WILD ALGEBRAS HAVE ONE-POINT EXTENSIONS
OF REPRESENTATION DIMENSION AT LEAST FOUR

STEFFEN OPPERMANN

ABSTRACT. We show that any wild algebra has a one-point exten-
sion of representation dimension at least four, and more generally
that it has an n-point extension of representation dimension at
least n + 3. We give two explicit constructions, and obtain new
examples of small algebras of representation dimension four.

1. INTRODUCTION

In his Queen Mary College Notes [1], Auslander defined the repre-
sentation dimension of an artin algebra as follows.

1.1. Definition (Auslander).

repdim A = min{gld End, (M) |M € A-mod is a generator

and a cogenerator}.

The motivation for this definition is the following result, which he
proved in the same paper.

1.2. Theorem (Auslander).
A representation finite <= repdim A < 2.

Auslander hoped that the value of the representation dimension of
a representation infinite algebra is a good measure of how far this
algebra is from having finite representation type (see [1], Chapter 11,
Section 5).

The distinction between tame and wild representation type is another
way of saying “how infinite” the representation theory of an algebra is.
It is therefore natural to ask for connections between these two. It
has been conjectured or asked by many people studying this subject
(including Holm, Iyama, Reiten, Schréer), whether the following im-
plication holds (see [3] for a partial result).

1.3. Conjecture.

A tame = repdim A < 3.
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Note that in general the converse does not hold,
repdim A < 3 # A tame,

any wild hereditary algebra being a counterexample. Here we want to
prove the following (necessarily weaker) result. For the notation see
Section 2.

1.4. Theorem. Let A be an algebra of wild representation type. Then
there is a one-point extension A[M] such that repdim A[M] > 4.

We will give two methods for constructing such one-point extensions
of representation dimension at least four.

The first one will be explained in Section 4 and proven to work in
Sections 5 to 8. For a wild algebra A there is, by definition, a two
parameter family of indecomposable modules. We may consider this
family as one A®;k[X, Y]-module L. We give a criterion (Theorem 4.2)
when a finite dimensional A-submodule of L gives rise to a one-point
extension of representation dimension at least four. Then we show that,
provided the base field is large enough, for any suitable chain of finite
dimensional submodules of L this will eventually hold (Theorem 4.3).
In Section 9 we apply this method to some small wild algebras. By
doing so we will obtain new examples of algebras of representation
dimension four (see Table 1).

The second method is presented in Section 10. We choose some
algebra Ay, which is known to have a one-point extension of represen-
tation dimension four (and has certain additional properties). Then
for any given wild algebra A we use a representation embedding from
Ag-modules to A-modules to create a one-point extension of A, which
has representation dimension at least four. This not only works for
one-point extensions and representation dimension four, but we obtain
the following more general result, which allows the construction of new
examples of algebras of arbitrarily large representation dimension.

1.5. Theorem. Let A be of wild representation type, n € N. Then there
is an n-point extension A[M;|[Ms] - --[M,] of representation dimension
at least n + 3.

2. NOTATION

We always assume k to be a field.

For a k-algebra A we denote the category of finitely generated left A-
modules by A -mod, and the category of A-modules of finite k-dimension
by A-fd. We will mostly assume A to be a finite dimensional algebra,
in which case these two notions coincide.

2.1. Definition (one-point extension). Let A be a k-algebra. For M €
A -fd we will denote the one-point extension (£ Q) by A[M].
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The A[M] modules are of the form (?1))«9 with Xy € k-Mod, X; €

A-Mod and ¢ : M ®; Xg —— X;. We will usually omit the ¢ when
there is no chance of confusion.

3. LATTKEE,REPRESENTNHON’EMBEDDDKH}AND
REPRESENTATION DIMENSION

3.1. Definition (right lattice). Let A and R be k-algebras. A A®j R°P-
module L (that is a A-R-bimodule, on which k acts centrally) is called
right lattice if it is finitely generated projective as right R-module. The
category of right A ®; R°P-lattices will be denoted by A ®; R°P-r.lat.
When no sides are mentioned, all lattices will be assumed to be right
lattices, that is finitely generated projective with respect to the ring
acting from the right (this ring will usually be denoted by R).

