+1]*--xU

By the left inclusion above we have Hom o (%, X;[1]) = 0 for ¢ > 2. By the right inclusion, and
since % = % [n], we have Hom (%, X;[—1]) = 0 for i < n — 2. Hence for i € {2,...,n — 1} we
obtain a short exact sequence of %/ -modules
7 (= Xia[-1]) = 5 (=, X)) = 5 (= U) — 2(=, Xic1) — (= X[1]).
S —— -
-0 =0
The leftmost and rightmost triangle give rise to exact sequences
ﬂ(_uX’n—l[_]-]) ,7(_’Un+1) 7(_7Un) y(_aXn—l)a and
,7(_7X1) ,7(_7U1) ,7(_7U0) ,7<_7X1[1])’
Thus we have an exact sequence
7(= Xna[=1]) = (= Unt1) = 2 (= Un) = - — 5(=,U1) = 2(=,Uo) > 7 (=, Xa[1]).
Similarly (since Z = % [(n]) we get an exact sequence
7 (= Xnaltn =1]) = (=, Unsa[tn]) — -
for any ¢ € Z. Now note that
9(_’ Xn—l[ng - 1]) = 9(_’ Xn—Q[ng - 2]) == 3(_7X1[n€ - (n - 1)])
—— ——

=n({—1)+1

!

9(_’ Uo[ﬁn]) - ,7(_7X1 [En + 1])

on % . Hence we obtain the long exact sequence of the lemma by concatenating the exact
sequences above. O

Proposition 4.4. Let 7 be a triangulated category, and let % be an n-cluster tilting subcategory
of 7, satisfying % [n] = % . Then we have [n + 2|mod % = [n]7 on mod % .

Proof. By Lemma 3.10 any object in mod % is of the form Hom#(—, X) for some X € % x
% [1]. Choose a triangle Uy — Uy — X — U;[1] with U; € %. Also taking triangles as in
Proposition 2.15 for X[—1] we obtain a sequence of triangles as in Lemma 4.3. Now the claim
follows from the long exact sequence in Lemma 4.3. g

Theorem 4.5. Let .7 be a triangulated category with an n-cluster tilting subcategory % satis-
fying % [n) = % . Then mod % s a triangulated category, and wod#Sn+1 = 7S, on mod % .
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Proof. We have

mod %S 0 [—1 — lmod# = 7S 0 [—1 — 2] mod # (by Proposition 4.2)
= gSo[-n]s (by Proposition 4.4). O
We have the following analogous result to [I[XRR] for the case n = 2.

Corollary 4.6. Let 7 be an n-Calabi-Yau triangulated category with an n-cluster tilting sub-
category % . Assume % = % [n]. Then modZ is (n + 1)-Calabi-Yau.

Proof. Since .7 is n-Calabi-Yau, we have S, = 1 on .7. By Theorem 4.5, we have 042 Sn11 =
7S, =1 on mod % . Thus mod % is (n + 1)-Calabi-Yau. O

4.2. A tilting object in mod % . In the rest of this section, let A be an n-representation-finite
algebra, which is not semisimple. Recall that the A-module A is the unique basic n-cluster
tilting object in mod A. We denote by Ap (respectively, A 7) the maximal direct summand of A
(as a A-module) without non-zero projective (respectively, injective) direct summands.

For an algebra I', we denote by T the repetitive category of I' (see [Hap]).

Theorem 4.7. LetI' = EndA(K) be the stable n-Auslander algebra of A. Then we have % ~T.
In the proof we will use the following piece of notation.

Notation 4.8. As in | |, for full subcategories &/ and # of an additive category 7 we
denote by o7 V % the full subcategory whose objects are direct sums of an object in & and an
object in 2.

We start by proving the following observation.

Lemma 4.9. B
% =\/ addS'Ap.
1€Z

Proof. For simplicity we set %' := \/,., add SiAp. Since, by Theorem 2.21(2) we have Ap e,
and by Theorem 3.1 we have S% = % we clearly have %’ C % . Hence it only remains to show
that % C %'. Since % = \/;c; add S, A by definition, we only have to show

(1) Ae 7',

(2) SH%’' C %', or, equivalently, that Sflxp cev'.

To show (1) we first decompose A = @Q @ @', where @ is the sum of all indecomposable
projective A-modules P such that S'P is a projective A-module for any i > 0. Then S induces
an autoequivalence of add @, and therefore S'Q € add QVi € Z. In particular @ is a projective
and injective A-module. Since A is not self-injective, we have @' # 0. We have Homgy, (Q', Q) =
Homg, (S'Q’,S'Q) = 0 for i < 0 by Proposition 2.20. Similarly we have Homg, (Q,Q’) = 0.
Since A is connected this means ) = 0. Hence, for any indecomposable projective A-module
P, there is i > 0 such that S'P ¢ add A. For the minimal such i we have S'P is an injective
non-projective A-module, and hence S'P € add Ap. This proves (1).

It follows that also A = A & Ap € %', and hence that Aln] € addSA C %’. Now claim (2)
follows, since

SpAp =A; € addA C %', and
S;'Ap € addS;'A = add(S;'A; & S;'DA) = add(Ap @ Aln]) C %', O

Proof of Theorem, J.7. Since Homy (Ap, A) = 0 by Proposition 2.20(2), we have I' = End, (A) =
Endy (Ap).
By Lemma 4.9, we only have to show that
0 1 <0
Endy(Ap) i=0
DEndp(Ap) i=1"
0 t>1

Homgy (Ap,S'(Ap)) =
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The second line is clear, the third follows immediately from the definition of S.
To show the other lines, note that S™'2>" C 22" and SZ<" C 9<". From

S™'Ap € addST'A = add(ST'DA @ ST'A;) = add(A & Ap[—n]),
we have inductively
S'Ap € (add A) v 27"
for any 7 < 0. Thus we have the first line.
From
S?Ap = SA;[n] € addS(A & Ap)[n] C add(DA[n]) v 252,
we have inductively

S'Ap € add DA[n] v 252"

for any ¢ > 1. Thus, since gl.dim A < n, we have the last line. O

Our main motivation for looking at the repetitive category is that, by | ], it is closely related
to the derived category. Hence we obtain the following immediate consequence of Theorem 4.7.
Here we denote by R: mod I = mod(add Ap) > mod % the inclusion induced by the projection

Y — addp A p. Since R is exact it induces a functor Ir — %4, which will also be denoted by
R.

Corollary 4.10. (1) In the situation of Theorem 4.7 we have
mod % ~ Y.

(2) The equivalence in (1) can be chosen to be the composition of the functor R: Dr — Dy
and the projection from P4, onto mod % .

Proof. (1) By Theorem 4.7 we have mod Z = modT. Since gldimI' < n+1 < o by
Theorem 2.23, we have modI' ~ Zr by [Hap].
(2) Under the equivalence mod I' & mod % given by Theorem 4.7, T' corresponds to RI". It

is a general fact for repetitive categories that I' is a tilting object in mod . Thus our
composed functor Ir — %Py — mod % sends the tilting object I' € Zr to the tilting
object RI' € mod %, hence is an equivalence. O

As an application for the case n = 1, we have the following results, which show a surprising
commutativity of mod — and —, and of mod — and Z_.

Corollary 4.11. (1) Let A be a representation-finite hereditary algebra. The we have equiv-
alences

mod A ~ m/oa\ and mod Pp ~ Dmod A-

(2) Let A and N’ be representation-finite hereditary algebras. If A and A" are derived equiv-
alent, then their stable Auslander algebras are derived equivalent.

Proof. (1) By [Hap] and Theorem 4.7, we have

o —

mod A ~ Dr ~ U ~ mod A.

The second equivalence now follows from Corollary 4.10.
(2) By (1) we have

-@modA ~ mod -@A ~ mod -@A/ ~ @mod A - ]

One can show the corresponding statement to (2) above for n-representation-finite algebras,
see | ]. Notice that (2) above is not valid if we replace “stable Auslander algebras” by
“Auslander algebras”.
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4.3. The (n+1)-Amiot cluster category and mod A. Since, by construction, % is a covering
of addwA, we have an exact push-down functor mod % — mod(add7A) = mod A. It maps

projectives to projectives, so it also induces a push-down functor mod % — mod A. The aim of
this subsection is to show that the upper equivalence in the following diagram (which we found
in Corollary 4.10) induces the lower equivalence.

~
~

IDp ———— mod %
T push-down
Cgffrl —= mod A

In particular this will show that mod A is equivalent to the (n + 1)-Amiot cluster category of T',
and hence has an (n + 1)-cluster tilting object.

