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ABSTRACT. From the viewpoint of higher dimensional Auslander-Reiten theory, we introduce a
new class of finite dimensional algebras of global dimension n, which we call n-representation
infinite. They are a certain analog of representation infinite hereditary algebras, and we study
three important classes of modules: n-preprojective, n-preinjective and n-regular modules. We
observe that their homological behaviour is quite interesting. For instance they provide first
examples of algebras having infinite Ext!-orthogonal families of modules. Moreover we give
general constructions of n-representation infinite algebras.

Applying Minamoto’s theory on Fano algebras in non-commutative algebraic geometry, we
describe the category of n-regular modules in terms of the corresponding preprojective algebra.
Then we introduce n-representation tame algebras, and show that the category of n-regular
modules decomposes into the categories of finite dimensional modules over localizations of the
preprojective algebra. This generalizes the classical description of regular modules over tame
hereditary algebras. As an application, we show that the representation dimension of an n-
representation tame algebra is at least n 4 2.
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1. INTRODUCTION

The notion of global dimension gives an important measure in representation theory of algebras:
Algebras of global dimension zero are semisimple, and their representation theory is trivial in the
sense that any module is a direct sum of simple modules. Algebras of global dimension one are

The first author was partially supported by JSPS Grant-in-Aid for Young Scientists 24740010.

The second author was partially supported by JSPS Grant-in-Aid for Scientific Research 24340004, 23540045,
20244001 and 22224001.

2010 Mathematics Subject Classification. 16G20, 16G70, 18G20, 18E30, 14F05.

Key words and phrases. Auslander-Reiten theory, preprojective algebra, Fano algebra, n-representation finite
algebra, representation dimension.



2 HERSCHEND, IYAMA, AND OPPERMANN

path algebras of quivers, and their representation theory has been one of the central subjects in
modern representation theory. Unfortunately it seems to be quite hard to develop general theory
for algebras of higher global dimension though there are a number of important classes for which
more is known. This means that we need to restrict our consideration to some special classes to
get a fruitful theory.

From the viewpoint of higher dimensional Auslander-Reiten theory, a distinguished class of finite
dimensional algebras of global dimension n, called n-representation finite algebras, has been studied
[HI1, HI2, 11, 14, 101, 102]. They have an n-cluster tilting subcategory with an additive generator,
whose structure is controled by the higher Auslander-Reiten translations 7,,: mod A — mod A and
Vp: DP(mod A) — DP(mod A). They are characterized as follows: An algebra of global dimension
n is n-representation finite if and only if for any indecomposable projective module P, there exists
¢p > 0 such that v, “?(P) is indecomposable injective [I02, Theorem 3.1]. Thus for n = 1 the
notion of 1-representation finite algebras coincides with the classical notion of representation finite
hereditary algebras.

Since in classical theory one has representation infinite algebras as natural counterpart to rep-
resentation finite ones, it is natural to ask “What are n-representation infinite algebras?”

The aim of this paper is to introduce n-representation infinite algebras and study their proper-
ties. Our definition is a simpler analogue of the above property of n-representation finite algebras
and given in terms of a higher Auslander-Reiten translation: A finite dimensional algebra of global
dimension n is called n-representation infinite if and only if v, ?(A) is a module (i.e. concentrated
in degree 0) for any ¢ > 0. Thus for n = 1 our notion of 1-representation infinite algebras coincides
with the classical notion of representation infinite hereditary algebras. We show (in Theorem 3.4)
that n-representation finite algebras and n-representation infinite algebras give two disjoint classes
of n-hereditary algebras, which are certain homologically nice algebras.

As a first example of an n-representation infinite algebra consider the Beilinson algebra, given
by the quiver

ag ag ag
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1 : 2 1 3..-n © n—+ 1, subject to the relations afa;?"’l = a?af“.
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By Beilinson [Be] this is the endomorphism algebra of the tilting bundle @;_, O(¢) on P". Using
knowledge on the category cohP", in particular Serre duality and sheaf cohomology, it is easy to
see that the Beilinson algebra is n-representation infinite. For details, see Example 2.15. We see (in
Section 5) that the Beilinson algebra is actually only one member of a large class of n-representation
infinite algebras which we call “type A7,

For n-representation infinite algebras, we introduce three distinguished classes of modules: The
first one is & = add{v,;*(A) | i > 0}, which we call the n-preprojective modules, and the second
one is ¥ = add{v! (DA) | i > 0} which we call the n-preinjective modules. The third class which
we call n-reqular modules is described as Z = {X € modA | Vi € Z: vi(X) € modA} (see
Proposition 4.15). In the context of higher dimensional Auslander-Reiten theory, the category

€% :={X emodA |Vic{l,...,n—1}: Exth(# V.7, X) =0}
gives a higher analogue of module categories. We give the following result, showing that the
properties of these subcategories are very similar to the classical hereditary situation.
Theorem 1.1 (see Theorems 4.17 and 4.24). Let A be an n-representation infinite algebra.
(a) We have €° = PN AN S .
(b) We have
Homy (%, 27) =0, Homp(#,Z) =0, and Homp (I, %) =0,
Exti (P, %) =0, Exti(Z,.#)=0, and Exty(%Z,.7)=0.
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(¢) For any indecomposable non-projective X € PV .S (respectively, non-injectiveY € PV.J ),
there exists an n-almost split sequence

0-Y—->Cho1—2Cho—--—=Cr—>Co—>X—=0

such that Y = 7,(X) and X = 7,7 (Y).

