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Abstract. The representation dimension is an invariant introduced by Aus-
lander to measure how far a representation infinite algebra is from being rep-
resentation finite. In 2005, Rouquier has given the first examples of algebras
of representation dimension greater than three. Here, we give the first gen-
eral method for establishing lower bounds for the representation dimension
of given algebras or families of algebras. The classes of algebras for which
we explicitly apply this method include (but do not restrict to) most of the
previous examples of algebras of large representation dimension, for some of
which the lower bound is improved to the correct value.

Introduction

The representation dimension of a finite dimensional algebra was introduced
by Auslander in his Queen Mary College notes [1]. Auslander has shown that
an algebra is of finite representation type if and only if its representation di-
mension is at most two. In general, he expected that the representation
dimension should measure how far an algebra is from being of finite repre-
sentation type.

In [14] (see also [13, 15] and the appendix here), Iyama showed that the
representation dimension of a finite dimensional algebra is always finite.

The first example of an algebra with representation dimension strictly
greater than three has been given by Rouquier in his article on the repre-
sentation dimension of exterior algebras [21]. In this paper he has shown
that it is possible to use the dimension of the derived category or, in the
case of self-injective algebras, of the stable module category, to obtain lower
bounds for the representation dimension. Using this, he has proven that the
representation dimension of the exterior algebra of an n-dimensional vector
space is n + 1.

A second class of examples has been given by Krause and Kussin. In [17]
they have shown that the representation dimension of the algebras kQ/I,
with @ and [ as in the case [ = n of (x) on page 3, is at least n — 1.
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In [19] the author has shown that the representation dimension of an
elementary abelian group is at least its rank plus one.

Avramov and Iyengar [5], using techniques from [4], have announced that
the dimension of the stable derived category of a complete intersection local
ring R is at least the codimension of R minus one. As a corollary they
deduce that when in addition the ring is artin, its representation dimension is
at least the embedding dimension plus one. In particular, the representation
dimension of k[xy, ..., z,)/ (27", ..., 5") is at least n+1, generalizing the results
in [19].

Here we give a more general method to find lower bounds for the rep-
resentation dimension of classes of algebras. The main ingredients are as
follows:

We extend Rouquier’s definition of dimension of a triangulated category
to subcategories. This will allow us to find better lower bounds than by
looking only at the dimension of the derived category. In many examples we
will even be able to show that the representation dimension is strictly larger
than the dimension of the derived category. In particular we will be able to
improve Krause and Kussin’s bound to n 4+ 1, which will then be shown to
be the precise value.

To find a lower bound to the representation dimension of a finite dimen-
sional k-algebra A, we have to look at an entire family of modules at once.
In this paper we will assume this family to come from one A ®; R-lattice
L, where R is a finitely generated commutative domain over k. That is, the
modules in the family we consider are the modules of the form L ®z X for
R-modules X of finite length, or, in other words, we look at the image of the
category of R-modules of finite length under the functor

L ®p — : R-mod —— A-Mod.
This functor is exact, and therefore also induces maps
(L®r —)pya : Exth(X,Y) — Exti(L®r X, L®rY)

for any X,Y € R-mod. With this notation, the main result presented here
is

Theorem (Corollary 4.9). Let L be a A ®, R-lattice. Assume the set
[p € MaxSpec R | (L ©n —) e (Exth(Ryrf.1, Ryf.1) # 0}

is Zariski dense (here MaxSpec R denotes the set of mazximal ideals of R,
and Ry-f.1. denotes the category of modules over the local ring R, which have
finite length). Then

repdim A > d + 2.
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We actually prove a refinement of this theorem, which works with com-
plexes of injectives in the derived category (Theorem 1) and a version which
is easier to apply to examples (Theorem 2). It turns out that these theorems
provide useful lower bounds for the representation dimension in a variety of
situations, in many of which we will see that these lower bounds are equal
or very close to the correct number. This will be done by exploiting Iyama’s
result in the appendix.

We reprove Rouquier’s result on the representation dimension of the exte-
rior algebra of an n-dimensional vector space and generalize it to the quotient
of the exterior algebra modulo the [-th power of the radical (Example 6.1).
For [ # n we can show that the lower bound we find for the representation
dimension is the precise value (Example A.6).

We prove that the representation dimension of k[zy, ..., z,]/(z1, ..., 2,)
is at least min{l/ + 1,7 + 1} (Example 6.2). For n > [ we are able to show
that this is the correct number (Example A.9). This result carries over (see
Section 7) to algebras of the form kQ/I, with

1 1 1
1 ) > 3 -1 >
Q=0 - o . o o . o and (%)
—_— — > — >
Tn Tn Tn

I =(xpxy — x| 1<n',n" <n)

(Example 7.3). This generalizes the family considered by Krause and Kussin.
In particular we improve the lower bound in their case (I = n) from n — 1 to
n + 1, and show that this is the precise value (Example A.8).

One advantage of the theorem presented here is that it is quite well be-
haved under changes of the algebra. In most of the previous papers an
equivalence of the derived or stable module category to some other triangu-
lated category has been used. In that case one did not automatically get any
results for similar algebras. With the method presented here it will usually
be possible to move results to other algebras with a similar structure (Sec-
tion 6 and especially Section 7). Especially we will get lower bounds for the
representation dimension of algebras depending on parameters in k, not just
for discrete families (Examples 7.4, 7.4.1 and 7.5).

We will recall and fix some general notation for our algebras and module
categories in the first section.

In the second section we will give definitions of the representation dimen-
sion of a finite dimensional algebra (due to Auslander [1]) and the dimension
of a triangulated category (due to Rouquier [21, 22]). We will generalize
the latter to subcategories of triangulated categories. Finally we will prove
inequalities between these dimensions to be used in the rest of this paper.
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The third section will be used to study the vanishing of extensions over
polynomial rings or integral quotients of such. We need to do so to be able
to transfer these properties to the module categories of other algebras with
the help of tensor functors in Section 4.

The fourth section will be used to prove the main theorem (Theorem 1).
To do so, we will look at a pair of adjoint functors between the derived
categories of the module category we are interested in and the category of
finite length modules over the commutative ring we studied in Section 3.

In the fifth section we will further analyze one special case of the main
theorem. This will lead to Theorem 2, a reformulation of the main theorem
in this case, which looks more technical but is easier to apply to examples.

The sixth section will be used to show how the results apply to concrete
algebras. In particular we will generalize Rouquier’s result (Example 6.1) and
get a lower bound for the representation dimension of quotients of polynomial
rings (Theorem 3).

In the seventh section we will show that the assumptions of the main
theorem are preserved under certain coverings. Therefore we get results
on variations of the examples presented in Section 5. In particular we will
improve the result of Krause and Kussin (Example 7.3) and we get results on
larger families (families indexed by continuous parameters, not just discrete
families) of algebras (Examples 7.4 and 7.5).

The appendix contains results mainly due to Iyama. We apply the gen-
eral upper bound he established for the representation dimension of finite
dimensional algebras to the examples we considered in Sections 6 and 7. It
turns out that in most cases either the lower bound is equal to the upper
bound or the difference is very small.

Acknowledgements. I wish to thank my supervisor, Steffen Koenig, for
support, and for many helpful suggestions, and Osamu Iyama for providing
and for permission to include most of the ideas of the appendix and for
remarks on the rest of the paper.

1 Notation

Throughout this paper, k& will denote a commutative (not necessarily alge-
braically closed) field. By a finite dimensional algebra we mean an associative
algebra A over k, which has finite dimension as a k-vector space. For any
associative ring A we denote by A-mod the category of finitely presented left
A-modules. In case A is a finite dimensional algebra, this is just the category
of A-modules of finite k-dimension. We denote the Jacobson radical of an
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algebra A by Jy, or, if there is no chance of confusion, simply by J. The
global dimension of an algebra A will be denoted by gld A.