Our first task is to construct a functor &} "1 — mod A. We use the universal property of the
(n + 1)-Amiot cluster category (see Appendlx A, in particular Theorem A.20).

Clearly Ap is an ideal of A hence in particular a A @5, A°P-module. Since A is a subalgebra
of A the right action of Aon Ap gives a k-algebra homomorphlsm

A— EndA(A p)=
and hence a functor
(4.1) proj A —> proj L.
We denote by A: Zr — 75 the induced restriction functor.

Lemma 4.12. We have the following commutative diagram:

-@F B .@nz/
h-d
\ l pus own
75

Proof. The push-down functor %y — %5 is induced by the functor
proj A—— Add%

A— Psia
1€EZL
where Add % is the smallest full subcategory of D(Mod A) containing % and closed under arbi-

trary direct sums. Recall that the functor R is induced by the projection functor % —> addy Ap.
The composition of these functors

proj A —> Add % — Addy Ap = ProjT
coincides with the functor in (4.1). Thus we have the commutativity. O

We have the following commutative diagram.

/R\

Dr Doy mod %
(4.2) |
0 N push-down push-down
G 75 mod A

We will find a triangle functor H: ¢3! — mod A making (4.2) commutative. We need the
following observation.
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Proposition 4.13. In the setup above there is a triangle
X —A(DT'[-n —1]) — A(T') — X[1]

n @7\®kpop, such that the image of X wunder the forgetful functor 75 — 95 belongs to

~ ~ ®k1‘0p
perf A. (Note that A(T') and A(DT') are naturally A ®j, I'°P-modules, where the right I'-module
structure comes from the natural action on I' and DT, respectively.)

Proof. Note that
A(T) = Homa(Ap, Ap) = Homy (1, A, Ap) = D Ext} (Ap, A)
as A ®p I'°P-modules, and similarly
A(DT[—n — 1)) = DHomy (Ap, Ap)[—n — 1] = D Homa (Ap, A)[—n — 1].
Since RHoma (Ap, A) is concentrated in degrees 0 and (—n) we have a triangle
DExt} (Ap,A)[n] —> DRHomp (Ap, A) — D Homn(Ap,A) — DExt} (Ap,A)[n + 1]

=A(DT) =A(I)

TP It remains to show that DRHomA(Kp,K) € perf A. We have Ap € perf A since
gl.dim A < oo, so in Z; we have

DRHomy (Ap, A) € thick DR Homy (A, A)
= thick DA = perf/NX O

in 75

Using the universal property of (n + 1)-Amiot cluster categories we have the following conse-
quence of Proposition 4.13.

Proposition 4.14. There is a triangle functor H: CKF”'H — mod A making Diagram (4.2) com-
mutative.

Proof. This follows from the universal property of the (n+1)-Amiot cluster category and Propo-
sition 4.13 above. We will give details on the proof in Appendix A, since this requires a lot of
background on DG categories, which is not closely related to the main subjects of this paper. [

Now we are ready to prove the following result.
Theorem 4.15. The functor H: CKIZL'H — mod A is an equivalence.

Proof. We first check that H is fully faithful on the image of Zr = mod % . Indeed, for X,Y €
mod % we have

Hom%ﬂrnﬂ (X,Y) = Homg,, X,Y)

2rSn+1) (

:Homw%/(m%gn+l)(X’Y)

= HHoim% <X7m70d“//Siz+1Y)
1€EZ
= H Hom,, (X, ,SLY) (by Theorem 4.5)
1€EZ
= Homy /(5,8,) %)
—_————

=A
(here, by abuse of notation, we denote the images of X and Y in the various categories by X
and Y).
Now, since CKI?H is generated as a triangulated category by the image of %, the functor H is
fully faithful on the entire 7"

Finally note that all simple A-modules are in the image of the push-down functor mod % — mod /N\,
so they are also in the image of H. Therefore H is dense. O

Corollary 4.16. Let A be an n-representation-finite algebra.
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(1) The category mod A is (n + 1)-Calabi-Yau triangulated with an (n + 1)-cluster tilting
object.

(2) The algebra A s weakly (n + 1)-representation-finite. A cluster tilting object in mod A
is given by HomA(K,K).

Proof. (1) follows immediately from Theorems 4.15 and 2.17.

(2) follows from (1), since for any M € mod A, we have that the image of M in modA is
(n + 1)-cluster tilting if and only if M & A is (n + 1)-cluster tilting in mod A. By Theorem 2.17
the image of I is a cluster tilting object in ‘51’3“. By Theorem 4.15

H(T) = A(I") = Hompu (Ap, Ap)

is an n-cluster tilting object in mod A. Adding A we obtain the cluster tilting object Hom A(/~\ P, A P)®
A in mod A. Finally note that

Homp (Ap, Ap) & A = Homy (A7, Af) & Homy (A, DA) = Homy (A, A),
—_————

=Homy (A,A;)
so Homa (A, A) is (n 4 1)-cluster tilting in mod A as claimed. O
Remark 4.17. In [lya3, Section 6] (also see [IO, Section 5]), the first author described ex-

plicitly the quivers and relations of the relative n-Auslander algebra n-Aus(Q) of Dynkin quiv-
ers (). In the case of linear oriented As the (n — 1)-Auslander algebra (n — 1)-Aus(4;) is
n-representation-finite, and has the n-Auslander algebra n-Aus(A;) and the stable n-Auslander
algebra n-Aus(As_1). Hence Theorem 4.15 implies

~ cpn+1
mod (n — 1)-Aus(4s) ~ (gn-AuS(As—l)

(see also [IO, Theorem 5.7]).

Example 4.18. The 1-Auslander algebra (= classical Auslander algebra) of Ay is given by the
left quiver with relations below. Its 2-preprojective algebra is given by the right quiver below,
with commutativity relations in all squares, and zero-relations where the squares are cut off on
the border.

1-Aus(Ay): /O\\ 1-Aus(Ay): </'07\\
/ \ / \O OQ‘OL\O
A, PAVAWAN

The stable module category of the algebra 1-Aus(Ay) is the same at the 3-Amiot cluster category
of the 2-Auslander algebra of A3, whose quiver is depicted below.

O/O\O
NN

@)

2-Aus(As): //O/ /o
\o
/

O

5. THE STABLE CATEGORY II: THE VOSNEX CASE

In this section we generalize the results of the previous section to the following setup: A is
an algebra of global dimension gl.dim A < n, satisfying the vosnex property. Recall (see 3.5)
that this means that A is 7,-finite (i.e. 7,,"A = 0 for ¢ > 0 — see 2.5), and the cluster tilting
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subcategory % C 9 (see 2.16) satisfies Homg, (% [i], %) = 0 for i € {1,...,n—2}. Recall that
for n = 2 the latter condition vanishes, so that in that case we only assume the algebra A to be
To-finite.

5.1. One-sided n-cluster tilting objects in mod A. The aim of this subsection is to show
that A is the unique basic right n-cluster tilting object in mod A (Theorem 5.2), and dually
DA is the unique basic left n-cluster tilting object in mod A. Moreover we will show that
gl.dimEndy(A) < n+ 1.

Definition 5.1. Let &/ be an abelian category. An object M € o is called right n-cluster
tilting object, if

add M = {X € & | Ext’,(X,M)=0Vic {1,...,n—1}}.
The object M is called left n-cluster tilting object, if

add M = {X € o | Ext' (M, X) =0Vic {1,...,n—1}}.

Clearly an object M is an n-cluster tilting object if and only if it is a right n-cluster tilting
object and a left n-cluster tilting object.

The first aim of this subsection is to prove the following result.

Theorem 5.2. Let A be an algebra of global dimension at most n having the vosnex property.
(1) The A-module A is the unique basic right n-cluster tilting object in mod A.
(2) The A-module DA is the unique basic left n-cluster tilting object in mod A.

For the proof we will need the following preparation.

Proposition 5.3. Assume gl.dim A < n and A has the vosnex property. Then
(1) Ext)y (DA, A) =0 for any i€ {2,...,n—1}.
(2) Exti (A,A) =0 for anyi € {1,...,n—1}.
Remark 5.4. We have the functorial triangle
X —— X — 7' X — (t<U X)[1]
SN %¢
in X € ) induced by the standard t-structure on Z,.