Note that any L € A ®; R -r.lat induces an exact functor
L®r—:R-fd — A-fd.

3.2. Definition (representation embedding). For L € A ®; R -r.lat
we say that L induces a representation embedding if the functor L& g —
preserves indecomposability and reflects isomorphism classes.

3.3. Definition (wild). A k-algebra A is called wild if it satisfies the
following equivalent conditions (see for instance [6, pages 37-40]).

(1) For any finitely generated k-algebra R there is a representation
L®r—

embedding R-fd —— A-fd.

(2) For any finite dimensional k-algebra R there is a representation
embedding R-mod Ton A fd.

(3) For R = k[X, Y], the polynomial ring in two variables, there is
a representation embedding R -fd PORT A .

The third equivalent condition in the definition above allows us to
mostly assume R = k[X,Y]. We denote by k the algebraic closure of
k. To (hopefully) simplify notation, for «, 5 € k we will denote the
extension field k[a, 5] by kag. Moreover for any k-vector space M we
will denote by M, the kyg-vector space M ®j kos. Note that M,z
inherits all additional structure from M; for instance if A is a k algebra
then A,p is a k,pg-algebra.

3.4. Definition (full rank sublattice). Let A be a k-algebra. For a A-
submodule L’ of a A ®y k[ X, Y]-lattice L we say that L’ generates a full
rank sublattice, if one of the following equivalent conditions is satisfied:
(1) I'kk[)gy]([/ . k[X, Y]) = I'kk[X,y} L,
(2) L' contains rkyx y] L elements which are k[X, Y]-linearly inde-
pendent,
(3) the multiplication map L' ®; k(X,Y) — L ®ixy) (X, Y) is
onto,
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(4) the set of all (o, 3) € Ez, such that the composition
L;ﬁ — Laﬁ — Laﬁ/(X —a,Y — ﬁ)

is onto, is non-empty and Zariski open.

(To see that Condition (4) is equivalent to the others, note that dimy,_, Lag/(X —
a,Y — ) = rk L, and moreover that a finite £[X, Y]-linear independent
set in L is mapped to a linear independent set in Log/(X — a,Y — f3)

for all (o, #) in a non-empty open subset of EQ.)

Our tool for establishing lower bounds for the representation dimen-
sion is the following.

3.5. Theorem (a special case of [5, 4.9]). Let A be a finite dimensional
algebra and d € N. Set R = k[Xy, ..., X4] and let L be a A®y, R-lattice.
Assume the set

{p € MaxSpec R | (L @ —)py e Exth(R/p, R/p) # 0}

18 Zariski-dense. Then
repdim A > d + 2.

(Here, as in [5], the index Ext? is supposed to emphasize that L ®p —
turns d-extensions into d-extensions, and we do not apply L @g — to
the R-module ExtL(R/p, R/p).)

4. CONSTRUCTION OF ONE-POINT EXTENSIONS OF
REPRESENTATION DIMENSION FOUR

In this section we give our main method of constructing one-point ex-
tensions of wild algebras, which have representation dimension at least
four. Theorem 4.2 gives a criterion for the representation dimension
of certain one-point extensions to be at least four, and Theorem 4.3
ensures that, provided the base field is large enough, we will always be
able to satisfy the assumptions of this criterion.

Throughout this section A is assumed to be a finite dimensional
algebra.

4.1. Setup. Let L be a A ®; k[X,Y]-lattice. We will mostly think
of L inducing a representation embedding, but it is only necessary to
assume this in Theorem 4.3.

We choose a A-submodule L' of L, which is finite dimensional (but
otherwise arbitrary for the moment).

For (a, ) € E let fap be the composition

LlaﬁmLaﬁ<X_Oév Y_ﬁ) — Loﬁ(X_av Y_ﬁ> - Laﬁ/(X_aa Y—ﬁ),
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where the right factor is induced by the map of k[X, Y]-modules
kaplX, YI(X — 0, Y = ) — kap X, Y]/(X —a,Y = )

‘ ‘ 1 (i,5) =(0,1)
— ? _ J ) )
(X =) (Y =) {0 otherwise -
Moreover, let 7,5 be the map
Log/(X — @)Y = B) = Lag/(X — .Y = )
induced by
kap X, Y1/ (X = @)Y = B) —= kap[X, Y]/(X — @, Y = ).