For M € A-mod we denote by add M the full subcategory of A-mod con-
sisting of all direct summands of finite direct sums of copies of M. Moreover,
if A is a k-algebra, we denote by M* = Homy (M, k) € A°°-mod the k-dual
of M.

We denote by A-proj and A-inj the categories of finitely presented projec-
tive and injective A-modules, respectively. Note that A-proj = add A, and,
if A is a finite dimensional algebra, A-inj = add A*.

For an additive category A (in this paper typically one of A-mod, A-proj,
A-inj) we denote by K(A) the homotopy category of complexes in A. We
denote by K®(A), K—(A), and Kl%l(A) the subcategories of complexes
which are bounded, bounded above (that is to the right), and concentrated in
degrees ay, ..., as, respectively. We denote by [1] the shift, that is the functor
moving any complex one step to the left, and replacing all differentials by
their negatives (see [16, Section 1]).

We denote by D(A-mod) the derived category of A-mod, that is the cat-
egory obtained from K (A-mod) by localizing at the subcategory of quasi-
isomorphisms. The variations D®, D~, DI%1:%] and the shift [1] are defined
as they are in the case of the homotopy category.

In all the categories above we compose maps from left to right, that is fg
means first applying f and then g.

2 Dimensions

We need to introduce a few notions of dimension and to determine the rela-
tions between them. The representation dimension of an artin algebra has
been introduced by Auslander [1]. Rouquier has introduced the dimension
of a triangulated category [21, 22], and he [21, 22] and Krause and Kussin
[17] (see also Christensen [8]) have proven the inequalities involving these
dimensions presented here. The principal new results in this section are the
extension of Rouquier’s definition to subcategories of triangulated categories
(Definition 2.7), in particular to module categories, and the inequalities in-
volving this new notion of dimension (Lemmas 2.9 and 2.13).

We start by recalling the definition of representation dimension. Note
that while this is not the original definition Auslander has given in [1], it
follows from [1] that this definition is equivalent to his, except in case A is
semisimple.

2.1 Definition. Let A be a finite dimensional algebra over a field. The
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representation dimension of A is defined to be
repdim A = min{gld End, (M) | M generates and cogenerates A-mod}.

The condition that the module M generates (cogenerates) A-mod means that
any module is a quotient (submodule) of a finite direct sum of copies of M,
or, equivalently, that any indecomposable projective (injective) A-module is
isomorphic to a direct summand of M.

Auslander’s expectation was that the representation dimension should
measure how far an algebra is from having finite representation type. This
is motivated by the following result:

Theorem (Auslander [1]). Let A be a finite dimensional algebra. Then A is
of finite representation type if and only if repdim A < 2.

2.2 Definition. Let A be a finite dimensional algebra and M € A-mod.
Then

o the M-resolution dimension of a module X € A-mod is defined to be

M-resol.dim X = min{n € N | there is a complex

0 M, - M,y - X -0

with M; € add M such that the induced complex

0 —— Homy (M, M,,) Homy (M, X) — 0
is exact },

(here and in the following definitions we set min () = cc.)

e the M-resolution dimension of a subcategory X C A-mod is defined to
be
M-resol.dim X = sup{M-resol.dim X | X € op X'}.

2.3 Remark. If M is a generator then the complex

0 M, M, X 0

in the definition above is an exact sequence.
This motivates the following weak version of 2.2:

2.4 Definition. Let A be a finite dimensional algebra and M € A-mod.
Then
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o the weak M -resolution dimension of a module X € A-mod is defined
to be

M-wresol.dim X = min{n € N | there is an exact sequence
0 M, e M X 0
with M; € add M},

e the weak M -resolution dimension of a subcategory X C A-mod is de-

fined to be

M-wresol.dim X = sup{M-wresol.dim X | X € o6 X'},

e the weak resolution dimension of a subcategory X C A-mod is defined
to be

wresol.dim X = min M-wresol.dim X.
MeA-mod

2.5 Lemma ([10, Lemma 2.1]). Let A be a finite dimensional, non-semisimple
algebra. Let M € A-mod be generator and cogenerator. Then

gld End, (M) = M-resol.dim(A-mod) + 2.
In particular

repdim A = min  M-resol.dim(A-mod) + 2.
M generator
and cogenerator

2.6 Remark. If M is a generator then Remark 2.3 implies that
M-wresol.dim X < M-resol.dim X

and in particular
wresol.dim(A-mod) + 2 < repdim A.

Let 7 be a triangulated category. We use x, ¢ and (=) as in [21, 22]
(see also [6] and [7]). That is, for a subcategory Z of 7 we denote by (Z) the
full subcategory whose objects are direct summands of finite direct sums of
shifts of objects in Z. For two subcategories Z; and Z,, we denote by Z; x Z,
the full subcategory of extensions between the objects of Z, and those of Z;.
That means that Z; x Z, is the full subcategory of 7 with

ObZ; xTy ={X € 067 | there is a distinguished triangle




S. Oppermann 8

Now let
Il OIQ = <I1 *IQ> .
We set
<I>0 =0,
(I), = (Z), and inductively
(L)1 = (D), 0 ().

2.7 Definition. Let 7 be a triangulated category, C C 7 a subcategory. We
define the dimension of C to be

dim7C =min{n € N |3IM € 67 :C C (M), ,}.

Note that for C = 7 this coincides with Rouquier’s definition [21, 22] of
dimension of a triangulated category.

We will omit the index 7 whenever there is no danger of confusion. In
particular for C = A-mod, interpreted as a subcategory of D’(A-mod) by
identifying modules with complexes concentrated in degree 0, we will write
dim A-mod instead of dim ps(p.moqy A-mod.

The following lemma is an immediate consequence of the definition:

2.8 Lemma. 1. Let C C D be subcategories of a triangulated category T .
Then dimC < dim D.

2. Let ¥ : T T’ be a triangulated functor. Let C C T. Then

2.9 Lemma. Let A be a finite dimensional algebra. Then for any X C
A-mod
dim X < wresol.dim X.

Proof. This is an immediate consequence of the fact that short exact se-
quences in A-mod are turned into triangles in D’(A-mod). O

2.10 Lemma (a special case of [22, Lemma 7.35]). Let A be a finite dimen-
sional algebra. Let X = (X");ez be a complex of A-modules, such that all X*
have Loewy length at most n. Then X € (A/JA), C D°(A-mod).
In particular
dim D°(A-mod) < LL A — 1,

where LL denotes the Loewy length.
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2.11 Lemma (see [4, Theorem 5.5]). Let A be a finite dimensional alge-
bra. Let X € D°(A-mod) be a complex such that all homology modules have
projective dimension at most n. Then X € (A) ., C D’(A-mod).

In particular

n+1
dim D°(A-mod) < gld A.

2.12 Corollary ([21, Proposition 3.7] (separable case) and [17, Corollary 3.6]).
Let A be a finite dimensional algebra. Then

repdim A > dim D°(A-mod).

Let us illustrate the most important dimensions and inequalities in the
following diagram, where a line means that the upper expression is larger
than or equal to the lower one.

repdim A gld A LLA -1
wresol.dim A-mod dim Db A-mod) (1)
dim A-mod

Here we will get (by two) better lower bounds for the representation
dimension by using the left path in the above diagram rather than just the
inequality dim D°(A-mod) < repdim A.

Note that, for A self-injective, Rouquier [21] also improved the lower
bound he obtained for the representation dimension from dim D?(A-mod) to
dim A-mod +2 by looking at the dimension of the stable module category
A-mod rather then at the derived category. The following lemma shows that
his improvement is included in ours in that case.