Proof of Proposition 5.3. For (1) we consider the following triangles (see Remark 5.4 above)

(S, ") — 8, A — (S, °A) — (505, M)
N—_——

n

N——
€9<0 = tA

for £ > 0. We show the following statements by induction on £ > 0:
. t<0(S;£A) € 257" and
o Ext) (DA, 7,°A) =0 for any i € {2,...,n —1}.
For ¢ = 0 the first claim is clear. The second claim follows since
Ext) (DA, A) = Homg, (DA[-n], A [i—n])=0  foric{2,...,n—1}
/4
cw €«

by the vosnex property.
Now assume the claims above holds true for £ — 1. We apply S, ! to the triangle for £ — 1 and
obtain the triangle

(5.1) Syt (t<0(S, VA —— S A —— S, (7 YA —— S (670 s, YA ).

n

Note that S, (t<° Sﬁ(#l)A) € 951", since inductively t<° S, YA e N
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By inductive assumption we also have Ext (DA, Tnf(é*l)A) =0forie{2,...,n—1}. There-

(-1

fore S, 17, A can have non-zero homology only in degrees 0, (1 —n), and (—n). Hence in

the triangle

(5.2) 70S YA —— 8t YA —— HO(S, M, YA) —— (1708, b YA (1

~
=7 tA

we have TSO(S;IT{(FDA) € gsi—n,

We obtain the following octahedron, where the triangle we are aiming for is the one in the
dotted box.

(5.2)
s-1 t<O(S;(£_1)A) _— gl t<0(S;(€_1)A)
A [—1] t<0(S-4) SEA Tt
(5.1): 7 A[-1] £<0(S-1r, YA S-iz, VA A

S2 <0

n

We see that

t<O(S;é) c (ST_Ll t<O(S;(£_1)A)) * (t<0(S;17‘n_(£_1)A)) C ggl—n * @él—n _ 9<1—n7
thus that the first claim holds for 4.

To see that Exty (DA, 7, “A) = 0fori € {2,...,n—1} we apply Homg (DA, —) to the triangle
X, —S;¢A — 77A — X,[1], and note that Homg (DA, S;*A[i]) = Homg (A, S Ali —n]) =
by the vosnex property, and Homg (DA, Xy[i + 1]) = 0 since X, € @fl_".

This completes the induction, and hence also the proof of (1).

(2) follows immediately from (1) by (the dual of) [Iva3, Proposition 2.5(a)]. O

Lemma 5.5. For any X € mod A there is an exact sequence 0 — My, 1 — -+ — My— X —0
with M; € add A.

Proof. By Proposition 2.15 there are triangles

2 Un—3

SN NN\,

Unfl ‘—F Xn72

X

with U; € % . Note that, since A € %, for any U € % we have

; . forie{l,...,n—1} since 7% is n-cluster tilting
1 _ _ ) ) bl
H'(U) = Homg, (A,U[i]) =0 forie {—1,...,—(n—2)} since % has the vosnex property.
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Hence, on the one hand we have

HY(U,, o) — H'(X,_9) — H"T (U, ) fori € {1,...,n—2}
=0 =0
HY (U, _3) — H(X,,_3) — H"(X,,_2) forie {1,...,n— 3}
=0 =0
H'(Uy) — H'(X1) — H™(Xy) for i =1,
=0 =0
and on the other hand we have
H- (X)) —H(X,) — H (V) forie {1,...,n—2}
=0 =0
H- (X)) —H(Xy) — H ' (Xy) forie{1,...,n—3}
=0 =0
H- (X, 3) —H (X, o) — H(U,_1) for i =1.
=0 =0

In particular H'(X;) = H™}(X;) =0Vi € {1,...,n — 2}. Thus we get exact sequences
HY(X,_3) > H(U,_1) > H(Up_g) > HY(X,,_3) — HY(U,_1)
—_—— —_——

=0 =0
H!(X;) —H°(Xi41) — H(U;) — H°(X;) — H'(Ui11) ie{l,....,n—3}
=0 =0
H (X)) —H(X;) —H(Uy) — H°(X) — H'(X)).
\—:/0—/ \“_6_/

Gluing them, we have an exact sequence
H(U,_1)——H"(U, ) — --- — H°(Uy) — H(X).

——
=X
Now the claim follows, since HO(U) € add A for any U € % . O
Lemma 5.6 ([Iva3, Lemma 2.6]). Let X,Y € modA, andi € {1,...,n— 1} such that

Ext) (DA, X)=0Vj e {n—i+1,...,n—1}.
Then there is a surjection
Ext} (Y, X) — D Exth (1, X,Y).
Now we are ready to prove the main results of this subsection.
Proof of Theorem 5.2. We only show (1), claim (2) is dual.
We first show that A is a right n-cluster tilting object. By Proposition 5.3(2) we know that
A is n-rigid. For X € mod A consider the following diagram, where the upper sequence is exact

(such a diagram exists by Lemma 5.5), the M; are in add 1~\, and the X; are the respective images
of the maps.

My X 0

7

O%Mn—lg’Mn—Q

My
NSNS N SN

Xn-1 Xn—2 - Xo X
Now assume Ext (X, A) = 0 for any i € {1,...,n—1}. Then

Ext) (X, X1) = Ext} (X, X2) = -+ = Ext} 1(X, X;,_1) = 0.
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Hence the sequence X; >> Mo —> X splits, and we have X € add A. This completes the proof
that A is a right n-cluster tilting object.

Now let T be any right n-cluster tilting object in mod A. By definition we have A € addT.
Now note that by Proposition 5.3(1) and Lemma 5.6 we have epimorphisms

Ext? (T, 77 ¢A) — D Ext} (7, “FYA, T)

for any ¢ > 0. Hence we can see inductively that 7, “A € add T for all £ > 0. Hence A €addT,

and since A is also a right n-cluster tilting object add A =addT. O

Proposition 5.7. Let A be an algebra of global dimension at most n satisfying the vosnex
property. Then gl.dim Enda(A) < n+1 and gl.dim Endp(DA) < n + 1.

Proof. We only prove the first claim, the second one is dual.
By Lemma 5.5, for any X € mod A there is an exact sequence

M, M, My — X
with M; € add A. Since, by Proposition 5.3(2) we have Ext’ (A, A) = 0Vi € {1,...,n — 1} such

a sequence is automatically a A-resolution. Now the claim follows by a standard argument (e.g.
[ , Lemma 2.1]). O

5.2. The Iwanaga-Gorenstein property.

Definition 5.8. An algebra (or category) is called Twanaga-Gorenstein of dimension d if all
finitely generated projective left and right modules have injective dimension at most d.

The next lemma shows that the categories we are interested in here are Iwanaga-Gorenstein
of dimension at most 1.

Lemma 5.9. Let A be an algebra of global dimension at most n, having the vosnex property.
Then % and A are Iwanaga-Gorenstein of dimension at most 1.

Proof. By Lemma 3.11(1 <= 2) we know that A has the vosnex property if and only if S%Z C
U 7 [1]. Hence for any U € % we have a triangle U; — Uy — SU — U;[1]. Now we apply
Hom (%, —) to this triangle, and note that Hom o (%, SU[—1]) = D Hom & (U, % [1]) = 0. This
gives a projective resolution of the injective %-module Hom #(—,SU) of length 1.

Dually, by Lemma 3.11(1 <= 3) we obtain an injective resolution of length 1 of projective
2 -modules. _

The same proof works for A. O

In the case of Iwanaga-Gorenstein algebras (or categories) we have the following natural
replacement for (stable) module categories.

Definition 5.10. Let % be an Iwanaga-Gorenstein category. We denote the category of Cohen-
Macaulay modules over Z by
CM(%) = {X € mod % | Ext’, (X, P) =0Vi > 0 and any projective % -module P}.

It is well-known that CM (%) forms a Frobenius category, and that it’s stable category CM(% ) =
CM(%)/(proj ) is triangulated [[{ap]. The inverse translation and translation are given by
and €y, respectively. Here 2 denotes the “usual” syzygy functor, and €)X is the cokernel
of a left projective approximation of X.

5.3. The (n+ 1)-Calabi-Yau property. We have the following generalization of Theorem 4.5
and the main result of [[<R].

Theorem 5.11. Let 7 be a triangulated category with an n-cluster tilting subcategory % sat-
isfying the vosnex property. Then CM(% ) is a triangulated category, and
CM(%)Sn+1 = 75n on CM(%).