It is worth noting that n-representation infinite algebras form an answer to the following question
in homological algebra, which was asked in [I2] and at ICRA XI:

Question 1.2. Is there a finite dimensional algebra A with an infinite set {X;}icr of isomorphism
classes of indecomposable A-modules such that Extjl\(Xi, X;)=0 for anyi,j € 1?

We see (in Proposition 4.9), that for any n-representation infinite algebra with n > 1, both the
categories & of n-preprojective and the category .# of n-preinjective modules provide examples
of the form asked for by Question 1.2.

As in the classical case n = 1 and the case of n-representation finite algebras, one main method
for studying an n-representation infinite algebra A is to look at the associated preprojective algebra
II . The name is explained by the fact that II is the direct sum of all n-preprojective modules as a
A-modules. By a result of Keller [K2] it is a bimodule (n+ 1)-Calabi-Yau algebra [G]. Using results
in [AIR, MM], we have a bijection between n-representation infinite algebras and bimodule (n+1)-
Calabi-Yau algebras of Gorenstein parameter 1 (Theorem 4.35). Moreover we apply methods in
non-commutative algebraic geometry to preprojective algebras to study the category of n-regular
modules. In particular, we use Minamoto’s theory [M] on Fano algebras to give the following
description of n-regular modules:

Theorem 1.3 (see Theorem 6.5). Let A be n-representation infinite algebra and I the associated
preprojective algebra. If I1 is left graded coherent, then we have

Z = qgry 1l

where qgrIl is the quotient category of graded I1-modules modulo finite dimensional modules and
qgro 1L is the full subcategories consisting of graded II-modules of dimension one.

One aspect in this paper that heavily relies on the interplay of n-representation infinite algebras
and their preprojective algebras is our study of n-representation tame algebras. We call an n-
representation infinite algebra n-representation tame if its preprojective algebra is a Noetherian
algebra. For n = 1 our notion of 1-representation tame algebras coincides with the classical notion
of representation tame hereditary algebras. In this situation, we obtain a nice decomposition of the
category of n-regular modules, which generalizes the classical result for tame hereditary algebras.

Theorem 1.4 (see Theorem 6.22). Let A be n-representation tame and I1 the associated prepro-
jective algebra. Then the category of n-regular modules decomposes as

#z= ] fdl,

peMaxProj R

where Iy is given by a localization of 11 with respect to p € MaxProj R.

For instance in the case of the Beilinson algebra we obtain the decomposition Z ~ [[ fd K{[t1, ..., t,]],
where the coproduct runs over all closed points in P (Example 6.24(b)).

It is somewhat surprising that Auslander’s representation dimension [A2] may also be applied to
our higher dimensional representation theory: By a classical result, an algebra has representation
dimension at most two if and only if it is representation finite. In particular any representation
infinite algebra has representation dimension at least three. The first example of algebras with
representation dimension at least four was given by Rouquier [Ro|. Here we show that, at least if
we restrict to the finite/tame situation, representation dimension also determines if an algebra is
n-representation finite. More precisely, we show the following:
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Theorem 1.5. (Propositon 7.3, Theorem 7.5)

i {S n+1 if A is n-representation finite,
repdim A

>n+2 if A is n-representation tame.

We conjecture that any n-representation infinite algebra A satisfies repdim A > n + 2 (Conjec-
ture 7.2). We prove that this is true for n = 2 (Theorem 7.4). One reason to believe this is that
n-representation tame algebras are simplest among n-representation infinite algebras.

Results in this paper were presented in Oberwolfach (February 2011) [I5], Balestrand (June
2011) and Shanghai (October 2011).

Acknowledgements. The authors thank Hiroyuki Minamoto for a valuable suggestion which
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to him and Izuru Mori for stimulating discussion about n-representation infinite algebras and
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1.1. Notation. For general background in representation theory, we refer to [ARS, ASS].

Throughout this paper K denotes a field. We denote by D the K-dual, that is D(—) =
Hompg (—, K). By the composition fg of morphisms means first f, then g.

Let A be a K-algebra. All modules in this paper are left modules. We denote by Mod A
the category of A-modules, by mod A the category of finitely presented A-modules, by proj A the
category of finitely generated projective A-modules, by injA the category of finitely generated
injective A-modules, and by fd A the category of finite dimensional A-modules. If A is a graded
K-algebra we write Gr A for the category of graded A-modules, gr A for the category of finitely
presented graded A-modules, and gr proj A for the category of finitely generated graded projective
A-modules.