2.13 Lemma. Let A be a self-injective finite dimensional algebra. Then
dim A-mod > dim A-mod .

Proof. The projection functor D?(A-mod) — D’(A-mod)/A-perf = A-mod
(see [20, Theorem 2.1]) maps A-mod densely to A-mod. Therefore, by
Lemma 2.8, dim A-mod < dim ps(p_poq) A-mod. O
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3 Vanishing of extensions over k[zy,...,z4|/1

We fix a field k and R = klxy, ..., x4]/] with [ C k[xq,. .., x4] a prime ideal.
We denote by R-f.l. the category of R-modules of finite length. One main
idea of this paper is to look at a family of objects in D°(A-mod) by taking a
complex G of A ®; R-lattices and looking at the image of the functor

G ®p — : D"(R-f.1.) — D"(A-mod).

The aim of this section is to recall some properties of R-f.l., which will
then in the next section be used to study the image of G®p — in D°(A-mod).
We will prove Proposition 3.3, which says that for any M € D~ (R-mod) there
is an open subset of blocks of R-f.l., such that for any block in this open
subset the homomorphisms from M to this block annihilate all extensions in
the block (the blocks of R-f.l. are indexed by maximal ideals of R, so the set
of blocks carries Zariski topology).

We denote by MaxSpec R the set of maximal ideals of R, with Zariski
topology. For p € MaxSpec R we denote by R,-f.l. the category of modules
of finite length over the localization of R at p. This is the full subcategory
of R-f.l1. whose objects are all iterated extensions of the simple module R/p.
This yields a block decomposition

Rtl= [ RyfL

peMaxSpec R

That is R-f.l. decomposes as a coproduct of categories, in other words any
module of finite length is the direct sum of modules in the different R,-f.1.,
and for p # g there are no non-zero morphisms from R,-f.1. to Rq-f.1..

We will need the following result from commutative algebra:

3.1 Lemma. Let R be as above, and M a finitely generated R-module. Then
there is a non-empty open subset U C MaxSpec R such that R, ®g M is a
free Ry-module for any p € U.

Proof. By [18, Theorem 4.10(ii)] the set
U = {p € SpecR | R, ®p M is free over R,}

is open in Spec R. Since the local rlng at the generic point R{O} is the quotient

field of R, we have {0} € U, so U is non- empty. The set U = Un MaxSpec R
is open in MaxSpec R, and to see that it is non-empty it suffices to prove
that MaxSpec R is dense in Spec R. Assume MaxSpec RNV, = () for some
basic open set V, = {p € SpecR | r € p} with r € R. Then r lies in all
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maximal ideals, hence in the Jacobson radical Jr. However, since R is finitely
generated over k the Jacobson radical coincides with the nilradical (see [18,
Theorem 5.5]), and since R is a domain the nilradical is 0. Hence V, = 0,
showing that MaxSpec R is dense in Spec R. O

3.2 Lemma. For any p € Spec R the functor D(R,-Mod) —— D(R-Mod)
induced by R —— Ry, is full and faithful.

Proof. The forgetful functor R,-Mod —— R-Mod has the left adjoint R, ®r
—. Since both functors are exact they also form an adjoint pair on the
corresponding derived categories. Hence for any X € D(R-Mod) and Y €
D(R,-Mod) we have

HomD(Rp-Mod) (Rp ®R X, Y) = HomD(R—Mod) (X, Y)
To complete the proof, note that R, @z X = X if X € D(R,-Mod). O

3.3 Proposition. Let M € D~ (R-mod). There is a non-empty open set
U C MaxSpec R such that for any p € U and any X;, Xy € Ry-mod

Hom p-(gomoa) (M, X1) Homp- (gmoq) (X1, X2[1]) = 0.

Proof. Since there are projective resolutions in R-mod we may assume that

M is represented by a right bounded complex of projectives. Then Homp- (gmoa)(M, X) =
Hom g - (r-moay(M, X) for any X € K~ (R-mod). Any morphism from M to

X, factors through 72°M, where 72°M is the truncated complex as illus-

trated in the following diagram.

M s M M M*
7=0M ... 0 M°/Tm o M?

Further, since X; in an Ry,-module, any map 7=°M —— X factors through
R,®@p7="M. By Lemma 3.1 there is a non-empty open subset & C MaxSpec R
such that R, ®g M°/Ima is free (as Ry-module) for any p € U. Then
the complex representing R, ®z 7="M has only projective terms, and hence
Hom pb (g, -mod) (Rp@ 77" M, Xo[1]) = Hom kb (g, -mod) (Ry®@rT7OM, X,[1]) = 0.
The claim of the proposition now follows from Lemma 3.2. U
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4 The main theorem

In this section we will state and prove our main theorem. We keep R fixed
as in Section 3, and also fix a finite dimensional k-algebra A.
One ingredient is the following lemma:

4.1 Lemma (special case of [22, Lemma 4.11]). Let M € D°(A-mod), and
d € N. Assume there is a sequence of d morphisms

N, Ly

in D*(A-mod), such that Hom po(p-moay(M[i], Nj_1) - f; =0 for all i € Z and
je{l,...,d}. Assume further X € D"(A-mod) such that Homps (s mea) (X, No)-
fi---fa#0. Then X & (M),.

4.2 Definition. We call a morphism of complexes f : (A%, 9%) — (B, d%)
locally null-homotopic if for every ¢ there are maps r* and s’ as indicated in
the following diagram, such that f* = rid5 ! + 9% s’

i—1 i
. Ai—l aA _ Az aA Ai—l—l L.
Fi-1 rt . fi s . it
}/ i—1 )/ 7
Bi—l 83 Bz aB _ Bi+1 .

4.3 Lemma. Let M € D°(A-mod). Assume there is a sequence of morphisms

Nl f2 .. fd Nd

in K*(A-inj), such that Hompo(amoay(M[i], Nj_1) - f; = 0 for all i € Z and
je{l,...,d}. Assume further fy--- fq is not locally null-homotopic. Then
A-mod & (M),.

Proof. Assume that f;--- f; is not locally null-homotopic in position p. Let

o,

Z = 27(No) = Ker[(No) — (No)**"]

be the p-cocycles of the complex Ny. Then we have a natural map h :
Z[—p] — Ny. We will show that hf; - - f; is not 0. Then the claim follows
from Lemma 4.1.
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Assume to the contrary that Af;--- fy; = 0, that is, it is null-homotopic
as a map of complexes. That means there is a map 7 as indicated in the
following diagram, such that ?8@;1 =u(f1--- fa)?-

Z[=p] Z
h T L
No ——— (No)P ! —— (No)P —— (No)P™' ———
7T\A‘[/;’/
Froe fy 5/ s
» r;//
Ny o (NPT —— (Ng)P —— (NPT ——— -

Since (Ng)P~! is injective 7 extends to a map r as indicated in the diagram.
~ -1 —1 —1
We have 0 = (7 — cr)@ﬁ,d = L((fl; - fa)P — r@ﬁ,d ), so (fy- -;fd)p — r@ﬁ,d
factors through cok: = , say via s. Since (Ny)? is injective s extends to a
map s as indicated in the diagram. Thus f;--- f; is locally null-homotopic
in position p, contradicting the assumption. O

Now assume we are in the following situation:

4.4 Setup. We have a functor F : D°(R-f.1.) —— D’(A-mod) with the
following two properties:

1. for any i € Z there are a},a, € Z such that the functor F maps
R-£1[i] (= DE*~I(R-£1) = the full subcategory consisting of com-
plexes concentrated in degree —i) to K%19%!(A-inj) (seen as subcategory
of D’(A-mod), and

2. the functor F admits a left adjoint F : D*(A-mod) — D~ (R-mod) in
the following sense: there is a natural isomorphism

Hom po (A-moa) (M, FX) = Homp- (g moa) (FM, X)
for M € D’(A-mod) and X € D°(R-f.1.).

Note that we do not assume F to be exact, to commute with shifts, or
even to be additive. However we will later choose F to be a tensor functor,
which has all these properties.
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4.5 Proposition. Let F: D°(R-f.l.) — D’(A-mod) be as described above,
d e N.