Corollary 5.12. In the setup of Theorem 5.11 assume 7 is n-Calabi-Yau. Then CM(Z) is
(n + 1)-Calabi- Yau.
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Remark 5.13. Lemma 5.9 and Theorem 5.11 are obtained independently by Beligiannis [3¢]]

The rest of this subsection leads to the proof of Theorem 5.11. We will calculate Q2 by
using the following observation.

Lemma 5.14. Let 7 be a triangulated category, %4 C 7. Assume X € 7 is such that any map
from Hom 7 (—, X) to a projective % -module is representable. Then any left % -approrimation
X — U gives rise to a left projective approximation Homz(—, X) — Hom 4 (—,U).

Proof. This follows immediately from the definitions. g
To apply this, we need the following Yoneda-type result.

Proposition 5.15. Let 7 be a triangulated category, and % C 7 an arbitrary subcategory.
(1) Assume Homg (% ,%[i]) = 0 for any i € {1,...,m} and Homg (% [i|,%) = 0 for any
ie{l,...,m}. Then for any

XeUxU|*---xU[m|
and any U € % the natural map
Hom #(X,U) — Homy (Hom 4 (—, X), Hom #(—,U))

s an isomorphism.
(2) Assume Hom o (%, % [i]) = 0 for any i € {1,...,m} and Homo(%[i|,%) = 0 for any
ie{l,...,m—1}. Then for any

XeU U *---xU|m|
and any U € % the natural map
Hom #(X,U) — Homy (Hom 4 (—, X), Hom #(—,U))
is an epimorphism.

Proof. We will use induction as follows: (1,,—0) and (2,,—9) are clear by the Yoneda Lemma.
We show (1,,) = [ (2m+1) and (141) |-

Assume (1) it true for some m, and, in addition, the assumptions of (2,,41) are satisfied. Let
X eUxUI[1]*---x%[m+ 1]. Then there is a triangle

Y —— Uy — X — Y]
with Up € % and Y € % « % [1] - - -2 [m]. This gives rise to the exact sequence of % -modules
Homg(—,Y)—— Homgz(—,Up) —> Homg(—, X) — Homg(—, Y[1]).

The term Hom » (%, Y[1]) vanishes, since Hom (%, % [i]) = 0 for i € {1,...,m+1}. Applying
Homgy (—,Hom#(—,U)) to this exact sequence, and Homg(—,U) to the triangle above, we
obtain the following commutative diagram.

Hom 7 (Y[1],U) Homg (X,U) Hom g (Uy,U) Homg(Y,U)
(=0 | (-0 (=0
K/jX\aﬂ &/onﬁvg &/jY\»ﬂ
a\7 27 2T

By (1,,) the right vertical map is an isomorphism, hence the left vertical map is onto, as claimed
in (2m+1).

If moreover Hom # (% [m + 1], % ) = 0, then Hom #(Y[1],U) = 0. Hence the left vertical map
is an isomorphism, as claimed in (1,,41). O

Corollary 5.16. Let .7 be a triangulated category with a Serre functor #S. Let % C 7 be an
n-cluster tilting subcategory with oS% C U « U [1] *---x U [{]. Then
(1) forany X € U «U 1] - - -x%[n—1—{] any morphism from Hom 4 (—, X) to a projective
U -module Hom o (—, U) is uniquely representable by a morphism in Hom (X, U).
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(2) If £ > 0, then for any X € U «U[1]*---x U [n— €] any morphism from Hom g (—, X) to
a projective % -module Hom o (—, U) is representable by a morphism in Hom & (X, U).
Proof. We have
DHomg (% [i|, %) = Hom o (% , 7S [i])
CHomg (%, % [i] -+ x Ui + {))
=0for0<i<n—{
Then the claims follow from Proposition 5.15 by setting m =n —1 — £ for (1), and m =n — ¢
for (2). O
We are now ready to prove the main result of this subsection.

Proof of Theorem 5.11. Fix M € CM(% ). Then M is represented by some X € U * U[1].
STEP I: We show »S;'M = 7 . Homg(—, X[n — 1]). Since X € % * %|[1] there is a
triangle

Uy — Uy — X — U1[1]
with U; € %/. This gives rise to the exact sequence
Hom 7 (—,Up[n — 1]) — Homg4(—, X[n — 1]) —— Hom»(—, U;[n]) —— Hom 4 (—, Up[n]).
=0
Note that the % -modules Hom #(—, U;[n]) = Hom 7 (—, #S(#S,,'U;)) are injective, and
pr(mod7yS " (Hom 7 (=, Ui[n])) = Homy (—, 7S, ' U;)

are the corresponding projective % -modules. Hence we obtain the exact sequence

Homy(—7yS;1U1) HOHly(-,yS;on) T;Od%HOmy(—,X[n— 1])
In other words, we have
ySglM =21 ay Homz(—, X[n —1]).

STEP II: We now show M = Q" Homg(—, X[n — 1]).
By Proposition 2.15, we have triangles

Unf?) Unf2

NN NN

Xn—2 <—F Un—l

with U; € % . Note that, since Hom# (% ,%[i]) = 0Vi € {1,...,n — 1}, the maps X' — U’
above are left %/-approximations. A
Clearly we have X' € % *---x%[i+1]. Hence, by Corollary 5.16, any map from Hom o (—, X*)
to projective % -modules is representable. By Lemma 5.14, the maps X* — U* above induce left
approximations by projectives
Hom 7(—, X*) — Hom (-, U").
Since Hom & (—, X?[1]) = 0 for i < n — 2 the maps

Hom gz (—, Ui) — Homy(—,XH'l)

X

are onto for i < n — 2. Thus we have the following diagram of U-modules:

UO) - 9(_7 Ul) - . (_7 U2) ?(_7 Un_3) - 9(_7 Un_Q)
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Therefore we can see inductively that for any i € {0,...,n — 2}
Homg(—, X*') = Qp M

and that the maps

Homg(—, X")—— Homg(—,U")
are mono. In particular we have

Q" Hom 7 (—, X" 2[1]) = Hom #(—, Xo) = M.
Now the assertion follows from
Hom 7(—, X" ?[1]) & Homz(—, X" 3[2]) = --- =2 Hom »(—, X°[n — 1)).

(It should also be noted that the above isomorphic %/-modules do not have to lie in CM(%).)
STEP III: We now prove the claim of the theorem.
Let N € CM(% ). Then we have

DHom,, (7S, M, N)

= Ext%/ (N, Tmod 7 __qS;lM) (by AR duality)
= Homy, (Q"™'N, Q" rpoq 2 7S, 1 M) (since N € CM(%))
= Hom,, (Q"T'N, M) (by Steps I and II)

Hence Qél(\g;;/l; o 7S, is the Serre functor M(%)S on CM(%). In other words
cMSnt1 = X" o oy S = 7Sn. O

5.4. Identifying CM(% ) with the derived category of I'. In this subsection we restrict our
attention back to the basic setup of this section: We have an algebra A of global dimension at
most n, satisfying the vosnex property (see 3.5). By Lemma 5.9 we know that % is Iwanaga-
Gorenstein of dimension at most 1. Our aim in this subsection is to identify CM(%) as the
derived category of some algebra I". More precisely we will show the following.

Theorem 5.17. In the setup above
@F ~ Cﬂ(%))

with T = End, (A).

We will give two equivalences. The first uses a tilting object T' (see Construction 5.20 and
Theorem 5.21), while the latter uses restriction along some functor %2 — projI' (see Construc-
tion 5.34 and Theorem 5.35).

Note that Theorem 5.17 generalizes Section 4.2, and specifically Corollary 4.10(1).

5.4.1. A tilting object. We set %% = add S A for i € Z. Then % = Viez X°'. We write
UL =N, U, U>" =\];o, %" and similar variations. For X € mod % we set

Supp X = add{U € % indecomposable | X (U) # 0}.

We observe that Homg, (X,Y) = 0 whenever X,Y € mod % with Supp X N SuppY = (.
We have an equivalence % /%> ~ % <*, which induces natural functors % — % <¢ and
mod % < — mod % . Thus we may identify

full
mod % <‘ = {X € mod % | Supp X € %<*} C mod % .

Similarly we identify

full
mod %" = {X e mod % | Supp X C %>*} C mod % .
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Remark 5.18. The following picture describes the distribution of the %* in 2 in comparison
to the standard t-structure.

@W

PORE O o

That is, we have

02/<0 C @§0 and %>0 C _@271‘
In particular note that Homg (% <0, % >%) = 0, and hence by shifting Homg (% <¢, % >*) = 0 for
any £ € Z.