We denote by C(—), K(—), and D(—) the category of complexes, the homotopy category, and
the derived category, respectively. By CP(—), KP(—) and D?(—) we mean the bounded version.

For a class 2 of objects in an additive category %, we denote by addy £ or add 2" the full
subcategory of ¥ consisting of direct summands of finite direct sums of objects in 2". For additive
categories 6; (i € I) we write [[,.; ; for the coproduct of the categories. For a Krull-Schmidt
category € we denote by ind % the class of isomorphism classes of indecomposable objects in €.
For full subcategories @ (i € I) of €, we denote by \/,.; ©; the full subcategory of ¢ satisfying
Vier € = add(U,c;ind %;). Note that a decomposition ¢ = \/,.; €; is a coproduct if and only if
Home (6,,%;) = 0 Vi # .

2. N-REPRESENTATION INFINITE ALGEBRAS

Let n be a positive integer and A a ring-indecomposable finite dimensional K-algebra. Through-
out this section we assume that A has global dimension at most n.
Let us recall the Nakayama functor on D?(mod A) following Happel [Hap]. Define the functors

v:= DHomp(—,A): modA — modA and v~ := Hompor(D—,A): mod A — mod A.

Since projA = add A and inj A = add DA, they induce quasi-inverse equivalences

proj A é inj A,
which in turn induce triangle equivalences between homotopy categories

KP (proj A) == KP(inj A).

v
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Since A has finite global dimension, the inclusions KP(projA) — DP(mod A) and KP(injA) —
DP(mod A) are triangle equivalences. Thus we obtain the Nakayama functors

v := DRHomu(—,A): D’(mod A) — D"(mod A),
v~ = RHomper(D—,A): D’(mod A) — DP(mod A).
L
They are quasi-inverse each other. It is easy to check v = (DA) ®5 — and v~ = RHomu (DA, —).
Moreover v gives a Serre functor [BK] of DP(mod A) in the sense that there exists a functorial
isomorphism
Home(mod A) (X, Y) =D Home(mod A) (K Z/(X))
In this paper an important role is played by the autoequivalence
Uy :=vo[—n]: D’(mod A) — D"(mod A).

We collect some immediate properties of v,.
Observation 2.1. (a) For any i € Z, we have the following functorial isomorphism:

Home(mod A) (Xa Y[l]) =D Home(mod A) (Ya Un (X)[?’L - ’L])

(b) We have the following commutative diagram:

1%

D(mod A) ——————= D"(mod A)
| |
DP(mod A°P) # D" (mod A°P)
(c) For i, j € Z we have
H' (v](DA)) = Hompp (mod a) (A, ¥, (DA)[i]) = Hompb (moq ) (15,7 (A), DA[i])
— DH (19 (A)).
The following basic property of v, follows from the fact that we assume gl.dim A < n.

Proposition 2.2. (e.g. [I4, Proposition 5.4]) The following inclusions hold.
(a) v,(D=%mod A)) C D=%(mod A).
(b) v,;1(D=%(mod A)) C D=%(mod A).

As an easy consequences we get the following results that we will use often.

Proposition 2.3. (a) Let M € modA. If vi (M) € modA for some i > 0, then vi(M) €
mod A for all 0 < j <.
(b) Hompp (mod A) (Vi (A),vi(N)) =0 for any integers i < j.

Proof. (a) This is clear from Proposition 2.2.

(b) Without loss of generality, we can assume i = 0 < j. Then vi(A) = vi='(DA[-n]) €
D="(mod A) by Proposition 2.2. Thus Hompp (mod A) (A, v3(N)) = H(vi~Y(DA[-n])) = 0. O

We define the n-Auslander-Reiten translations by

Tn := DExt) (—,A): modA — modA and 7, := Extiep (D—,A): mod A — mod A.
Then we have
T & Tor®(DA, =) and 7, = Ext} (DA, —) = Ext} (DA, A) @4 — (2.1)
They are closely related to the functors v, by the following formulas.
7 = H(1,—): modA — modA and 7, = H%(v,;'—): mod A — mod A.

The functors 7, and 7,; turn out to play an important role in higher dimensional Auslander-Reiten
theory of n-representation finite algebras (see [HI1, HI2, I1, 14, I01, 102]) defined as follows:
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Definition 2.4. We say that a A-module M is n-cluster tilting if

addM = {X emodA|Exti(M,X)=0 forany 0<i<n}
= {X €émodA | Exti (X,M)=0 forany 0<i<n}.

We say that A is n-representation finite if there exists an n-cluster tilting A-module and gl.dim A <
n.

Notice that M € mod A is n-cluster tilting if and only if DM € mod A°P is n-cluster tilting.
Thus A is n-representation finite if and only if A°P is n-representation finite.