(a) Assume
{p € MaxSpec R | From(Hom ps(g-moa) (Rp-f.1., Rp-f.1.[d])) # 0}

1s dense. Here Fyon denotes the map associated to F sending morphisms
between two R-modules to morphisms between their images. Then

dim D°(A-mod) > d.

(b) Assume

{p € MaxSpec R | From (Hom po(gmoa) (Rp-f.1., Rp-f.1.[d])) contains

at least one map of complexes which is not locally null-homotopic}

is dense (note that since F maps Ry-f.1. and Ry-f.1.[d] to K*(A-inj) this
makes sense). Then
dim A-mod > d,

and especially
repdim A > d + 2.

For the proof we will need the following observation:

4.6 Lemma. Let M, N € R-fl, and E € Exth(M,N). Then E can be
represented by a d + 1-term exact sequence of finite length R-modules.

Proof. We first show the following claim: Let N —— E be a monomorphism
of R-modules, where N has finite length and F is finitely generated. Then
there is a quotient F of £ which has finite length, such that the induced map
N —— FE is still injective.

Let N ——— I(N) be the injective envelope of N. It lifts to a map
E —— I(N) as indicated in the following diagram.

IJN)/ i

We denote the image of the latter map by E. By [18, Theorem 18.4(v)| any
finitely generated submodule of the injective envelope of a simple R-module
has finite length. Hence, since N has finite length, also any finitely generated
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submodule of I(N) has finite length. It remains to see that the induced map
N — F is into. This follows from the fact that N = I(N) factors
through this induced map.

Now we are ready to prove the claim of the lemma. We only have to show
that the terms of the exact sequence may be chosen to have finite length. In
case d = 1 this is automatic, so assume d > 1. Let

N’—'Ed—>Ed_1 > e E1 > M

be any representative of E. We may assume the FE; to be finitely generated,
because there is a projective resolution of M consisting of finitely generated
modules, and any d-extension is a pushout of any d-step projective resolu-
tion. Let Eq be any finite length quotient of E4 such that the composition
N —— E; —» E, is still mono (this is possible by our observation above).
Then E is also represented by the second line of the following diagram, where
E;_1 denotes the pushout of square to its upper left.

N‘ ‘Ed ‘Ed—l E1 > M
N~ - B, - By, - E, - M

So we can choose the first term to have finite length. Now the claim follows
by induction. O

Proof of Proposition 4.5. We want to apply Lemmas 4.1 and 4.3 for (a) and
(b) respectively. Therefore let M € D°(A-mod). Assume the homology of M
is concentrated in degrees by, ...,by. We set a; = min{a} | 0 <i < d — 1},
az = max{ah | 0 <i < d— 1}, with the @ as in Setup 4.4, and

b2—a1

M= P M.

i=b1—as

That is we take the direct sum of all shifts of M, excluding those which cannot
have any morphisms to objects in F(R-f.1.[i]) for any ¢ € {0,...,d —1}. We

apply Proposition 3.3 to .

PFO)[—i).

-1
1=0

This yields a non-empty open set Y C MaxSpec R, such that for any p € U,
any Wy, Wy € Ry-f.l. and any ¢ € {0,...,d — 1} we have

HomD_(R—mod) (?(ﬂ), W1 [’l]) . HomD—(R_mod) (Wl [Z], W2 ['l + 1]) = 0
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Choose p in the intersection of U with the subset of MaxSpec R described in
the hypothesis of the proposition we are proving (that is, we intersect with
the set in the hypothesis for part (a) in order to prove (a), and with the set
in the hypothesis for part (b) in order to prove (b)). In both cases this is
possible by assumption, since I/ is non-empty and open.

Now choose an element [ of Hom pu(g moda) (L2p-f.1., Rp-f.1.[d]) which is not
mapped to 0 by F. For the proof of (b) choose f such that Ff is not locally
null-homotopic. By Lemma 4.6 the morphism f can be decomposed into a
product

f=h-faJa
with f; € Hompe(g-moa) (Rp-f.1.[i —1], Ry-f.1.[3]), say f; : Wi_1[i—1] — Wili].
By assumption on p we have

Hom p- (rmoa) (F(M), Wi _1[i — 1]) - fi = 0.

Now we apply F to f; and the adjunction isomorphism to the Hom-set. That
yields
HOHlDb(A_mOd)(M, F(Wlfl[l - 1])) . F(fz) =0.

By construction of M this means
Hom po(Amoay (M[j], FWia[i — 1)) -F(fi) =0 Vj € Z

Now apply Lemma 4.1 for the proof of (a) and Lemma 4.3 for the proof of
(b). O

4.7 Definition. We define A ®; R-lat to be the full subcategory of A ®y
R-mod in which the objects are projective as R-modules. We denote by
Inj(A®y R-1at) the full subcategory of objects, which are injective with respect
to short exact sequences (that is, any short exact sequence which begins in
such an object splits).

Note that Inj(A ®; R-lat) contains all modules of the form I ®; R, with
I € A-inj.
An object G € C*(Inj(A ®; R-lat)) gives rise to a functor

G ®p — : D*(R-f.1.) — D’(A-mod).

(Since G consists of projective R-modules it is not necessary to derive this
functor in order to get a well defined functor between the derived categories.)

Theorem 1. Let G € C*(Inj(A ®;, R-lat)) and d € N.
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(a) Assume
{p € MaxSpec R | (G ®r —)tom (Hom pb(gmoay (Ry-f.1., Ry-f.1.[d])) # 0}

1s dense. Then

dim D°(A-mod) > d.
(b) Assume

{p € MaxSpec R | (G ®g —)tom(Hom pb(gmoa) (Rp-f.1., Ry-f.1.[d]) contains

at least one map of complexes which is not locally null-homotopic}

1s dense. Then
dim A-mod > d,

and i particular
repdim A > d + 2.

Proof. Clearly we want to apply Proposition 4.5 with F = G ®g —. If G is
non-zero only in degrees ¢y, . . ., ¢o then G® g R-f.1.[i] vanishes outside degrees
c1—1,...,co—1, and hence the first assumption of 4.4 holds. It only remains
to show that F has a left adjoint.

Since G is finitely generated and projective over R it is isomorphic to
Hompg(Hompg (G, R), R) (note that applying Homg(—, R) just means applying
Hompg(—, R) to every degree). Therefore we have

Hom po(A-moq) (M, G @R X)
= Hom pb(p-moay (M, Homg(Hompg(G, R), R) ®r X)
= Hom pb(p-mody (M, Homg(Homp(G, R), X))
>~ Homp- (g-mod)(Homp(G, R) ®§ M, X)

So Hompg(G, R) ®% — is the desired adjoint. O

4.8 Remark. Since A-inj ~ A-proj we may in Theorem 1 alternatively
assume G € C*(A ®j, R-proj).

Let us now assume that L € A ®; R-lat. Then (L ®p —) is an exact
functor R-f.l. —— A-mod. Therefore it also induces maps (L ®g —)gxs
between corresponding Ext-groups.

4.9 Corollary. Let L be a A ® R-lattice, and let d € N. Assume the set

{p € MaxSpec R | (L ®p —)ga(Exth(Ry-f.1, Ry-f.1.)) # 0}
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1s dense. Then

dim A-mod > d,

and in particular
repdim A > d + 2.

Proof. We choose G to consist of the first d terms of an injective resolution
of L as A ®; R-lattice (naively truncated, so that it really is a complex of
injective lattices). O

5 A practical version of the main theorem

In this section we will treat the following special case: We assume R =
klxy,..., 24 and G is a complex of injective lattices of the form I ®j R, such
that the part of the differential in R is a polynomial of degree one. This
setup will be used in the examples.

We denote by k the algebraic closure of k. The inclusion k[zy, ..., z4] — k[21, ...

induces a surjection
C: = MaxSpec k|1, . .., x4 — MaxSpecklxy, ..., 24].