Observation 5.19. For X € mod % there is a functorial short exact sequence
X20 N > X - X<0

with XZ0 € mod % >° and X<° € mod % <°. (This functorial exact sequence should not be
confused with the functorial triangle in 5.4)

The aim of this subsection is to establish the following proposition. Together with the next
subsection it will provide a proof of Theorem 5.17 above.

For compacter notation we write Py = Homg, (—,U) for the projective %-module corre-
sponding to U.

Construction 5.20. We set
V.= @ e, and T:= P50.
UG“Z/<O
indec.
Supp Py g# <°
Note that the direct sum is finite since there are only finitely many indecomposable objects
U € % <Y satisfying Supp Py € % <° (this is equivalent to Homg, (% =°,U) # 0).
Note that since T' = P‘%O = QP50 (see the defining sequence in Observation 5.19) we have

T eCM(%).
Theorem 5.21. The object T as in Construction 5.20 above has endomorphism ring I', and the
composition

TRf -
Dr Doy CM(%)

is an equivalence.
The first step towards the proof of this theorem is the following result.

Proposition 5.22. The object T as in Construction 5.20 is a tilting object in CM(%). (That
is, we have Homy, (T, Qe T) = 0Vi # 0, and VX € CM(%) \ {0} there is i € Z such that
Homy, (T, Q¢ X) #0.)

We prove this theorem in several shorter lemmas. First, in the Lemmas 5.24 and 5.26, we
check that T has neither negative nor positive self-extensions. Then, in Proposition 5.27, we
show that 7" generates CM(%/).

The following observation will be used throughout what follows.

Observation 5.23. Let ¢ € Z. For any X € mod % >¢ also QX € mod % >.
Lemma 5.24. In the setup above we have

Homy, (P7°, Qi P7’) = Extl, (P7°, P) =0 Vi>0
for any U and U’ in % .
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Proof. The first equality holds by general theory of stable categories of Frobenius categories.

For the second one, note that, since Supp QZP(fO = Supp Q’_lPio C 2% and Supp P;,O C
% <° we have Homy, (P50, P5) = 0. Therefore also Ext, (P5°, P5) = 0 for any i > 0. Now
the short exact sequence P5,0 > Py —>> P(f,o gives rise to a sequence

i—1( p=0 i (p=0 p>0 i (p=0
Ext!, ' (P;°, P5P) — Extly (P7’, Pg)) — Extly, (P7’, Py) .
=0

Fori > 1 we have Ext’ ' (P;°, P5") = Ext, (P5°, P5Y) = 0, and for i = 1 we have Homg, (P°, P50 =
0 since the supports are disjoint. Therefore, for any i > 0 we have Extf, (P(?O, Pi,o) =0. O

Lemma 5.25. In the setup above we have Q'(mod % >°) C mod % >° for any i > n.

Proof. Let X € mod % >°. We consider the short exact sequence X>9>—> X - X <0 (similar to
Observation 5.23).

Let Qn>—>Qn-1— -+ — Qo> X(A) be a projective resolution of X(A) as a A-module.
Since X € mod %>° we have Supp X<° C %° = add A. Thus we have a complex

0 Py Py, X0
of % -modules. Now the morphism FPg, — X SO factors through X - X9 The composition
Py, — Py, — X vanishes, since it vanishes on add A C % . Hence we have a complex
(5.3) 0 Py Py, X 0.

Evaluating at A the complex (5.3) becomes an exact sequence, and evaluating at % <" all terms
vanish. Thus all homologies of (5.3) belong to mod % >°. Now the claim of the lemma follows
from Q(mod % >°) C mod % >°. O

n

n

Lemma 5.26. In the setup above we have
Hom,, (P7°,Q'P)=0 Vi>0
for any U and U’ in % .
Proof. We have
Homy, (P;",Q'P;) = DHomy, (' P7’, cmz)SP;")
= DHomy, (0P, Q5™ can) S PZ°)
 (

= DHomy, (O P20 4S, PR) (by Theorem 5.11)
= DHomy, (" P52 PC L 1) (by SaP;’ = P_5 1))
i+n+1/p=20 p=l

= DExti " (PR P )

The short exact sequence P(/ S2U) — P, s.u) ( S ) gives rise to an exact sequence
Exti)™ (P70, P, ) — Bxty " (PG P s 1) — Exty " (PP, Pys,u) -
=0

Thus the proof is complete if we can show that Exté,j”(Pi,O, P(<1S U)) = 0. Indeed, by Lemma 5.25
we know Q" Pz € mod % >° for any i > 0, and hence Homy, (Q"+ P/, P(<1S try) = 0 by look-
ing at supports. Consequently also ExtH“(P;,O, P(<1S U)) 0. O

To complete the proof of Proposition 5.22, it remains to show that T" generates the category
CM(%).

Proposition 5.27. Let X € CM(%) be indecomposable and non-projective. Then there is
Ue andn € Z such that Hom,, (P507 Qe X) # 0.

For the proof we need the following preparations.

Observation 5.28. Let m > 0 such that 7,,”"A = 0. (Note that such an m always exists since
A is assumed to be 7,-finite.) Clearly we then have the following:
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(1) For U € <" we have Supp Py C <"+,
(2) For X € mod % <" we have Supp QX C % <"t™.

Lemma 5.29. Let X € CM(%). Then QX € mod % >° and Qgi; X € mod % <° for i > 0.

Proof. The first claim follows by repeated application of Lemma 5.25.
For the proof of the latter assertion let m be as in Observation 5.28. Let r > 0 such that
X € modZ<". Then

Homy, (mod %> ~2™ N CM(% ), Qp X)) = Homy, (Q'(mod %>~ N CM(%)), X).

Note that, by Lemma 5.25, for ¢ > 0 we have
Q(mod %>~ N CM(%)) € mod % =" N CM(% ).

Thus, since X € mod % <7 the above Hom-space vanishes. This means that the inclusion
(Qaf\/[X)>_2m — QX factors through a projective %/ -module. Let Py = QX be a projec-
tive cover. The left commutative triangle below gives rise to the right one.

» B » » B » i B

(chwX)> 2m - Qo X = Qo X)™ am (QCIZ\/IX)> o — (ch\/[X)2 2m

~ ~
~ ~

~ o ~

S
Py p;m

Thus (Qgp;X)> 2™ is a direct summand of P[?*Qm, and we can write (Qgy,X)> 2" = Py, @
P(?Q*Qm with Uy € #Z72™ and U, € U<~ Since QX does not contain any projective
direct summands we have ExtJ, ((Qg4,X)<~2™, Pyr) # 0 for any non-zero direct summand U7 of
Uy. Hence Homy, (Q((Qap X)<"2™), Pyr) # 0 for any such Uj. Since Supp Q(Qpy X)<72m) C
U <™ (see Observation 5.28(2)) we have Uy € <™. So we have Uy @ Uy € % <™, and hence
Supp Py, ® Py, € % <° by Observation 5.28(1). Thus

Supp Qi X C Supp(Py, @ Pup) U <2 C U <°. O

Proof of Proposition 5.27. Assume conversely, that there is an indecomposable non-projective
X € CM(%) such that Hom,, (P[?O, Q¢ X) =0 for any U € % and n € Z. Possibly replacing
X by a suspension we may assume X € mod % < (by Lemma 5.29).

We choose a minimal projective resolution

Py, Py, Py, X 0.

We will show that the induced exact sequence

d d d-
(5.4) o P P = PO —0——0
is a direct sum of complexes of the form -+ —0—H — H —0— --- with H € mod % . For i

sufficiently large we have Py, = Plio by Lemma 5.29. This is a contradiction, since in the upper
complex all maps are in the radical.

Since Sequence (5.4) is exact, we only have to show that the map from Pi_o to the image
Imd;_; C P[i(il is a split epimorphism for any ¢ > 0. We show this by induction on . The case
1 = 0 is clear. Now consider the following diagram.

By inductive assumption the map Plio —> Imd;_ splits, and hence Imd; is a direct summand

of Pi_o. Hence, by the assumption Hom%(Pio, QX)) = 0VU,i we have Hom,, (Imd;, 2 X) = 0.
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Therefore the middle vertical inclusion above factors through a projective module. Hence the
dashed diagonal map exists, making the triangle above it commutative. The lower dashed map
in the diagram, making the triangle including both dashed maps commutative, exists, since
clearly Im d; (being a submodule of P[i 0) can only map to the part of Py, , which is supported

in %2°. Hence the map Pi [_)H — Imd; is a split epimorphism. 0
5.4.2. The endomorphism algebra of the tilting object.