Example 2.5. (a) Let n = 1. Then 1-cluster tilting A-modules are nothing but additive
generators of mod A. Thus 1-representation finite algebras are precisely representation
finite hereditary algebras. If K is algebraically closed, then they are path algebras K@ of
Dynkin quivers @ up to Morita equivalences.

(b) Tt is shown in [HI2] that 2-representation finite algebras over algebraically closed fields are
precisely truncated Jacobian algebras of selfinjective quivers with potentials.
See [HI1, HI2, IO1] for more examples of n-representation finite algebras.

Now recall the following description of n-representation finite algebras.

Proposition 2.6. The following conditions are equivalent.

(a) A is n-representation finite.
(b) Any indecomposable projective A-module P satisfies that v, *(P) is an indecomposable in-
jective A-module for some i > 0.

In this case A has an n-cluster tilting module @57, " (A).

Proof. (a)<(b) is shown in [I02, Theorem 3.1(1)<(2)].
The statement for n-cluster tilting module follows from [I4, Theorem 1.6]. O

Motivated by the characterization of n-representation finite algebras in Proposition 2.6(b), we
define n-representation infinite algebras as follows.

Definition 2.7. Let n be a positive integer. We say that a finite dimensional algebra A is n-
representation infinite if any indecomposable A-module P satisfies that v, *(P) € mod A for any
1 >0, and gl.dim A < n.

In this case, A has global dimension precisely n since Ext} (DA, A) = v, 1(A) # 0.

The name is explained by the following observation.

Example 2.8. Let n = 1. Then l-representation infinite algebras are precisely representation
infinite hereditary algebras: For A hereditary we have v (X) = 7~ (X) for any non-injective inde-
composable A-module X. The claim now follows from the descriptions of AR-quivers of hereditary
algebras [ARS].

Let us prove left-right symmetry of n-representation infinite algebras.

Proposition 2.9. The following conditions are equivalent.
(a) A is n-representation infinite.
(b) v, %(A) € mod A for any i > 0.

) v
(c) AOp is n-representation infinite.
(d) v

i (DA) € mod A for any i > 0.
Proof. Clearly (a) is equivalent to (b), and (c) is equivalent to (d) by Observation 2.1(b).
Now we prove that (b) is equivalent to (d). By Observation 2.1(c), we have that v/ (DA) € mod A
if and only if v, 7(A) € mod A. O
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2.1. First examples. In the rest of this section, we give a few methods to construct n-representation
infinite algebras.

The first one is to use tensor products. In what follows ® denotes the tensor product over K.
Let A; and As be two finite dimensional K-algebras with Jacobson radicals .JJ; and Js respectively.
If A1/J1 ® Ag/J3 is semisimple then

gl.dim(A; ® Ag) = gl.dim Ay + gl.dim A,

by [Al]. Notice that Ay1/J1 ® A/ Js is always semisimple if K is perfect or if A; and Ay are
path algebras of quivers factored by admissible ideals. Because of this compatibility of the tensor
product with global dimension it is natural to consider tensor products of n-representation finite
and n-representation infinite algebras.

Recall that an n-representation finite algebra is called ¢-homogeneous if for any indecomposable
A-module P, we have that 7, (e_l)(P) is an indecomposable injective A-module. It is shown in
[HI1, Corollary 1.5] that if A; is an ¢-homogeneous n;-representation finite algebra for ¢ € {1,2}
such that A;/J; ® A2/ Js is semisimple then A; ® Ay is an f-homogeneous (nq + ny)-representation
finite algebra.

For n-representation infinite algebras, we have the following simpler result, where we do not
have to care £-homogeneity.

Theorem 2.10. Let A; be an n;-representation infinite algebra for i € {1,2}. If A1/J1 @ Ao/ Js
is semisimple then A1 ® As is an (n1 + na)-representation infinite algebra.

For the proof we need to investigate the relationship between the Nakayama functors and tensor
products.

Lemma 2.11. Let A; be finite dimensional algebras with gl.dim A; < n; for i € {1,2}. For any
X € DP(mod A1) and Y € DP(mod As) the following statements hold.

(a) v(X@Y) =v(X)@p(Y),
(b> Vn1+n2(X ®Y) = V’ﬂl(X) ®Vn2(Y>'

Proof. First we prove part (a).

V(X ®Y) = D(A @ As) é/\l@AZ (X®Y)= (DA Q%Al X) ® (DA, @%AQ V)2 v X)evY).
Now (b) follows from:
Uniins (X ®Y) = (X @ Y)[=n1 — o) 2 0(X)[~11] @ w(Y)[~n2] = v, (X) @ v, ().
a

Proof of Theorem 2.10. Since A1/ J1®Aa/J3 is semisimple, gl.dim(A; ®A2) = ny+ng. By applying
Lemma 2.11 repeatedly we get

l/,;liJrnz (Al 39 A2) = V;li(Al) (024 l/,;;(AQ) (S mod(A1 X AQ)
for any ¢ > 0. 0

Combining Example 2.8 and Theorem 2.10 we get the following example (see [HI1, Section 3.1]
for similar examples of n-representation finite algebras).