In particular the (-image of a dense subset is dense.
For (ay,...,aq) € = MaxSpec k[x1, . . ., z4], we denote by k = kfa, . .., o]
the corresponding finite extension of k.

5.1 Corollary. Let R = k[xy,...,1q4]. Assume G € C*(Inj(A ®; R-lat)) is
of the form

O+3, 0tas R+, P2 og+31, ot

% R I'®y R » I ®y R,

with I' € A-inj and &/ € Homy (I'~4, I7). Here ) is short for 3 ®y, 1g, and
Ol x; is short for 8 @y [r —— ra;]. Assume the set

{(ag,...,aq) € [ | the map

~ P+, 8lay
_ >

I’ @k ek

all...aéli

~ 94434 gda; ~

Id—l ®k; k 0+Zz_1 ;O Id ®k; k:
is mnot null-homotopic}

18 Zariski dense in Ed. Then

dim A-mod > d.

) xd]



19 Representation dimension

Proof. We only need to show that we are in the situation of Theorem 1(b).

Assume (o, ..., o) is in the set above. We consider the exact sequences
E . klxy, ..., 2q] -@r—ar) klT1,...,2q]  proj kl[x1,...,24]
re x;—aoy for x;—oy for i#r, x;—ay for
i€{1,..,d} (zr—or)? i€{1,...,d}

of R-modules. Tensoring E, with G over R we obtain the following short
exact sequence of complexes of A-modules.

~ —~ 92 d —~
IO ®k k 8 +Zz 1 ’L Il ®k; k 9 +Zz 181 L. 0, +Zl 1 ,L _[d ®k k‘
(01) (01) (01)
@ik @ Al '@k & A2 . A gk @
I°Quk(zr—a) I@uk(zr—a) Ii®k(zr—ar)
(o) (o) (o)
%k RATii Ol 1 ok HATia O OGS O g 2k
. , &+, Hay o .
with A7 = ( 0 =L 4 i |- The map in the homotopy
0 0+ 251 Ol

category corresponding to this extension is

I B +Tisi Ol ok 0 +305m D i
a1 92
_[0 ® k 8 Z’L 1 ’L _[1 ® k a Z’L 1 ’L 12 ® E _83 i= 181
Now we look at the composition (G ®gE;)--- (G ®r E;). By assumption it
is not locally null-homotopic. Therefore ((av, ..., ay) is in the set

{p € MaxSpec R | (G ®r —)tom(Hom pb(gmod) (Rp-f.1., Ry-f.1.[d]) contains

at least one map of complexes which is not locally null-homotopic}.
Hence this set is dense, so the assumption of Theorem 1(b) is satisfied. [

We now reformulate the hypothesis of Corollary 5.1 in a way which does
not require us to use A ®; R-lattices any more. We will only have to find a
finite set of morphisms between injective A-modules having certain proper-
ties.
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5.2 Proposition. For 0 < j < d let I’ € A-inj and for 0 < i < d and
0<j<dletd €Homy(I’"',I’), such that

(1) ¥i,j: & =0 and
(2) VZl,'lQ, .8]8]+1 +1

11 12 12 711

Assume the set

{(a1,...,qq) ek’ [for k = klou, ..., ] the map

ek AHEiole @k
aL.-a1
1 g BEm O g 7
is not null-homotopic}
is Zariski dense in k. Then
dim A-mod > d.
Proof. We apply Corollary 5.1 to the complex
9@y R WZ=O pg p BRm e | BR O fag, p

Assumptions (1) and (2) of the proposition ensure that this is indeed a com-
plex, that is that the composition of two consecutive morphisms vanishes. [

5.3 Remark. Note that, in Proposition 5.2 above, we have to find out if
a morphism of complexes of A ®; k-modules is null-homotopic as a map of
complexes of A-modules. This seems to be a quite unnatural question. Next
we will see that for k separable over k this simplifies to the question whether
the map is null-homotopic as a map of complexes of A ®;, k-modules.

5.4 Lemma. Let k be a finite separable extension of k. A map of complexes
of A ®y k-modules is (locally) null-homotopic as map of complexes of A-
modules if and only if it is (locally) null-homotopic as a map of complezes of
A ®; k-modules.

Proof. The “if”-part is clear.
For the converse let the complexes be (A%) and (B"), and the map be (f?).
Assume that there is a A-null-homotopy by maps h' : A* —— Bi~1
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Since  is separable over £ the epimorphism k®kk5 e & of k-k- bimodules
splits ([9, Corollary 69.8]). Let ¢ : k—— &k ® k be a morphism of k-k-
bimodules such that ¢m = 1. This induces maps of A ®;, % modules

. Ly @pm A
A" @ k > A’
1A'L ®7€\ L

and similar for B R
Now we replace the At by the A ®, k-linear maps

~ . 14 R2 0 h Qi 1s . ~ 1lpi-1 Q7 .
hi - A A k k1% Bz—l ®kk"u" Bl_l.

A @k

Note that if g: X — Y isa A ®y K-linear map, then g(ly ®;¢) = (1x ®5,
1)(g @y 1) and (1x ®; m)g = (9 ®k 13)(1y ®; 7). Applying this for the f*
and the differentials of the two complexes it is a straightforward calculation
to see that the h; also induce a null-homotopy.

The proof for locally null-homotopic is similar. O

We denote by k*P the separable closure of k. Note that (k*P)? is always

dense in % (If k is infinite then k9 is already dense in Ed, and otherwise k*P =
k). Then we obtain the following theorem directly from Proposition 5.2 and
Lemma 5.4.

Theorem 2. For 0 < j <d let I’ € A-inj and for 0 <i < d and 0 < j <d
let &) € Homy (771, I7), such that

(1) ¥i,j: ™ =0 and

(2) \V/'ll,ZQ, ° 62]181];_1 1281]1+1

Assume the set

{(a1,...,aq) €V for k = k[ou, ..., ] the map

o 81+Zz 1 z

I°® k S ek

311...35

ad 8 o ~

[d 1®]{7 +Zzl [d®kk
s mot null-homotopic as map of complexes over A ®y E}

is Zariski dense in (k°P)?. Then

dim A-mod > d.
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6 Applications

This section is devoted to showing how the results can be applied to some
interesting classes of algebras. We will reprove and generalize Rouquier’s re-
sult on the representation dimension of exterior algebras, and find a general
lower bound for the representation dimension of finite dimensional commu-
tative algebras. In the next section we will see that we automatically also get
lower bounds for coverings and certain variations of the algebras presented
in this section. In the appendix we will find upper bounds for the represen-
tation dimension of the algebras we look at in this and the next section. In
most cases it will turn out that we have actually identified the representation
dimension or that there is only a small number of possible values left.

The examples will consist of families of algebras indexed by [ and n,
such that [ is the Loewy length (we are not very strict about this, see the
parenthetical comment on the case [ > n in Example 6.1) and n is the number
of generators.

As a first example, we consider the exterior algebra, which has been
treated by Rouquier [21]. We allow more generally to cut off certain powers
of the radical.

6.1 Example. Let A;,, be the exterior algebra of an n-dimensional vector
space modulo the [-th power of the radical (I > 1, note that if [ > n then the
actual value of [ does not matter and the Loewy length is n 4+ 1). That is

A = k{zy, o 2n) [ (T + T T, 020 Ty o, | T <0 0"y < ).

)

Then
min{l/ — 1,n — 1} < dim A;,,-mod < dim D°(A;,,-mod) < min{l — 1,n},

and in particular
repdim A;,, > min{l + 1,n + 1}.