Theorem 5.30. Let T = P50 as in Construction 5.20. Then

End,, (T) = Endy (T) = Ends(Ap) = End, (A) 21,

where Ap denotes the mazimal summand of the A-module A without non-zero projective direct
summands.

The proof will rely on the following proposition.

Proposition 5.31. (1) The exact restriction functor
res: mod% —> modA: X —— X (A)
has a right adjoint, which is given by
G.: mod A—> mod % : X — Homgy, (G—, X),
where G is the projection functor % — % >°. (Note that add A C %, so the restriction

functor above makes sense.)
(2) The functors in (1) induce mutually inverse equivalences between mod A and

X ={X € mod % | 3 an exact sequence Py, —> Py, —> X with U; € add A}.

(3) Fori <0 we have P;LOA € #Z, and under the equivalence above P;LOA corresponds to . A.

Proof. (1) We first check that G is right exact: Let M >> My —>> M3 be a short exact sequence
in mod A. Then we have an exact sequence

Homgy, (G—, M) — Homgy, (G—, M3) — Homgy, (G—, M3) —> Homgy, (G—, M;[1])

in mod % . By Remark 5.18 we have 2° C add A v @f”. Hence, since gl.dim A < n, we have
Homg, (G—, M;[1]) = 0. The right exactness of the functor G, follows.
Now we prove claim (1). We have to show that for X € mod A and Y € mod % we have an
isomorphism
Homgy (Homg, (G—, X),Y) = Homy (X, Y (A))
which is natural in X and Y. By the right exactness of G, is suffices to consider the case X = A.
We have

Homgy, (Homg, (G—,A),Y) = Homy (Homg, (%, A),Y) (since A € <)
—_———
=Py
=Y (A) (by the Yoneda Lemma)

= Homa (A, Y (A))

This completes the proof of (1).
(2) Clearly the functors induce mutually inverse equivalences

add A <— add Py.

Now claim (2) follows form the fact that both functors are right exact.
(3) We start by observing that P%g\ = Homg, (G—, S, A). By Remark 5.18 we have S{A €

Ut C @fo. Thus we have a triangle
t59(S,A) — S, A —— H(S,A) — (¢5°(S,4))[1]
in 2, induced by the standard t-structure on 2. Since 2% C add AVvZ7™, and t<O(SE,A), (t<(S%,A))[1] €

250, we have
Homg, (G—,t<°(SLA)) = 0 = Homg, (G—, (t<°(S,A))[1]),
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and thus
PSiOA = Homg, (G—,SLA) = Homg, (G—, H(SLA)).
€mod A

We see that PS%OA is in the image of the functor G, and thus in #. For the final claim note that
HO(S,A) = 7A
by 2.5. O
Now we are ready to prove the main result of this subsection.

Proof of Theorem 5.50. By Proposition 5.31 we have Endy (T') = Enda(T(A)), and by Propo-
sition 5.31(3) we have T(A) = A. Thus the middle equality follows.

We next show the rightmost equality. Clearly it suffices to show that Homy (r:A, A) = 0 for
i < 0. As in the proof of Proposition 5.31(3) we consider the triangle

t<9(S,A) — SpA — H(S,A) — (t<°(S)A))[1].
\w—/
=7LA
Since Homg, (S5A, A) = 0 for i < 0, and Homg, ((t<°(SA))[1],A) € Homg, (752, A) = 0, the
claim follows.

It remains to show the first equality of the theorem. More precisely, we have to show that no
endomorphism of T factors through a projective % -module. For i < 0 we have

Homag/(PSiOA,PU) = Homy (7. A, Py(A)) =0 for U € % ~°
=Homg, (A,U)
=0 for Ue%>"

Homo;/(PSiﬂ\,PU) = Homy (7iA,U) =0 for U € %° = add A

by the proof of the rightmost equality of the theorem above, and
>0 >0 _ 0
Hom%(PU,PS%A) = PS%A(U) =0 for U e %=°.
Summing up these three vanishing properties we obtain the claim. O

5.4.3. Proof of Theorem 5.21. For the proof of Theorem 5.21 we will need the following two
observations.
The first is Wakamatsu’s Lemma for Krull-Schmidt triangulated categories.

Lemma 5.32 ([I'Y, Proposition 2.3(1)]). Let 7 be a Krull-Schmidt triangulated category and let
W be a thick subcategory of 7. If W is contravariantly finite in 7, then we have a t-structure
(W W) in T for Wt ={T €T |Homg(#,T)=0}.

Lemma 5.33. Let . be a triangulated category and Z and % be full subcategories of . If
Z and % are contravariantly finite in 7, then so is X * ¥ .

Proof. Let T € 7, and let X — T be right 2 -approximation. Denote by 7" the cone of this
approximation. Let Y — T” be a right % -approximation, with cone T”. We obtain the following
octahedron:

T[—1) — T"[1]

l |
X H Y X[l}
H | | H
X T T’ X1]

| |

T// T//
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Since the map T — T" is a contravariant 2 -ghost, and the map 7" — T" is a contravariant % -
ghost it follows from the ghost lemma that the composition T'— T" is a contravariant 2" * % -
ghost. Since H € 2" x % it follows that H — T is a right 2" * % -approximation. O

We are now ready to complete the proof of Theorem 5.21.

Proof of Theorem 5.21. The first claim is part of the statement of Theorem 5.30.
For the second statement we denote by F the composition
IO~ proj
F: 9r Doy CM(% ).
Then F induces an equivalence perf I' — % := thick(7") by Proposition 5.22. Since by Proposi-
tion 5.7 we have gl.dimI' < n+1 it follows that Zr = perfI'. It remains to prove CM(% ) = #'.

Let 2" :=add{I'i]li € Z} C Zr, and ¥ := add{Ti]|i € Z} C CM(%). Since gl.dimT' < n+1
we have Ipr = 2" % -+« 2 (n + 2 factors) by [ , Theorem 5.5]. Hence, by the equivalence
Dr — W we also have W =X «---x % (n+ 2 factors).

Since CM(% ) is Hom-finite, and since for any M € CM(% ) the spaces Homy, (T, Mi])
are non-zero for only finitely many i, the subcategory # C CM(%) is contravariantly fi-
nite in CM(%). By Lemma 5.33 we have that # is also contravariantly finite in CM(%).
By Lemma 5.32 we have a t-structure (#,#*) in CM(%), with #+ = {M € CM(%) |
Homy, (#,M) = 0}. By Proposition 5.22 we have #* = 0. Thus we have CM(% ) =%. O

5.4.4. The equivalence via restriction.
Construction 5.34. We denote by r the functor
r: % — addy T =~ proj I’
{ P iU ew<°
0 iftU e w?Y

We denote by R: modI' — mod % the restriction functor along r. Clearly R is exact, so it
induces a functor Zr — P4, which will also be called R.

Ub—
indec.

The aim of this subsection is to prove the following.

Theorem 5.35. The composition of R: Pr — Dy with projection Dy — CM (%) is a triangle
equivalence.

We will actually show the following more precise statement, relating this equivalence to the
one induced by T'.

Proposition 5.36. In the setup above both compositions in the following diagram are naturally
isomorphic, where both right functors are natural projection.
Tef— D,
-@F F/7 4 \
4

R

CM(%)

For the proof we will need the following construction.
Construction 5.37. We denote by o = P~ the functor
U — mod % : U%Pﬁo.
For X € mod % we denote by ¢*M = Homy, (P, M) the module given by
U °° — mod k: U —— Homy, (P;°, M).
We observe that 0*M is a % ®; Endy (M )°P-module.
We have the following observations relating ¢* to the claim of Proposition 5.36.

Lemma 5.38. We have (6*T)?° 2 T as % ®j T'°P-modules.



30 OSAMU IYAMA AND STEFFEN OPPERMANN

Proof. We have

>0 if U € >0 . 930
(0"T)~ H(lg(;z = { HU e y<O (by definition of 77")
Homy, P[; T) ifUewu?
= _ pU (by definition of ¢*)
ifUewu=°
=TU (since T € mod % ~") O

Lemma 5.39. We have (6*T)<0 2 R(T) as % ®j I'°P-modules.

Proof. Similar to the proof of the previous lemma we have

(0*T)<Oh(1(dj(;():.: { (()U*T)(U) E: g 2 fzj;? (by definition of ?<Y)
= { OHomq/(Pio, T) g g g Z;g (by definition of o)
Now note that
RYY) = Homg x(01), 7) = { {10 00, .