Example 2.12. Let Q; be a connected non-Dynkin quiver for ¢ = 1,...,m. Then the tensor
product K@Q; ® --- ® KQ,, is an m-representation infinite algebra.

Next we give another construction using ‘n-APR tilting modules’. Let A be a basic finite
dimensional algebra with global dimension at most n and P be a simple projective non-injective
A-module. When Ext} (DA, P) = 0 holds for any ¢ with 0 < i < n, we define a A-module by

T:=1,(P)®(A/P).
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Then T is a tilting A-module with projective dimension n by [IO1, Theorem 3.2]. We call T
the n-APR tilting A-module with respect to P. It is shown in [IO1, Theorem 4.7] that if A is
n-representation finite then End (') is again n-representation finite.

By the following result, n-APR tilting modules also preserve n-representation infiniteness.

Theorem 2.13. Let A be an n-representation infinite algebra and T an n-APR tilting A-module.
Then End (T') is again n-representation infinite.

Proof. Let T' := Enda (T). By uniqueness of the Serre functor, we have a commutative diagram

RHom, (T,—)
DP(mod A) ———————— DP(modT)
l i RHom, (T,—) l :

D(mod A) —————— DP(modT).

We only have to show that Home(modF)(F,y;i(F)[j]) is zero for any ¢ > 0 and j # 0. Since
7.7 (P) = v;}(P), we have
Home(mod T) (Fa V’r:i (F) [.7]) = Home(mod A) (Ta V;l(T)[j])
= Home(mod A) (A/P’ VJZ(T)[J]) D Home(mod A) (Vrjl(P)a Vr:Z(T)[j])
Since A is n-representation infinite, we have for any i > 0 and j # 0
Hompp (mod A) (A/P, ugi(T)[j]) =0,
Home(mod A) (VJI(P)a V;l(T)[J]) = Home(mod A) (Pa V711_i (A/P)[J]) S Home(mod A) (Pa V;l(P)[j])
=0.
Thus the assertion follows. U

The change of the quiver with relations via 2-APR tilting was described in [IO1, Theorem 3.11].
Here we give an example.

Example 2.14. Let @) be an extended Dynkin quiver of type A;. Then K Q®KQ is 2-representation
infinite by Example 2.12, and given by the following quiver with relations.

1

_ 9

T
1 Y1
ySUW y?““ T1X2 = T3T4, T1Y2 = Y3T4, Y1T2 = T3Y4, Y1Y2 = Y3Y4.
T4
——
3 i 4

Let T be an 2-APR tilting module corresponding to the vertex 1. Then End (7T') is 2-representation
infinite by Theorem 2.13, and given by the following quiver with relations.

1 2
T4
P Y2 || T2
™ 3\“ xary +yore = 0, @org +yors = 0, 411 +yar3 =0, w472 + yary = 0.
3 — 4

We end this section by the following example, which motivates the non-commutative algebraic
geometry approach given in Section 6.

Example 2.15. Let A be the Beilinson algebra, that is the algebra given by the quiver

ag ag ag
N TN
1 ¢ 2 ¢ 3---n © n+1,subject to the relations afa?“ = a?af“.
N AT A ~_ 7
al a? a:’z
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By [Be] this is the endomorphism algebra of the tilting bundle T' = @,_, O(¢) over P". Thus we
have a triangle equivalence

F := RHomgp~ (T, —): D”(cohP™) — D®(mod A)
Since the Serre functor on DP(cohP™) is (—n — 1)[n], we have the following commutative diagram
by uniqueness of the Serre functor:

D"(cohP") —— > DP(mod A)

- -

DP(cohPm) —— > DP(mod A)

We obtain the following equivalence of statements
A is n-representation infinite <= H'(y,7(A)) =0 Vi#0, Vj >0
<= Homps(conpn) (T, T(j(n+1))[i]) =0 Vi#0, Vj =0
= Extlp.(0,0() =0 Vi#0,¥j>0
— H(O@G) =0 Vi#0,Vj>0
where the last equivalence is just the definition of sheaf cohomology. This last equivalent statement

holds since the sheaves O(j) with 7 > 0 are generated by their global sections. Consequently A is
n-representation infinite.

A class of n-representation infinite algebras which generalizes Beilinson algebras was given in
[AIR]. We refer to Section 5 for a general construction including this class.

3. N-HEREDITARY ALGEBRAS AND THEIR DICHOTOMY

In this section we introduce another class of algebras of global dimension at most n which we
call n-hereditary algebras. We prove that the class of n-hereditary algebras is the disjoint union
of the class of n-representation finite algebras and the class of n-representation infinite algebras.