Proof. We want to apply Theorem 2. Set d = min{l — 1,n — 1}. Take
I=...=]%=Aj, and & the map induced by right multiplication by 2.
By definition they fulfill assumptions (1) and (2) of Theorem 2. So consider
the diagram

d
T1+D 5 q Tit10

* n * n
l,n Ok k l,n Ok k

T2 Ty

d
TIF+Y G Tit10y -~

A, @k A, @k
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for any (aq,...,0q) € () and k = kfoa,...,aq). The vertical map of
complexes is not null-homotopic. Therefore dim A;,-mod > d. The other
inequalities are contained in diagram (f) following 2.12. O

Now let us look at truncated polynomial rings.

6.2 Example. Let ¥, = k[x1,...,7,]/(21,...,7,)". That is the polynomial
ring in n variables modulo all monomials of degree [. Then

min{l —1,n — 1} < dim ¥ ,-mod < dim Db(Zlm—mod) <l-1,

and in particular
repdim ¥, > min{l + 1,n + 1}.

Proof. Set d = min{l — 1,n — 1}. Take I’ = (E?n)(j), that is (j) copies of
the indecomposable injective module. We assume these copies to be indexed
by the subsets of {1,...,d} having exactly j elements, and write (EZ‘JL)S with
S C{1,...,d} and |S| = j for the corresponding direct summand of I/. We
define the maps 827 by giving their components between the direct summands.
For &) the component (X;,)% — (X},)7 is

0 if S¢ T
(—1)HeeSls<tly, if SU{t} =T.

For i > 0 the component (3,)% — (X;,,)" of & is

{ (—1)HseSls<ibly, if SU{i} =T

0 else.

It is a straight forward calculation to verify that these maps fulfill assump-
tions (1) and (2) of Theorem 2. By induction on d’ with 0 < d’ < d one can
see that the map 9} - -- 9% is given by its components

0 if S#{1,...,d'} | s \0 . \S

+od i S={1,....d} [~ (Bin)” = (i)™

Therefore we consider, for a € (k*P)¢ and k = k(a), the following vertical
map of complexes.

Zf’n ®k /k\/’ (z1+ar1zn,..., inJrOldanl (Zzn)d ®k /k\/’

T1+a1Tn 4
(—(m—f—agxn)) +zy
+(qtagn) -~

i @k

(Zr)! @k
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Clearly it is never null-homotopic. Therefore Theorem 2 can be applied and
provides the lower bound for dim ¥ ,,-mod.

Note that the Loewy length of ¥,;,, is LLY;,, = [. Then the other in-
equalities can be found in diagram (t) following 2.12. O

For an ideal a C K[z, ..., z,] and a € k™ we say that a has a zero of order
linaifaC (z; —a; |1 <i<n). Note that for showing the lower bounds
for the three dimensions in Example 6.2 it was only necessary to factor out
an ideal which has a zero of order [ in 0. Also we can move the zero to any
other point by changing the coordinates. Therefore we have shown

Theorem 3. Let a C kfzy,...,x,] be an ideal that has a zero of order l.
Then

min{l —1,n—1} < dimk[zy,...,2,]/a-mod < dim D*(k[z1, ..., x,]/a-mod),
and in particular

repdim k[zy, ..., 2,]/a > min{l +1,n + 1}.

Proof. Say the zero of order [ is in a = (ay,...,a,). Replacing z; = y; + a;
we may assume a = 0. Then the proof of Example 6.2 carries over word for
word (replacing Zzn by (M) ). -

6.3 Remark. Recall the following result due to Avramov and Iyengar [5]:
Ve, oo, en > 1irepdimkfzy, ... 2] /(27 oo 2r) > n+ 1

It is worth noting that the result of Theorem 3 intersects their result, where
the intersection consists of the cases with ¢, ..., ¢, > n.

7 Coverings of algebras

The aim of this section is to show that, under certain assumptions, the pre-
conditions of Theorem 1 are invariant under coverings. This result will allow
us to transfer the results on the local algebras in the previous section (Exam-
ples 6.1 and 6.2) to classes of algebras of finite global dimension. There are
many algebras which admit a covering by the same algebra of finite global
dimension. This will yield larger families (depending on parameters in k
rather than just the discrete parameters [, n) of algebras for which we can
find a lower bound for the representation dimension.

We assume A to be a finite dimensional graded algebra. A being graded
means that there is an abelian group A, such that A = ®,c4A, as k-vector
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space and A, - Ay, € Ay, 4a,- Note that the algebras presented in Section 6
as Examples 6.1 and 6.2 are Z graded by degx; = 1.

A graded A-module is a A-module M with a k-vector space decomposition
M = @®4eaM, such that A, - M,, € My, 14, Clearly A itself is a graded
A-module. If M is a graded A-modules and a € A, then we denote by M (a)
the graded A-module with M(a) = M as A-modules, but M({a), = M.
For two graded A-modules M and N we denote by HomJ (M, N) the set of
graded homomorphisms of degree g, that is the homomorphisms which map
M, to Ny for all a € A.

Now let V' C A be a finite subset. We can define a finite dimensional
algebra Ay by

Ay = (End, (@,erA(0)))°7,

Note that Homg, (A(v) , A(w)) = Hom, *(A, A) = Ay_,. Therefore the alge-
bra Ay is the matrix algebra

(Aw7v>v€V

weV

The indecomposable projective Ay-modules are in bijection to the pairs
(Q,v) with @ an indecomposable projective A-module and v € V| and

Homa,, (F(@y,0): P@a,0)) = Homg; ™" (Q1, Q2).
Sending Pg,.) to @ gives rise to a faithful functor
Ay-proj —— A-proj
and therefore also to faithful functors
C*(Ay-proj) — C°(A-proj), and
C*(Ay @i R-proj) — C®(A ®; R-proj),

which will all be denoted by C.
For G € C*(A ®;, R-proj) we set

d(G) = max{d | the set
{p € MaxSpec R | (G ®r —)tom (Hom v gmoay (Ry-f.1., Ry-f.1.[d])
contains at least one map of complexes which is not locally null-
homotopic}

is dense}.

Then Theorem 1(b) can be restated as follows:
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Theorem 1 (b). Assume G € A ®; R-proj. Then dim A-mod > d(G).

Our aim is to show that d(G) does not change under certain coverings.
Together with the formulation of Theorem 1(b) above this means that we
can often establish the same lower bounds for the dimension of the module
category of Ay that we can show for the dimension of A-mod.

7.1 Proposition. Assume G € C*(Ay ®j, R-proj). Then d(CG) = d(G).

Proof. Tensoring with X € R-f.l. commutes with C. Let X;, X, € R-f.l. and
¢ : X7 — Xs[d]. Clearly if the map G ®r X; — G ®g Xs[d] induced by
@ is locally null-homotopic, then so is its image under C.

The idea for the converse is, that all parts of a local null-homotopy which
do not respect the grading can be omitted.

More precisely, assume the map

(Dij)ig
@iP(invi) - > @iP(mei)

(fij)ij

@)
EBiP(Si,JBi) 27 EBiP(Tiyyi)

gets null-homotopic by applying C (here Q;, R;, S; and T; are indecomposable
projective A-modules and v;, w;, z;,y; € V). We want to show that the map
then is null-homotopic itself.

By assumption, there are maps r;; : Q; — S; and s;; : R —— T as
indicated in the following diagram

(0ij)ij

®;Q; DR

(8ij)ij

(fij)ij

<8z{j)ij

®;5; - O;T;

making f null-homotopic.
We can decompose the 7;; into r;; = Y rf; with r/;, € Hom, (Q;, S;) and
the s;; into s;; =Y sf’j with sfj € Hom{,(R;, T;). New recall that the fi;, 0;;
and 0;; are graded homomorphisms. Using this fact, it is a straightforward
calculation to see that (r;/");; and (s;7”");; also make f null-homotopic.
The claim now follows from the fact that the r;/~" and sjJ ' are in the

image of C. O
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We immediately get the following two new examples from Examples 6.1
and 6.2 (the upper bounds for the dimension of the derived category can be
read off directly from diagram (t) following 2.12):

7.2 Example (covering of Example 6.1). Let A;,, be the exterior algebra of
an n-dimensional vector space modulo the [-th power of the radical, which
was treated in Example 6.1. Let Ay, = (A;,)q1,..13, that is the covering with

respect to the subset {1,...,l} C Z. Then A;,, = kQ/I with

1 1 1
1 ¥ 2 ~ 3 1-1 >
Q=0 : o . o -+ o0 - o and
Tn Ty Ty

I = (Tpdpn + Ty, 22, | 1 <0 ;0" < n).
Then
min{l — 1,n — 1} < dim A;,-mod < dim D(A; ,-mod) < min{l — 1, n},

and in particular N
repdim Ay, > min{l + 1,n + 1}.