4.2. Theorem. Let A be a finite dimensional k-algebra, and L a A ®y,
k[X,Y]-lattice. Let L' be a finite dimensional A-submodule of L which

generates a full rank sublattice, such that the set
{(a, ) € E | fap does not factor through mag}
1s Zariski-dense. Then
repdim A[L] > 4.

The next theorem makes sure that, under suitable conditions, there
are A-submodules L’ satisfying the assumption of Theorem 4.2.

4.3. Theorem. Let A be a finite dimensional k-algebra, and assume k is
not countable. Let L be a A®yk[X,Y|-lattice inducing a representation
embedding. For any chain (L%);en of finite dimensional A-submodules
of L (that is L' C L?> C L3 C ---) such that L = U;L*, there is i € N
such that for L' = L' the set

{(ar, B) € k* | fap factors through m.z}

is not Zariski-dense in k.
From Theorems 4.2 and 4.3 we immediately obtain

4.4. Corollary. Let A be a finite dimensional algebra over an uncount-
able field k. Then A has a one-point extension of representation di-
mension at least four.

Proof. Note that the complement of a non-dense subset of k? contains a
non-empty open subset of k2, and any non-empty subset of k2 is dense

in k;z. ]
5. PROOF OF THEOREM 4.2

We will apply Theorem 3.5. To do so we need a A[L'] @ k[X,Y]-
lattice. By assumption we have a A ®j k[X, Y]-lattice L. From this we
obtain the A[L'] ®; k[X, Y]-lattice

(4,
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where the map ¢ : L' ®; k[X,Y] — L is just multiplication in L.
To verify the assumptions of Theorem 3.5, we set

E . kaS[Xv Y] - kap [X7 Y} ., kag [Xv Y] o ka@[Xa Y}
of - (X —a,Y=05) (X —a)2Y - D) (X —a,(Y = 5)?) (X —a,Y - 5)’

where the first two maps are induced by multiplication with X — «

and Y — f3, respectively. We investigate when L ®jxy] Eop splits as
2-extension of A-modules. This 2-extension is represented by

( kag ) (kageaka@(X—a)> (kaﬁeakaﬂ(Y—ﬁ)) ( kap >
Lag —_ Lag e Lag — Laog .
(X—a,Y—p) (X=a)2Y-p) (X—a,(Y-5)?) (X—a,Y—p)
-2 L
We fix (a, ) € k'~ such that the composition L[,; — Las —= Las/(X

a,Y —f3) is epi (note that there are such pairs ( ,3) by Condition (4) in
Deﬁnltlon 3.4). Then we turn the above 2-extension into a 1-extension

by

ko ko ko ko
2 (i) (i)~ (2 (i) ()
(X—a,Y=P) (X—a,Y=B) (X—a,Y=B) (X—a,Y—p)

where §2 denotes the syzygy as A[L'],g-module. In our situation, that
means we have to find out whether the short exact sequence

kaﬁ 0
(1) Laﬁ — H B — ,
m Laﬁl"‘lLaﬁ(Xfa,Yfﬁ)
in the following diagram splits.
< kag > (k 3Pkq, i(X Dl)) <k 3?077& a(Y— ﬁ)) < kag >
Las —_— L, 5 —_— Lag
(X=a,Y-p) (x- a)ZY B8 (X— a<v B8)?) (X—a,Y=p)
@} /
(m)
0
PB (f(xﬂ)

( EQS ) H (k”ﬁ> i < iaj >
af , o
X—a,Y—5) \ / Lug X—a,Y—0)

'\

0
Ll sNLap(X—a,Y —B)

Here the first row is the original 2-extension, the short exact sequence

< 0 ) <k‘o¢,8 ) ( kaﬁ )
, — |, ] /™ | _Las
L, 3NLag(X—a,Y —f) Lis (X—a,Y—P)

is the projective resolution of < i )> (note that (izz ) = ( f,)[kaﬁ .