Our definition of n-hereditary algebras is strongly motivated by the following property of the
derived categories of hereditary algebras: By [Hap], for a hereditary algebra A we have DP(mod A) =
Vez(mod A)[€]. To generalize this, we introduce a category

D"%(mod A) := {X € D’(mod A) | H'(X) = 0 for any i € Z\nZ}.
We have the following property for of global dimension at most n.
Proposition 3.1 ([I4, Lemma 5.2(b)]). Let A be a finite dimensional algebra with gl.dim A < n.
Then we have
D"*(mod A) = \/ (mod A)[¢n].
LEZ
In particular any object X € D™(mod A) is isomorphic to its homology @,c;, H (X)[—£n].

For the case n = 1, this is what discussed above. Now we introduce n-hereditary algebras.

Definition 3.2. We say that a finite dimensional algebra A is n-hereditary if v (A) € D"*(mod A)
for any i € Z and gl.dim A < n.

Clearly any hereditary algebra is 1-hereditary since D'%(mod A) = D"(mod A).
We begin our discussion of n-hereditary algebras by giving the following characterizations.

Proposition 3.3. The following conditions are equivalent.
(a) A is n-hereditary.
(b) v %(A) € D"2(mod A) for any i > 0.
(c) AOp is n-hereditary.
(d) Vi (DA) € D"2(mod A) for any i > 0.
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Proof. By Observation 2.1(c), we have that (b) is equivalent to (d). Since v,(A) = DA[—n],
we have that (a) is equivalent to (b) and (d). Consequently, all conditions (a), (b) and (d) are
equivalent.

By Observation 2.1(b), we have that (a) is equivalent to (c). O

The main aim of this subsection is to prove the following dichotomy result of n-hereditary
algebras.

Theorem 3.4. Let A be a ring-indecomposable finite dimensional algebra. Then A is n-hereditary
if and only if it is either n-representation finite or n-representation infinite.

To prove this, we need two preliminary observations. The first one is an elementary but useful
generalization from the classical theory for hereditary algebras.

Lemma 3.5 ([I4, Lemma 2.3(c)]). Let A be a finite dimensional algebra with gl.dim A < n. Assume
that an indecomposable X € mod A satisfies v, 1(X) € D"2(mod A). Then either v, 1(X) € mod A
or X €injA.

Proof. For the convenience of the reader, we give a quick proof in our context. Since Y := v, }(X) =
RHomy (DA, X)[n] satisfies H(Y) = 0 for any i ¢ {0,—n}, we have Y = H°(Y) ® H™"(Y)[n] by
Proposition 3.1. Since Y is indecomposable, we have either Y = H°(Y) or Y =2 H="(Y)[n]. In the
former case we have Y € mod A. In the latter case we have Ext} (DA, X) = H~"(Y) = 0 for any
1 # 0, so X is injective. O

The second one gives a characterization of n-hereditary algebras.

Lemma 3.6. Let A be a finite dimensional algebra with gl.dim A < n. The following conditions
are equivalent.
(a) A is n-hereditary.
(b) For any indecomposable P € proj A, one of the following conditions holds.
(i) v, (P) €injA for somei > 0.

(i) v, (P) € mod A for anyi > 0.

n

Proof. Assume that A is n-hereditary and let P € projA indecomposable. If P does not satisfy
the condition (b)(ii), then there is a maximal integer i > 0 such that X := v, *(P) is a A-module.
Applying Lemma 3.5 to X, we have that X € injA.

Now assume that (b) holds, but A is not n-hereditary. Let k be the minimal natural number
such that there is P € ind(proj A) satisfying v, *(P) ¢ D"%(mod A). Then P does not satisfy the
condition (b)(ii). Hence there is i > 0 such that v, ?(P) is an injective A-module. By Proposi-
tion 2.3(a) we have that v, 7(P) € mod A for all 0 < j < 4. Moreover, P’ := v, = 1(P)[-n] is an
indecomposable projective A-module. In particular i4+1 < k. Now vy B (P =v *(P)[-n] &
D"%(mod A). This contradicts the minimality of . O

Now we are ready to prove Theorem 3.4.

Proof of Theorem 3.4. The ‘if’ part follows immediately from Lemma 3.6 (b)=(a) since the condi-
tion (i) is satisfied for n-representation finite algebras by Proposition 2.6 (a)=-(b) and the condition
(ii) is satisfied for n-representation infinite algebras.

In the rest we show the ‘only if’ part. We assume that A is n-hereditary. Let P € ind(projA).
For any integer j € Z, there exists an integer dp(j) satisfying v, 7(P) € (modA)[dp(j)n] by
Proposition 3.1. We have dp(0) =0, dp(—1) = —1, and dp(j + 1) — dp(j) is either 0 or 1 for any
j € Z. Thus the image of dp is an interval of integers

dp(Z) = lap,bp]

where ap € Z<oU{—o00} and bp € Z>o U {o0}.
Note that bp = 0 is equivalent to Condition (ii) in Lemma 3.6(b), and, using Lemma 3.5,
bp > 0 is equivalent to Condition (i) in Lemma 3.6(b). If bp > 0 for all P € ind(projA), then
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A is n-representation finite by Proposition 2.6 (b)=-(a). On the other hand, if bp = 0 for all
P € ind(projA), then A is n-representation infinite by definition. Thus we only have to show that
either bp > 0 for all P € ind(projA) or bp =0 for all P € ind(proj A).