7.3 Example (covering of Example 6.2). Let ¥;,, be the truncated poly-
nomial ring as treated in Example 6.2. Let ¥, = (¥in)f,..03- Then
Y, = kQ/I with

1 1 1
1 2 3 -1 l
Q=0 : o = o o - o and
B —— — —
Tn Tn Tn

I =(xpxp — gz, | 1<n' 0" <n).
Then
min{/ — 1,n — 1} < dim ilm—mod < dim Db(ilm—mod) < min{l — 1,n},

and in particular N
repdim ¥, > min{l + 1,n + 1}.

Note that for [ = n this is the family of algebras studied by Krause and
Kussin [17]. Here we have improved their lower bound for the representation
dimension by two.

There can be many graded algebras which have the same covering. We
also get the following connection between them:
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Let A be an A-graded finite dimensional algebra, and let o : A —— Autg, A
be a homomorphism of groups. Then we can define a finite dimensional al-
gebra A® by

A® = A as k-vector spaces, and

Ap g Ap = AUER2)

It is straight forward to verify that A is an algebra and that A{ = Ay
for any V C A.

In our examples the algebras are Z-graded, and a group homomorphism
a : Z — Autg A is determined by «(1). Further note that in Examples 6.1
and 6.2 any automorphism A of the vector space kx; @ --- ® kx, extends
uniquely to a graded automorphism of A;,. Therefore we get the following
results:

7.4 Example (from Examples 6.1 and 7.2). Let A = (a;;) be an invertible

n X n-matrix over k. Let Af}n be the algebra

Af}n =k(z1,...,2,) /( g i Ty Ti g apriTpx; 1 <n' n” <n,
i i

Zan’ixn/xi 1<n <n,
i

ZL‘nl .. ""Enl

Then
min{l —1,n — 1} < dim Af}n—mod < dim Db(Af}n—mod) < min{l — 1,n},

and in particular
repdim Af}n > min{l+ 1,n+ 1}.

7.4.1 Subexample. In Example 7.4 above, let n =3,/ =4and A = <St t 1)
with s,¢ € k\ {0}. Then we find

repdim (k(z,y, 2) /(2% y%, 2°, vy + syz, xz + stza, yz + tzy)) > 4.

7.5 Example (from Examples 6.2 and 7.3). Let A = (a;;) be an invertible

n X n-matrix over k. Let Zf}n be the algebra

Zf}n =k(x1,...,2,) /( E Qi Tt Ti — E apriTpx; 1 <n' . n" <n
; ;

Ty * Ty 1 <n;<n).
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Then
min{/ — 1,n — 1} < dim Zf}n—mod < dim Db(Zf}n—mod) <l-1,

and in particular
repdim Ef}n > min{l +1,n+ 1}.

Appendix: Comparison with Iyama’s upper bound for
the representation dimension

The results presented here are based on the following theorem of Iyama.

The application of his result to the examples was suggested by Iyama, who
worked out in detail the upper bound for the representation dimension of
the algebra considered by Krause and Kussin presented here as Example A.8
(private communication [12]).
Theorem 4 (Iyama [13, Theorem 2.2.2 and Theorem 2.5.1]). Let A be a finite
dimensional algebra. Let M = My € A-mod and My = M; - Jgna, ) (Te-
member that Jgna, () denotes the Jacobson radical of the algebra Endy (M;)).
Assume M, = 0. Then

gld Endy (D M;) < m.

In particular, for M = A & A*,
repdim A < m.

Here we only consider the case M = A@ A*. We will show that the upper
bound for the representation dimension provided by Iyama’s theorem coin-
cides with the lower bound we found for some of the algebras we considered.

The following corollary and its proof are a slight extension of a result
shown by Iyama in a private letter [12].

A.1 Corollary. Let A be a finite dimensional algebra with | simple modules
Si,...,S; (up to isomorphism), such that Ext}(S,,S,) = 0 whenever v #
w — 1. Denote by I, the injective module with socle S,. Assume

(1) Endy JLP is semisimple for any i and any indecomposable projective
module P.

(2) there is 1 < ly < such that

(a) I, is projective for all v >y, and
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(b) all composition factors of SocA are among the simple modules
corresponding to vertices lg, ..., 1.

Then
repdim A < max{LL A, max{LL I, + 1| I, not projective}}.

A.2 Remark. The condition on the extensions between simple A-modules
just means that the (valued) quiver of A is of the form

(a1,b1) (az,b2) (ar—1,b1-1)
o o .
1 2 l

for arbitrary a;, b; € N.

Proof. Set V.= {v € {1,...,1} | I, not projective}. We may assume that
lo € V. We apply Iyama’s Theorem with My = A ® @, I,. We will show
that M; = Jy®&@, .y 1., for submodules I} C I, with LL I} < max,ey LL I,+
1 —i.

Clearly the construction in Iyama’s Theorem respects the direct sum de-
composition of Mj.

We first look at morphisms to the submodules of the indecomposable
injective non-projective modules.

Let v € V and ¢ € Hom(J}, I'). Since I, is injective ¢ extends to a map
A —— I, as indicated in the following diagram.

Jie— .

4

J (R

Therefore the image of ¢ is contained in J4I,,. Conversely let ¢ : A" —» I,
be a projective cover. Since I, is not projective this is in the radical of A-mod,
so I} = I,. Since embedding the radical is in the radical of A-mod so is the
composition with the restriction of ¥ to some radical power

w;

(J3)" Jyl, — J 'L,
Therefore one can see, by induction over 4, that J§ - Rads.med(J4, I1) = Ji1,
and Jf(llv - [f). In particular we obtain [lio = Jf(lllo, since there are no
maps from the other I} to Iy .

Now let v,w € V with v # w. Any map ¢ : I, —— I has the socle of
I’ in its kernel. Therefore the length of the image is at most the length of I?
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minus one. By induction on i one obtains LL I! < max,cy LL I, + 1 — i as
claimed above.

Now we want to consider maps to the projective modules.

The composition of a projective cover with embedding of the radical
A" » Jp © A restricts to maps (J§)" ~ Jit——— Ji. These
are in the radical of End J} since the second map is in the radical of A-mod.
Therefore, together with Assumption (1), we get J& - Jgnq AT = Ji

For v < ly we have Homy (I}, J5) = 0, since I’ and SocJi do not have
any common composition factors. By looking at the composition factors, we
can also see that any non-zero element of Homy (I , J}) is a monomorphism.
Now assume such a monomorphism exists. Remember that I} = Jy'I,.
Therefore the simple module corresponding to vertex lp—(LL [;,—1)+(i—1) =
lo — LLI;, + 4 is a composition factor of Ilio. So it also is a composition
factor of J§. Let w be a vertex such that it is a composition factor of
Ji P, where P, is the projective module corresponding to vertex w. Then
lo—LLL,, +i > w41, so lp —w > LLI,. But if the simple module
corresponding to [y is a composition factor of P, then the simple module
corresponding to w is a composition factor of I;,. Therefore LL I}, > lp—w+1.
A contradiction. Therefore Homy (17, J}) = 0.