Proof of Proposition 5.36. It suffices to show that there is a triangle 7'— X —R(I") —T[1] in
Dy @, ror such that X is mapped to perf % by the forgetful functor Py g, roo — P .
Clearly the short exact sequence

(0*T)? —— o*T —> (o*T)<"
—— ——
=T =R(I")

of % ®j, I'°P-modules gives rise to a triangle in Zyg, ror (here the equalities in the subscript
hold by Lemmas 5.38 and 5.39, respectively). It remains to see that ¢*T" € perf 7. Indeed we
have
o*T = Homy (PZ°,T)
= Homy, (P?°, Py) (since T' = P50)
= RHomgy (P7°, Py) (since P;? € CM(%)VU)
= DRHomy (4S™ Py, PZ%)

Now note that since, by Lemma 5.9, we have Py € thick(inj% ), and hence 4S™ Py € perf %,
and

o*T € thick{ DR Homy, (Py, P7°) | U € % }.
Note also that for U € % <% we have R Homy, (Py, Pfo) = 0. For U € %>° we have

DRHomgy (Py, P7°) = D Homy, (Py, P7°)
= D Homgy (Py, P_)
= DHomg, (U,—)
€inj%
C perf % (by Lemma 5.9) O
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5.5. The (n + 1)-Amiot cluster category and CM(A). The construction in this subsection
mostly works as in the self-injective case in Section 4.3. N

Here we show that the stable category of Cohen-Macaulay A modules may be identified with
the (n + 1)-Amiot cluster category of I as in the following diagram.

~
~

I — = M)
T l push-down
G ——— cM(h)

As in Section 4.3, Ap is an ideal of K,Al}ence in particular a A ®; A°P-module. Since A is a
subalgebra of A, the right action of A on Ap gives a k-algebra homomorphism

A—— Endy(Ap) =T,
and hence a functor B
projA — projI.
We denote by A: Zr — 25 the induced restriction functor.

Lemma 5.40. We have the following commutative diagram:

R

Dr Doy
h-d
\ l pus own
75
Proof. The proof of Lemma 4.12 carries over. O

We now have the following commutative diagram.

-@F 902/ Cﬂ( % )
(5.5) |
7r A push-down push-down
!
i 75 CM(A)

We will find a triangle functor H: Cgf?“ — CMA making diagram (5.5) commutative. We
need the following observation, which is shown by the proof of Proposition 4.13 without any
changes.

Proposition 5.41. In the setup above there is a triangle
X —>ADT[-n—1]) —A() — X[1]

such that X is mapped to perf[N\ by the forgetful functor Zx

K, o — @~

mn D~ A

A®k1“op b

Using the universality of the (n + 1)-Amiot cluster category, we have the following conse-
quences. See Appendix A for details on the proof.

Proposition 5.42. There is a triangle functor H: €1 — CM(A) making Diagram (5.5) com-
mutative.

Now we have the following result.
Theorem 5.43. The functor H: €1 — CM(A) is an equivalence.

Proof. The proof of Theorem 4.15 carries over word for word (with the reference to Theorem 4.5
replaced by a reference to Theorem 5.11). 0
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Corollary 5.44. Let A be an algebra of global dimension at most n, such that the n-Amiot
cluster category €y is Hom-finite. Assume further that the category % (see Theorem 2.16)

has the vosnex property. Then the category CM(A) is (n + 1)-Calabi- Yau triangulated with an
(n + 1)-cluster tilting object.

Proof. This follows immediately from Theorems 5.43 and 2.17. g

Example 5.45. Let A be the Auslander algebra of non-linearly oriented Ag as in the left picture
below, and n = 2.

A 2-------- 5 A: 2<—9—5
N AN
\ / \ Ao S0 N
3-------- 6 3— 6
AN ”
/ \ / A U
1-------- 4 1 <—n——4
Then A is given by the right quiver above, subject to the relations
(7777 6197 noa — e, 196 - CLa L, L57 ary, 557 e — 5<>
Calculating the 7,” powers of the projective A modules we obtain
3 4 5 6
A1 2 1 9 3 3 4 5
2 1 3
_ 6
Ty, Ar 4 5 45 - — _

Thus Ap = Di-o A =405® ,6, and Endy (Ap) = k[o — o <—o]. Thus, by Theorem 5.43
the category Cﬂ(]\) is the classical 3-cluster category of As.

A. APPENDIX: THE UNIVERSAL PROPERTY OF THE n-AMIOT CLUSTER CATEGORY

In this appendix we work out in detail how Keller’s general result [ , Theorem 4] applies
to our setup. Everything stated here is due to Keller, and can also be found in | | (also see
[ , ) | for background). To avoid set theoretical issues we assume all categories to
be small throughout this appendix.

A.1. Pretriangulated DG categories. See | ], in particular Section 2 (note that in that
paper pretriangulated DG categories are called exact DG categories).

Definition A.1. A DG category is a Z-graded category (i.e. morphism spaces are Z-graded,
and composition of morphisms respects this grading) with a differential d of degree 1 satisfying
the Leibniz rule.

For a DG category 2~ we denote by H(.2") the category with the same objects as 2", and
with Homypo( 4 (X1, X2) = HY(Hom o (X1, X3)).

Example A.2. Let &/ be an additive category. Then Cq,(#7), the set of complexes over 7,
becomes a DG category by setting

Hom?y (A, B) = | [ Hom (A", B*™), and
i€EZ
d((fi)iez) = (fidp — (=1)"dafit1)  for (fi)iez € Hom?,(A, B).



STABLE CATEGORIES OF HIGHER PREPROJECTIVE ALGEBRAS 33
To calculate morphisms in H(Cyg(47)) note that for A, B € Cay(«/) we have

2°(Home (A, B)) = {(fi)iez € HHomﬁ(Ai,Bi) | d((fi)iez) = 0}
iez
= {(fi)iez | dafir1 = fidB}

= usual maps of complexes
B(Hom. (A, B)) = {d((hi)icz) | hi € Hom,, (A%, B"71)}
= (hde + dAhi-‘rl)iGZ ‘ hz c Hom’d(Ai’Bifl)}

= homotopies of complexes
and hence

H°(Hom,; (A, B)) = maps of complexes up to homotopy.

Definition A.3 (see | |, Sections 2.3 and 3). Let 2" be a DG category. A DG 2 -module
is a DG functor 2°P — C4,(Mod k). By abuse of notation we also denote the DG category of
DG Z"-modules by Cgg(Z").

We denote the (non DG) category of DG 2 -modules by C(27) = Z%(Cyqg(2)), and we
denote by D(Z") the derived category of DG Z-modules, that is the category obtained from
C(Z) by inverting quasi-isomorphisms.

A DG Z -module is representable, if it is isomorphic to a DG 2" -module of the form Hom o (—, X)
for some object X € Z .

Definition A.4. A DG category 2" is called pretriangulated (or ezact), if the class of repre-
sentable DG %2 -modules is closed under translations and mapping cones.

Note that by the Yoneda Lemma we have the subcategory of representable DG 2 -modules
is equivalent to 2", for any DG category 2.

Construction A.5 (Keller [ , 2.2(d)]). Let 2" be a DG category. We denote by pretr 2~
the pretriangulated hull of 2", that is the smallest subcategory of Cyg(2) which contains the
representable DG 2 -modules, and is closed under translations and mapping cones.

The universal property of the m-Amiot cluster categories builds on the following result of
Keller.

Proposition A.6 (Keller | , 2.2(d)]). Let & be a DG category. Then

(1) pretr 2 is a pretriangulated DG category, and
(2) the natural functor & — pretr 2 is universal among DG functors from 2~ to pretri-
angulated DG categories.

The reason for calling these DG algebras pretriangulated, and the connection to our setup, is
the following.

Proposition A.7 (Keller | ). Let Z be a pretriangulated DG category. Then H°(Z') is an

algebraic triangulated category. Moreover any algebraic triangulated category comes up in this
construction.

Example A.8 (] , 2.2(a)]). Let o/ be an additive category, 2~ a full DG subcategory of
Cyg (o) (see Example A.2 above) which is closed under translations and mapping cones. Then
2 is a pretriangulated DG category, and (by the calculation in Example A.2) the triangulated
category H°(2") is the corresponding subcategory of the homotopy category of complexes in 7.

Notation A.9. We will mostly need the following instances of Example A.8 above, for which
we therefore introduce special names.