STEP I: Assume bp > 0 for some P € ind(projA). Then for some i we have I = v,,*(P) € injA,
which clearly satisfies

al,fl(]) :apfl and by—l([) :bpfl (31)

where £00 — 1 := £o0.

STEP II: Let P,@Q € proj A indecomposable, such that Hompp (moq A)(Q,Vgi(P)) = 0 for some
1 € Z. Then we have

Homppb (mod 4) (5,7 (@), v, ™7 (P)) = Homps (moed ) (Q, v, (P)) # 0 Vj € Z.

Thus we have dp(i + j) — dg(j) is either 0 or 1 for any j € Z. Looking at j < 0 and j > 0
respectively, we have

ag € {ap,ap —1} and bg € {bp,bp — 1}. (3.2)
STEP III: We show that if P satisfies bp = 0, then ap = —1. Among the indecomposable
projectives P’ with bp, = 0, choose P such that ap is minimal. For any ¢ > 0, there exists

Qi € ind(projA) satisfying Hompp (mod a) (Qi v, '(P)) # 0. In particular, since there are only
finitely many indecomposable projectives, there is @ such that Homps(med 4)(Q, vy, “(P)) # 0 for
infinitely many i. By (3.2), we have bg = 0, and ag = ap by minimality of ap. For sufficiently
large i we have v/, (Q) € (mod A)[agn]. Thus

€mod Alagn]
—~N

0 7& Home(modA) (Qa V;l(P)) = Home(mod A) (V;(Q),\Pf/),
€mod A
and hence ap = ag > —1.
STEP IV: We show that bp is either 0 or oo for any P € ind(projA). Otherwise applying (3.1)
repeatedly, we have @ € ind(projA) such that

ag =ap —bp and by = 0.
Then ag < —1, a contradiction to STEP III.
STEP V: If bp = oo for some P € ind(projA), then (3.2) and the connectedness of A imply

that bg = oo for any @ € ind(projA), so A is n-representation finite. Otherwise, bp = 0 for all
P € ind(projA) by STEP IV, so A is n-representation infinite. O

4. Nn-PREPROJECTIVE, n-PREINJECTIVE, AND n-REGULAR MODULES

The aim of this section is to introduce three classes of modules over n-representation infinite
algebras from the viewpoint of higher dimensional Auslander-Reiten theory. We define them by
using the n-Auslander-Reiten translation functors 7, and 7,; in a similar way as the classical case
n = 1 of hereditary algebras.

We start by discussing the more general case of n-hereditary algebras. Let A be an n-hereditary
algebra. Then an important role is played by the full subcategory

U = add{v. (M) |i € Z}

of DP(mod A), which is contained in D"#(mod A). The category % already appeared in the study
of n-representation finite algebras [I4, 101, 102]:

Remark 4.1 ([I4, Theorem 1.23]). If A is n-representation finite, then % is an n-cluster tilting
subcategory of DP(mod A).

The category % is also important for n-representation infinite algebras. The first remarkable
property of % is the following.

Proposition 4.2. Let A be an n-hereditary algebra. Then we have Hompb(mod p) (%, % [i]) = 0
for any i € Z\nZ.
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Proof. Since % C D"*(mod A), we have Hompp(moqd 4y (A, % [i]) = H{(%) = 0 for any i € Z\nZ.
Since v, is an autoequivalence of DP(mod A) satisfying v, (%) = %, we have the assertion. O

Next we have the following description of indecomposable objects in % .
Proposition 4.3. We have a bijection from ind(projA) x Z to ind% given by (P,i) — vi (P).
Proof. Since v, is an equivalence, we have that ¢ (P) is indecomposable for any (P, i) € ind(proj A) x
Z. Thus the map (P,i) — v} (P) gives a surjection ind(projA) x Z — ind %. It remains to prove
injectivity. Assume v! (P) = vl (Q) for (P,i),(Q,j) € ind(projA) x Z. By Proposition 2.3(b), we
have ¢ = j. Thus we have P = Q. 0
Again let A be an n-hereditary algebra. We will study the full subcategory
¢ = {X eD"(modA)|Viée Z\nZ: Hompw(medr) (%, X[i]) = 0},
= {X €D"(modA) | Vi € Z\nZ: Hompps(med r)(X, % [i]) = 0}
inside D”(mod A), where the second equality is a conclusion of Observation 2.1(a) and v, (%) = % .
We also study its module category analog
€° ;= (mod A)NE.
The following assertions are clear.
Observation 4.4. Since v, induces an autoequivalence of %, v,, also induces an autoequivalence

of €. Clearly [n] gives an autoequivalence of €, so it follows that also v induces an autoequivalence
of ©.