Log/(z—a,Y -3

as A-modules), and H is the pullback of the square to its right. By as-
sumption there is a Zariski-dense U C EQ, such that f,3 does not factor
through 7,4 for any («, ) € U. Therefore the short exact sequence
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(1) is not split for any of these («, ). This means that our original
2-extension L ®y(x,y] Eqg is non-split for all

(o, B) e U\{(r, B) | Liyg = Lap —> Lap/(X —a,Y —f3) is not epi}.

The set subtracted is a proper closed subset by the assumption that L’
generates a full rank sublattice. Therefore the difference is still dense.

Hence the assumptions of Theorem 3.5 are met, so repdim A[L'] >
4. O

6. LIMITS AND COMPLETENESS

In this section we recall some classical results in order to fix notation
and for the convenience of the reader. They will be applied to represen-
tation embeddings in Section 7 and used in the proof of Theorem 4.3
in Section 8.

Throughout this section we assume k to be a field, and R to be a
noetherian k-algebra.

6.1. Lemma. Let M be a finite dimensional R-module,

> N3 N2 N1

a sequence of morphisms of finite dimensional R-modules. Then for
any j we have

Ext?, (M, lim ;) = @Extg(M, N;).

7 K3

Proof. See [7], Section 3.5, in particular Proposition 3.5.7 and Theo-
rem 3.5.8. O

6.2. Lemma. Let M be a finite dimensional R-module,

N N, N

a sequence of morphisms of finite dimensional R-modules. Then for
any j we have

Extﬂh_;)n Ni, M) = @Extg(m, M).

K3 K3

Proof. This is just the opposite version of Lemma 6.1. U

6.3. Definition. We call an ideal I < R cofinite if dimy R/I < oco. We
call R complete with respect to an ideal I if R = linn R/I™.

6.4. Lemma. Let R be complete with respect to a cofinite ideal I, and
M be a finitely generated R-module. Then M = mn M/I"M.
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7. REPRESENTATION EMBEDDINGS AND INFINITE DIMENSIONAL
MODULES

In this section we assume R and S to be noetherian k-algebras, and

that there is a representation embedding R-fd Lor7 g fd.

Our aim is to show that the functor L ® g — also reflects splitting of
certain short exact sequences involving infinite dimensional modules.
More precisely, we want to show the following:

7.1. Theorem. Let R be complete with respect to some cofinite ideal
or be commutative. Let A —— B —~ C be a non-split short exact
sequence of R-modules, with dimy A < oo or dim, C' < oco. Then the
duced exact sequence

LR®rA——>LR®rB— LRrC
18 also non-split.
We will prove the claims in Lemmas 7.2 to 7.5.

7.2. Lemma. Theorem 7.1 holds if R is complete with respect to some
cofinite ideal I, A and B are finitely generated, and dimy C' < c.

Proof. By Lemma 6.4 we have A = @n A/I™A. Therefore, by Lemma 6.1
we have

Ext},(C, A) = Ext,(C, @A/I"A) = liLnExt}%(C, AJI"A).
So there is n € N such that the pushout of A ~——— B —— (' along
A —~ A/I™A is also non-split. This pushout however is a short exact
sequence of finite dimensional R-modules. Therefore it remains non-
split when tensored with L. Tensoring the entire pushout with L we
obtain

L®RA L®RB ’L®RC

A\ ‘

L®RA/InA>—>L®RPO >L®RC

Since the lower sequence is non-split, and it is the pushout of the upper
sequence, the upper sequence also has to be non-split. O

7.3. Lemma. Theorem 7.1 holds if R commutative, A and B are finitely
generated and dimy C' < co.

Proof. Let I be a cofinite ideal of R such that I" annihilates C' for some
n€N. Set R = ml R/I' the completion of R at I. Then the map

R @ Homp(M, N) Homz(R ®r M, R @g N)

TRl [ @ m— 7 @ p(m)]
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is natural in M and N. For M = R it is an isomorphism. Now note
that the functors E@RHomR(—, N) and Homﬁ(ﬁ(}@R -, Z§®R N) from
R-mod® to R-mod are both left exact for any N. Hence the above
map is a natural isomorphism on R-mod.