(1) Let A be a finite dimensional algebra. We denote by
P = C(;g’b(proj A)

the DG category of right bounded complexes of finitely generated projective A-modules
with bounded homology.
Then H(P5) = 2, the bounded derived category of A-modules.
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(2) Let A be a self-injective finite dimensional algebra (resp. an Iwanaga-Gorenstein finite
dimensional algebra). We denote by

G = C’gg’@(proj A)

the DG category of acyclic complexes of finitely generated projective A-modules.
Then H(#/A) = mod A the stable module category of A (resp. H?(@/A) = CM(A)
the stable category of Cohen-Macaulay A-modules).

A.2. Functors. We now look at how certain functors between triangulated categories are re-
flected in the setup of pretriangulated DG categories. It turns out (see [ , Section 9], in
particular Section 9.6) that we should consider the category rep (see Definition A.10 below).

For the rest of this appendix all undecorated tensor products are understood to be tensor
products over the base field k. Note that for two DG categories 2" and %, the tensor product
2 @ % is a DG category in a natural way (see for instance | , 2.3]).

Definition A.10 (] , Section 9.2]). Let 2" and # be DG categories. We denote by
rep( 2", #%). the full subcategory of D(Z°P ® %) formed by the objects R, such for all X € 2
the object R(X ® —) is isomorphic to a representable DG #-module in D(%/).

The motivating example for this construction is the following:

Example A.11 (] , Section 9.2]). Let F: 2" — % be a functor of DG categories. Then
F induces an object Rg given by Re(X ® V) = Homy (Y, FX) in P9 g . Since Rp(X ® —) is
represented by FX it lies in rep(Z, %).

The composition of functors in rep is given by the derived tensor product.
Example A.12. Let F: 2 — % and R € rep(%, %) for three DG categories 2, %, %. Then
the composition RgR € rep(27, &) is given by
(RFR)(X ® Z) =R(FX ® Z).
In particular, for R = Rg, we have
RrR¢ = Rpe.

A.3. Orbit categories. We give the following definition for the sake of completeness. However
we do not explain it here. The reader is advised to look up Section 5.1 in [ ].

Definition A.13 ([ , Section 5.1]). Let 2" be a DG category, S: 2 — 2 a DG functor
inducing an equivalence on H(.2"). Then the DG orbit category 2 /S has the same objects as
2, and

Hom 5 /5(X1, X2)

:COIim[@z(SjXLXQ)*S, @%’(Sle,SXQ)i) @%(Sle,S2X2)i) ]

Jj=0 Jj=0 Jj=0

Definition A.14 ([ , Section 5.1]). Let .7 = H(2") be an algebraic triangulated category,
S: 2 — 2 a DG functor inducing an equivalence on 7. Then the triangulated orbit category
of 7 modulo S is defined to be
H (pretr(.27/S)).
The instance of this definition we need here is the following. Here and in the sequel, for a

modules X over a finite dimensional algebra A we denote by pa(X) a projective resolution of
X.

Proposition A.15 (Keller, a special case of | , Theorem 7.1)). Let A be a finite dimensional
algebra of finite global dimension, and n € N. Then the functor

S :=pagaer (DA)[—n] @px —: PA—> Pa

induces the autoequivalence Sy, of Pan. The n-Amiot cluster category (defined in Construc-
tion 2.6) is equivalent to the triangulated orbit category

ER ~ HO(pretr(2/8)).
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Before we can formulate the universal property of orbit categories in the full generality of
[[{el1] we need one more piece of notation.

Definition A.16 (] , Section 9.3]). Let 2" be a DG category and S: 2" — 2 a cofibrant
DG module in rep(27, Z"), and let %" be a DG category. Then we denote by eff (2", S, %) (from
effacable — removing the effect of S) the category with objects

R,¢) with R € rep(2", %) and ¢: R— RgR an quasi-isomorphism of DG.2 P ® % -modules
(

and where the morphisms from (R, ¢) to (R’,¢’) are obtained from morphisms f: R—R’ of DG
Z°P @ % -modules, such that f¢' = ¢(Sf), by making quasi-isomorphisms invertible.

Similarly we can define the category eff°?(2", S, %) with objects (R, ¢), where ¢ is a quasi-
isomorphism RgR — R.

We are now ready to state Keller’s universal property.

Theorem A.17 (Keller | , Theorem 4 in Section 9.6]). Let 2" be a pretriangulated DG
category, and S: X — X as in Definition A.13. Then for any pretriangulated DG category %
there are equivalences

eff(Z7,8,%) A rep(pretr(2°/S), %) =, eff’?( 2,8, %).

Remark A.18. Keller only states the first equivalence in of Theorem A.17. The other equiv-
alence follows from the first one for 2°°P and #°P. (Note that it follows from the definition
that Z2°°P/S = (27/8)°P, and from the universal property of the pretriangulated hull that
pretr( 2 °P) = (pretr Z)°P.)

Applying this theorem to the setup of Proposition A.15 we obtain the following.
Corollary A.19. Let A be a finite dimensional algebra of finite global dimension, and
S:= pA®Aop(DA)[—n] XA —: :@A - :@A

as in Proposition A.15. Then for any pretriangulated DG category % there are equivalences

off(Pp,S, W) < rep(pretr(Pa/S), W) —— eff®(Pa,S, 7).

A.4. Application to our setup. We now show the following instance of Keller’s general result.
This is what we apply in this paper.

Theorem A.20. Let A be a finite dimensional algebra of finite global dimension, and let I be
an Iwanaga-Gorenstein finite dimensional algebra. Let M € Pngacr, and

A=MeKk —: 91— 9n
the triangle functor given by the derived tensor product. Assume there is a triangle
X — A(DA[—n]) A(A) X[1]

in Prngaer, such that X is mapped to perfI1 by the forgetful functor Zngacr — Z11.
Then there is a functor H: €8 — CM(II) making the following diagram commutative.

N A

I

¢r — s oM()

Remark A.21. The same result also holds if we have a triangle “in the other direction”, that
is a triangle
X —A(A) — A(DA[—-n]) — X[1]

(and all other assumptions as in Theorem A.20 above).

For the proof we need the following observation.
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Proposition A.22 (Keller). Let IT be an Iwanaga-Gorenstein finite dimensional algebra. Setting
GX®Y)=Homy(Y,X) for X € Py and Y € a1

we have G € rep(Pp, A1), and G induces the natural functor P — CM(II).

Proof. Take aX € o7 such that t<aX = t<¢ X for i < 0. Then we have a chain homomorphism

aX — X, and a triangle
aX X C aX|[1]

in the homotopy category of projIl, with C a left bounded complex of finitely generated pro-
jective II-modules.
Since Y is acyclic, so is Homp (Y, C). Thus the morphism

Homp(Y,aX) ——Homp (Y, X) =G(X ®Y)

is a quasi-isomorphism. Thus G(X ® —) is representable (since it is represented by aX), and we
have G € rep( 11, ). O

Proof of Theorem A.20. Our first task is to translate the setup of the theorem to functors be-
tween the DG categories Za, p, and «41. We have the following functors and objects in the
respective rep-categories:
(1) The functor prgace (M) @A —: Pa — 11 induces A: Dn — Z11. We denote by Ry the
corresponding object in rep(Za, Z1).
(2) The functor S := pagace (DA)[—n|@a—: P — P induces DA[—n|@K —: DIn — Da.
We have the corresponding object Rg in rep(Za, Za).
(3) We denote by Rx the object in rep(Za, 1) corresponding to the functors prigacr (X)®a
- @A - QZH.
Now note that the triangle of the theorem induces a triangle

Ry —> RsRy — Ry — Rx][1]

in rep(Za, Zn).
We denote by G € rep(Z11, #41) the object constructed in Proposition A.22 above. Then the

A
object RyG € rep(Pa, “1) is a lift of the composition Za — Zip — CM(II). Multiplying the
above triangle with G we obtain a triangle

PG
RxG—>RgRaG —> RyG——> RxG/[1]
in rep(Pa, 1). We claim that ¢G is a quasi-isomorphism. To see this we only have to show
that RxG is acyclic. Indeed, for any P € &x and A € o7 we have

(RxG)(P ® A) = G(X @A P © A)
= HomH(A,X XA P),

and this is acyclic, since A is acyclic, and P € perf A and X € perfIl imply X ®a P € perf 1.
Consequently (RpG, ¢G) lies in eff°?(Px, S, @41). By Corollary A.19 RsG is given by an object
in rep(pretr(Za/S), o1), which induces the desired triangle functor H: €% — CM(II). O
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