Putting everything together we find that M; has the structure claimed
above. In particular M. {LL A,max{LL I,-+1|I, not projective}} = 0, 80 Iyama’s The-
orem provides the claim of the corollary. O

A.3 Corollary. Let A be a local finite dimensional algebra. Assume
(1) Ji - JEndA(Jg) c Jzi\H for any i,
(2) the socle and radical series coincide for A and for A*, and
(8) any map Soc® A* —— A has semisimple image.

Then repdim A < LL A + 1.

Proof. We may assume that A is not self-injective (otherwise it is semisimple
by Assumption (3)). We set My = A @ A* and claim that M; = Ji © Jy 'A*
for ¢ > 1.

As in the proof of Corollary A.1 we can see that

JANC (JR @ J ) - Radamea(J) @ Ji AT, T TAY) C Soct A AR,

Since both sides coincide by Assumption (2) we have equality.
The proof of J§ - Jgna, i) = JiA is also identical to the proof of this
equality in the case of Corollary A.1.
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It remains to show that Ji 'A* - Homy(Jy 'A%, J5) C Ji'A. Unfortu-
nately this will clearly fail for i = LL A — 1. But in that case the image of
any morphism to J} has semisimple image (since the module is semisimple),
and the simple module is a direct summand of M, ; anyway, so it still agrees
with our claim above. Now assume i < LLA—1. Let ¢ € Homu(Jy 'A%, J3).
We consider the following composition

Soc® A* - JITIAT s Ji s A

By Assumption (3) this composition has semisimple image, so ¢ factors
through Ji 'A* —~ Ji 'A*/ Soc® A*. Therefore the image has Loewy length
at most LLA —(i—1)—2 = LL A —i—1, so it is contained in Soc***~"1 A =
A O

A.4 Remark / Corollary. Auslander [2] has shown that the representation
dimension of a self-injective algebra is bounded above by its Loewy length.
This result also follows from Iyama’s Theorem (similar to and easier than
Corollary A.3).

Application to the examples: Let us start by checking Assumption (1)
of Corollary A.3 for the exterior algebra.

A.5 Lemma. Let Ay = k{xy,...,2,) /(X + Tpzpn, 22,) be the exterior
algebra. Let 0 <i < j—2<n—1. Then

Endy, J'A,/J A, = k@ Homy, (J'A,/J Ay, TN J7 AL
where 1 1s the natural embedding.

Proof. Since we are looking at a graded module the endomorphism ring is also
graded. Therefore we only have to verify that all degree 0 endomorphisms
are multiplication by a scalar.

If i = 0or j = n+1 this is true, since the endomorphisms induce
endomorphisms of the simple head (i = 0) or simple socle (j = n + 1).
Therefore we may exclude these cases in the next step.

Assume 1 <idand j < n. Let ¢ : J'A,,/JI\,, — J'A,,/J7 A, be a degree
0 morphism. We want to show now that ¢ maps z,,J"*A,/J7A, to itself
for any n’. Let p € J""!A,, be an element of degree i — 1. Then

T p(Twp + JN,) = (Tpnawp + JNy) = =20 o(0p + JA,)
€ x - TN TN,
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Let
o(rwp + JAy) = E Qny,.niny * " Ty
ni<ng<---<n;
Then
Tono(Twp + JTA,) = E Qg my T T+ Ly
ni<ng<---<n;
ni#n” - ni#En!

Therefore each monomial with a nonzero coefficient in o (x,,p+.J7A,,) contains
at least one of x,, and x,s. Since this works for any n” # n’ each such
monomial contains x, or all other x,». The latter case cannot occur, since
i <n—1,s0 @ maps z,,J A,/ J7A, to itself as claimed above.

Now we show by induction on ¢ and simultaneously for all n > i that any
degree 0 morphism ¢ : JA,/J/A, —— J'A,/J7A,, is multiplication by a
scalar.

For ¢+ = 0 this is clear, so assume ¢ > 0. Then we know that ¢ maps
Ty - JTIA, /TN, to itself. Now - J77IA, /JIA, = J7IA, /71N, 4,
where the A,,_; is to be interpreted as the exterior algebra on the vector
space generated by x,» with n” # n'. Now inductively o|, ,.si-1a,/7i4, i
multiplication by some scalar a,/, and the ., all coincide since the x, -
JIA,/J7 A, have pairwise non-trivial intersection.

Therefore our morphism is multiplication by a scalar, and the claim of
the lemma follows. O

A.6 Example. Let A;,, be the family of algebras from Example 6.1. That is
A =Ky, 2) [ (@ Ty + Ty T, 221, Ty -+ - Ty ). Assume [ # n. Then

repdim A;,, < min{l + 1,n + 1}.

Together with Example 6.1 this implies that we have equality here and
dim A;,,-mod = min{l — 1,n — 1}.

Proof. In case [ > n + 1 the algebra is self-injective and the claim follows
from Remark A.4. Otherwise we would like to apply Corollary A.3. We have
verified Assumption (1) in Lemma A.5, and Assumption (2) is obvious. To
verify Assumption (3) let ¢ : Soc? A}, — Ay, The monomials of the form
T, * Ty, With ny < --- < n; and @ < [ form a basis of A;,,. We consider the
dual basis of Aj,. Then

Soc® Af, = @ km*.
m such a

monomial of
degree <2
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Now note that for n’ < n” we have z,(x,x,7)* = 0 for all » ¢ {n/,n"}.
Therefore all these x, have to operate as zero on ¢((x,x,)*). It follows
that o((zpae)*) € J2A;, + Soc Ay,. Since Soc Ay, = J'71A;,, Claim (3)
follows forn — 2 >1—1, thatis [ < n — 1. O

Unfortunately, Iyama’s Theorem does not give us the desired bound for
l=n.

A.7 Example. Let Kl,n be the family of algebras from Example 7.2, that is
Ay, = kQ/1 with

xr1 x1 1
1 2 3 -1 l
Q=0 : o . o --- o0 - o and
Tn Tn Tn

I = (l‘n//ZL‘n/ + T Ty, l‘i/)

Then B
repdim A, < min{l + 1,7+ 1}.

Together with Example 7.2 this implies that we have equality here and
dim A; ,,-mod = min{l/ — 1,n — 1}.

Proof. This time we want to apply Corollary A.1. One can see that Assump-
tion (1) is satisfied as in the proof of Lemma A.5, except that we do not have
to restrict to degree 0 morphisms (since there are no morphisms of non-zero
degree). If we choose [y = min{/,n} then Assumption (2) holds. O

A.8 Example (shown by Iyama). Let il,n be the family of algebras from
Example 7.3, that is ;,, = kQ/I with

xr1 x1 r1
1 ¥ 2 >3 -1 "L
Q=o ) o -+~ o . o and
Tn Tn Tn

[ = (.I‘n//,]j‘n/ — ,j(j‘n/,]j‘n//),

Then B
repdim ¥, <1+ 1.

In particular for n > [ we have equality, by Example 7.3.
Proof. We apply Corollary A.1. Assumption (1) can again be seen similarly

to the proof of Lemma A.5, by combining the changes sketched in the proofs
of Examples A.7 and A.9. Assumption (2) clearly holds for iy = I. O
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A.9 Example. Let ¥, be the family of algebras from Example 6.2. That
is Xy, = k[z1,...,20)/(71,...,7,)". Then

repdim > ,, <1+ 1.
In particular for n > [ we have equality by Example 6.2.

Proof. We want to apply Corollary A.3. We can see that Assumption (1)
holds in a similar way to the proof of Lemma A.5. The differences are
that we cannot and don’t have to exclude the case 7 = [ — 1, and that
Ty J IS ) TS, = TS,/ JTTE, L, so we do not need to look at different
n simultaneously. Assumption (2) is obvious and Assumption (3) can be seen
as in Example A.6. 0J

A.10 Remark. The case n = 1 suggests that in the last two examples the
correct number for the representation dimension could be min{l + 1,n + 1}.
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