We have an embedding of R-modules R —— R. Note that C =
R ®pg C by our choice of I.

Applying Hompg(C, —) to the epimorphism B —~ C' we obtain the
first row of the following commutative diagram.

Hompg(C, B) Hompg(C, C)

§®R HOIHR(C,B) §®R HomR(C, C)

Hom (R®RC R®RB)—>H0m (RopC,R®pC)

By assumption the morphism in the first row is not onto, hence neither
is the morphism in the third row. This means that the short exact

sequence of R-modules
R@prA——+ R@rB— RQrC

is non-split.

We want to show that thls sequence, together with the R finitely
generated projective S®y, R-module L® RR satisfies the assumptions of
Lemma 7.2. It only remains to see that L® RR induces a representation
embedding. The finite dimensional R-modules are exactly the finite
dimensional R-modules which are annihilated by some power of I. For
such a module M we clearly have L ® g M = L®RR®RM SO L®RR
induces a representation embedding since L induces a representation
embedding by assumption.

So, by Lemma 7.2, we know that the last row of the following com-
mutative diagram does not split.

L®kA L®gB L®rC

LogRogAm—m @ ROgB— o [ @z C

(L®r R) @5 (Rog A) (L®r R)®5 (R@g B) » (Lor R) @5 (R@g C)
Since it is a pushout of the first row, this row does not split either. [

7.4. Lemma. Theorem 7.1 holds if dim C' < co.
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Proof. Assume the sequence L @ g A —— L ®p B — L ®p C' splits.
Let h: LrC —— L®gB be a splitting. Note that dim; L&rC < .
Let {¢;,...c.} be a k-basis of L®g C. We write h(¢;) = Zﬁl lij @b,
with [;; € L and b;; € B. We denote by B the finitely generated
submodule of B generated by the b; ;. Then by definition h factors
through L ®gr By —— L ®r B. We obtain the following diagram,
where Ay is the kernel of the map By —> C' and the map Ay —— A
is the kernel morphism.

Ay Bo - C
A- - B - C

Since the lower sequence is the pushout of the upper sequence, the up-
per sequence is also non split. However we have just seen that the upper
sequence splits when tensored with L. This contradicts Lemma 7.2 for
R complete, and Lemma 7.3 for R commutative. U

7.5. Lemma. Theorem 7.1 holds if dimy A < 0.

Proof. We denote by —* the functor Hom(—, k) : R-Mod” —— R-Mod.
We obtain the following commutative diagram of R-modules, where the
vertical maps are the natural embedding of the spaces into their double
duals.

A B C
A** B** . C**

Since the original sequence is a pullback of its double dual, the double
dual cannot split. Hence also the dual sequence

C* — Bﬂ< —_— A*
is non-split. We will show that it fulfills the assumptions of Lemma 7.4
together with the R finitely generated projective S°P @, R-lattice L =
Hompg (L, R). Indeed we have
Z ®Rop M* — HOIHR(L, R) ®Rop M*

= Hompg(L, M™)

= Hompg(L, Homy (M, k))

= Homk(L QR M, k)

= (L @r M)
Since a finite dimensional module M is indecomposable if and only if
M* is so, and L®g M is indecomposable if and only if (L ®r M)* is so,
the fact that L ® gor — preserves indecomposables follows from the fact
that L ®r — preserves indecomposables. By the same argument one
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sees that [ ® ror — reflects isomorphism classes since L ®p — reflects
isomorphism classes.
Hence by Lemma 7.4 the sequence

L ® pop C*

z ®Rop B* —_—>> z ®Rop A*

(L®rC) — (L®r B)" — (L ®r A)"
is non-split. But since this is the dual of the sequence
LRrA—L@rB— L®rC

this sequence has to also be non-split. O

8. PROOF OF THEOREM 4.3

For (o, ) € k* we denote the f,s3 corresponding to the submodule
L' of L by f 5. We set

H; = {(o, B) € k? | fls factors through mas}.
The proof of Theorem 4.3 now relies on the following two Lemmas.

8.1. Lemma.
=0
i=1

8.2. Lemma. For any i the set H; is Zariski-constructible in k*.

Proof of Theorem 4.3. Assume all the H; are dense in k2. Since H; is
constructible by Lemma 8.2 it contains a non-empty subset U; C H;
which is open in k?. Now by Lemma 8.1 we have N2, U; = (). Then,
taking a basic open subset D(f;) C U; for every i > 0, we see that
k* = U2,V (f;) is a countable union of curves. This is impossible,
since every line intersects a curve in only finitely many points, but our
field is uncountable. Hence there is some 7 such that the set H; is not

dense. 0

Proof of Lemma 8.1. Let (o, §) € k*. We denote the f,5 corresponding
to L itself by f73. Note that the pullback
EX,Y]/(X —a,Y =) ——FE — (X —a,Y — 3)
of the short exact sequence
k[X,Y] (X—a) kE[X,Y] kE[X,Y]
X-aY-0)  (X-aRY-5  (X-aY-p

(X—a)—0
(v —p)—1

along L(X — a,Y — f3) E[X,Y]/(X — a,Y — ) does not
split. Tensoring with L we obtain the pullback depicted in the following
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diagram (tensoring with L is exact since L is projective over k[ X, Y]).

L L Tas L
(X—O[,Y—ﬁ) ((X—(X)2,Y—ﬁ) (X—O[,Y—ﬁ)
H PB o

L
> L ®k[X,Y} E < L(X — Oz,Y — ﬁ)

(X —a,Y =)

By Theorem 7.1 the lower sequence does not split, so f73 does not
factor through m,3. By Lemma 6.2

L
Ext'(L(X — a,Y — 3), (X — a,Y—ﬁ))
~ Bt (10 LY = 0. = ), )

so there has to be 7,3 € N such that f;‘gﬁ does not factor through m,g.
This shows that («, 5) & H;, so («, ) & N2, H;. Since this argument
works for every (a, 3) € k? it follows that N2, H; = (. O

For the proof of Lemma 8.2 we will need the following observation.

8.3. Lemma. Let A —“+ B <" C in A ®, k[X,Y]-r.lat. Then the
set

{(a, ) €K Y ® XX factors through ¢ @ X
k[X,Y] ’ k[X,Y] ’

18 constructible.

Proof. We denote by L the set given in the lemma. By choosing
k[X,Y]-bases of the three lattices we have («, ) is in £ if and only
if a certain finite system of linear equations (over k[X,Y]) is solvable
modulo (X — «,Y — (). However, the solvability of a system of linear
equations can be checked by investigating if certain subdeterminants
are zero or non-zero. Clearly all subdeterminants are polynomials, so
the claim follows. U

Proof of Lemma 8.2. We need to find a generic version of f(iﬁ and m,3.
To do so, we set

L @y, k[A, B] @ k[X,Y] m L @y, k[A, B] @ k[X,Y]
(X —A)2Y — B) (X —AY - B)

fi

(L'® k[A, B)) N (L @ k[A, B))(X — A,Y — B))
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where 7 is the canonical projection and f* is the composition
(L' @ k[A, B]) N (L @y k[A, B)(X — A,Y — B))

embedding

(L ey k[A,B))(X — A)Y — B)

X—-A)—0
X@\) Eny;Hl

L ®; k[A, B ® k[X,Y]

(X —A,Y - B)
Now clearly
Tap = T k[f?B] e and op = [ k[f%B] s
so we can apply Lemma 8.3 to complete the proof. O

9. EXAMPLES

The first example gives no new result, but it illustrates the idea with
only very little calculation.

a 1

9.1. Example. Let A = kfo —p— o], L = k[X,Y] —x~ k[X,Y]. Let

c Y
L’ be the A-submodule generated by {(1,0), (X,0),(Y,0)}. That is
1

Pol' —x~ Pol?, if Pol’ denotes the polynomials of degree at most i.
Y
Let (a, 8) € (k5P)%. We have to find out whether there is a map h as

indicated in the following diagram.

kap @ kap(X — a) kag
| |
i | plsl
4 Y
/{?ag D kaﬁ(X — Oé) /{?ag
\\\ h (X—a)—0
AN R (Y-B)—1

N

(X = a)kap + (Y — B)kag

|
1|l
(X — a)Poly; +(Y — 3) Poly

Assume such an h exists. It can be assumed to be k,p-linear. Let
the upper component of h map (X — «) to h1(X — «a) and (Y — () to
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14 he(X — ). Then in the lower component (X — «)(Y — () is on the
one hand mapped to

(X — )Y = 8) = X(¥ = §) = a(Y - §)
—b(Y — §) — aa(Y - 5)
= b(1 4+ ho(X — @) — aa(l + ho(X — a))
=a+ (X —a)+h(X —a)—a(l+h(X—a))
=X—-«a
and on the other hand to
(X —a)(Y = ) = Y(X —a) - B(X —a)
=c¢(X —a)— fa(X — a)
— c(h1 (X — a)) — Ba(hi (X — «))
= Oh(X —a) — (X — «a)
=0
This gives a contradiction. Therefore
repdim A[L] = 4.

a a

However the algebra A[L'] is just klo —p—~ o —p— o]/(ab — ba,ac —

ca, be — ¢b), which has already bean treated in [5].

The examples in Table 1 all work in quite a similar way as the one
above, except that the calculation gets longer due to the size of the
diagrams. In all of them we take A to be the quiver algebra £Q with
Q@ the quiver given in the table. Then L’ is such that the assumption
of Theorem 4.2 is satisfied. Therefore repdim kQ[L'] > 4 for all kQ[L/]
in Table 1. In all examples Iyama’s general upper bound for the repre-
sentation dimension ([4], the combination of Theorems 2.2.2 and 2.5.1)
shows that we actually have repdim kQ[L'] = 4.
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Table 1: (continued)

L:

Generators of L':

Quiver of kQ[L']:

Relations:

KXY

o

Qoo Ao A1p A1y

(ngbl = (ngbo

] k[X,Y)
X
<u>\y> /
E[X, Y]

AN
N

N
O/
AN

|
P
. v (0" 0) ! u \ apiby = ai1bg
X 1 pe{l, XY, XY} b 2322 _ Zﬁiﬁ
o KXY XY ) by o
k[X,Y]?

9]
o E[X,Y] 11
() () (GO (). |
(x Y) p=XY,0<i,j<2 0
)% k[X,Y]

kX, Y

91
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10. CONSTRUCTION OF n-POINT EXTENSIONS OF LARGE
REPRESENTATION DIMENSION

Corollary 4.4 says that any wild algebra has a one-point extension
of representation dimension at least four, provided the base-field is
sufficiently large. We wish to remove this assumption on the field. In
fact we will prove the following more general result

10.1. Theorem. Let A be a finite dimensional wild algebra, n € N.
Then there is an iterated one-point extension A[M]---[M,] (M; €
A[Mq] -+ [M;_1]-mod — such an iterated one-point extension will be
called n-point extension) such that

repdim A[M;]---[M,] > n+ 3.

For the proof we will use the fact that we know the theorem holds
for some algebras (which we do from [5]). Then we use a representation
embedding to carry it over to an arbitrary wild algebra.

We will now be using the polynomial ring k[X] = k[Xo, ..., X,].

10.2. Setup. Assume we have finite dimensional algebras Ag, I' and an
extension >y = (]\120 Ao)' Moreover we assume there is a Xy ®j, k[X]-

lattice Lo = ( = AFO> such that

(1) the algebra I' is triangular with exactly n simple modules (up
to isomorphism) and all of these have trivial endomorphism
ring (this means there are simples Si,...,S, such that Vi :
Endp(S;) = k and Vi < j : Extf.(S;,59;) = 0 — hence extensions
with I" are n-point extensions),

(2) there is a non-empty open subset U C MaxSpec k[X] such that
for any p € U the first n terms of the projective resolution of
Lo ®px) k[X]/p have the form

Pnfl PO
.« e e > L X_
(Mo Sr Pnl) (MO S po) —= Lo ®kx) k[X]/p,
for projective I'-modules Fy, ... P,_1,

(3) the lattice L satisfies the assumption of Theorem 3.5 for d =
n + 1. In particular repdim Ag > n + 3.

10.3. Remark. It is shown implicitly in [5], Examples 7.2 and 7.3
that the following two sets of algebras fulfill all the assumptions of
Setup 10.2. We denote by Qn 1, the quiver
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(1) — from [5, 7.2]:
Ao = kQnt22
= kQuion/(xiv; + zj2 27 |1 <i,j <n+2)
= kQniomia/(wiwy + w27 |1 <i,j <n+2)
(2) — from [5, 7.3]:
Ao = kQni22
' =kQuion/(zix; —zjo; |1 <i4,j <n+2)
Y =kQnionto/(rix; —xja; | 1 <i,j <n+2)

The important point for us is: It is possible to find algebras satisfying
the assumptions of Setup 10.2.

10.4. Proposition. With the setup above, let A be another algebra such
that there is a representation embedding F : Ag-mod —— A -mod.
Then for M = FMy € A ®;, I'P-mod we have

repdim (AI:[ A) >n+ 3.

Note that Theorem 10.1 follows immediately from this proposition.

Proof of Proposition 10.4. We set ¥ = (i, ,). Then F extends to a
functor ¥o-Mod —— > -Mod by

(x0))= ().,

Note that for a projective I'-module P, the projective ¥g-module ( Mogr P)
is mapped to the projective ¥-module (Mgrp).

To show that the representation dimension of ¥ is at least n + 3, we
apply Theorem 3.5 with the lattice L =FLy and d =n + 1.

Assume p is in the open set U described in Setup 10.2(2), and let

k[X]/p E, — -+ Eq k[X]/p
be an n + 1 extension of k[X]-modules. To find out whether the n + 1-

extension Ly ®px] E splits we compare it to a projective resolution of
Lo ®kx) k[X]/p as indicated in the following diagram.

Lo @xpx) k[X]/p Lo ®kx) En Lo ®kx) Ena e Lo ®kx) Eo Lo @xpx) K[X]/p
. Py R . .
Lo @xix) KX /p PB\ (Mo ®r Rz—l) (Mo ®r Pu) Lo @i KX /p
Q" (Lo ®kpx) k[X]/p)

We denote the short exact sequence Lo®@kx1k[X]/p —— PB — Q" (Lo®yx]

k[X]/p) in the diagram above by F. Note that by our assumptions on I
the module Q" (Lo ®yx) k[X]/p) is of the form () for some Ag-module
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H. We denote by F the one-extension between the Ap-modules H and
Ly, ®kix) k[X]/p in the second component of F. Now observe that

Lo ®@yx) E splits as n + 1-extension of Y-modules
—F splits
<= F splits
<= FF splits
since F is a representation embedding, and by applying F to the diagram
above
< FF splits
<= FE splits as n + 1-extension of ¥-modules.
By 3 of Setup 10.2, the set
V = {p € MaxSpec k[X] | 3E € Ext};(k[X]/p, k[X]/p) such that
Lo ®px) E is non-split as n + 1-extension of Yy-modules}

is dense in MaxSpec k[X]. Therefore so is its intersection U NV with
the open set from 10.2(2). By the equivalences above we have that
U NV is contained in the set

{p € MaxSpeck[X] | IE € Eth[Jg(l](k[X]/p, k[X]/p) such that

L ®yx) E is non-split as n + 1-extension of 3-modules}.
Hence we may apply Theorem 3.5, and obtain repdim > >n +3. [

10.5. Corollary. For any n € N and i € {1,2,3} there is a, € N such
that there is an algebra of representation dimension n + 3 with quiver
Qi as below.

3 an, n+ 2 n+ 2 n+ 2
Q1 o o o o o o o
1 2 3 n—1 n
Q> ©
X
an n—+ 2 n-+2 n+ 2
o [¢] [e) o e o o
/ 1 2 3 n—1 n
]
Q> ©
o]
an, n+ 2 n+ 2 n+ 2
o o o o o cee o o
:;;;7 1 2 3 n—1 n
o

(an arrow —— stand for n arrows in that position)
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Proof. In the setup of Proposition 10.4 we choose Ay, I', and M as in
any of the two examples presented in Remark 10.3. We choose A =

ko=, {}} , and k { >}, respectively for the three cases of

the corollary. Since these algebras are wild, a representation embedding

as required by Proposition 10.4 exists. O
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