Now we give basic properties of ¥. The second equality shows that % is very similar to the
derived category of hereditary algebras.

Proposition 4.5. Let A be an n-hereditary algebra. The following assertions hold.
(a) % C € C D"2(mod A).
(b) € =V ez €°[tn].

Proof. (a) By Proposition 4.2, we have % C €. Since A € %, we have ¥ C D"%(mod A) by
Proposition 4.2.

(b) Since €’[¢n] = € holds by Observation 4.4, we have (mod A)[¢n]N¢ = €°[¢n] for any ¢ € Z.
In particular, ¥ contains the right hand side. Moreover % is contained in the right hand side by
(a) and Proposition 3.1. O

Remark 4.6. If A is n-representation finite, then ¥ = % by Remark 4.1. Moreover 60 =
add{7,;%(A) | i > 0} is the n-cluster tilting subcategory of mod A by Proposition 2.6.

In the rest of this section we assume that A is n-representation infinite. Following the represen-
tation theory of hereditary algebras, we introduce important subcategories of mod A.

Definition 4.7. Let A be an n-representation infinite algebra. By Proposition 2.9 we can define
two full subcategories of mod A by

P = add{y, “(A) | i > 0} = add{r,, “(A) | i > 0},
= add{v.(DA) | i > 0} = add{7/(DA) | i > 0}.
We call modules in & (respectively, .#) n-preprojective (respectively, n-preinjective) modules.

Observation 4.8. Clearly we have v,(2) = £ V (injA)[-n] and v, (&) = Z V (projA)[n].
Applying Observation 2.1(a), we have equivalences

Exti(£,X)=0 <= Exti "(X,2)=0,

Exti(X,#) =0 <= BExt} %(4,X)=0
for any X € mod A and i with 1 < i < n, which we will often use in this paper.
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We collect easy observations.

Proposition 4.9. Let A be an n-representation infinite algebra. The following assertions hold.
(a) We have a bijection from ind(projA) x Zs>q to ind & given by (P,i) — v, *(P).

) We have a bijection from ind(injA) X Z>q to ind & given by (I,i) — v (I).
) U = F|-n|V .

(d) Homp (A&, Z) =0 and NI =0.

(e) V.7 C%°.

(f)
)

Proof. (a) and (b) follow from Proposition 4.3, and (c) and (g) are clear from definition.
(d) Since Hompy (v% (DA), v, 7(A)) = Homy (A[n], v, =7=1(A)) = 0, we have the first assertion.
Now the second one is clear.
(e) and (f) follow immediately from Proposition 4.2. O
As a consequence, we have an answer to the second author’s Question 1.2.

Corollary 4.10. Let A be an n-representation infinite algebra. Then'ind(f@ V Z) is an infinite
set of isomorphism classes of indecomposable A-modules such that Exty (X,Y) = 0 for any i with
0<i<nand any X,Y € ind(ZV 7).

Next we show that it is easy to calculate dimension vectors of modules in & and .#.

Observation 4.11. Assume that A is a basic n-representation infinite algebra over an algebraically
closed field K and 1 = e3 + - - -+ €, is a decomposition into primitive orthogonal idempotents. Let
C = [dim(eiAes)] < jom
be the Cartan matriz of A. That is the columns of C are the dimension vectors of the indecom-

posable projectives Ae;. Moreover let
P = (71)nct . Cfl
be the Cozeter matriz of A. Then ® gives the action of v, on the Grothendieck group Ko(D"(mod A))

(with respect to the basis consisting of the simple A-modules). In particular, we have

[dim v, “(Ae;)] =®‘C and [dim uf;(D(ejA))]lngm = piCt. (4.1)

1<j<m
We give a simple example.

Example 4.12. Let A be a Beilinson algebra of dimension 2:

AN 0N

l—=21>2—21>3 TiTj = TjT4 (Z,j S {0,1,2})

N Ny

Let
Piyso = vy “(Ae;) and Iy 30 := v5(D(e;A)) for i € {1,2,3} and £ > 0.

Then we have & = add{P; | i > 1} and . = add{I; | i > 1} by Proposition 4.9(b)(c). The Cartan
matrix and the Coxeter matrix of A are

136 1 -3 3
C’:{ow} and @:[3—8 6}.
001 6 —15 10

Using (4.1), one can show inductively

i(i41) (i—2)(i—1)
2 2
Goi ] and dim [; = l 1) ] .

2
(i—2)(i—1) i(it1)
2 2

dim P; =

In representation theory of representation infinite hereditary algebras, apart from preprojective
and preinjective modules there is a third important class — the regular modules. Inspired by this
theory, we define the following.
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Definition 4.13. The category of n-regular modules is defined to be
#:={X €¢modA | Vi > 0: Ext} (2, X)=0=Exth(X,7)}.
Immediately we have the following descriptions of Z.
Observation 4.14. By Proposition 4.9(g) and Observation 4.8,
F={X €| Ext}(2,X)=0=Exti(X, )}

and one can replace the condition Ext}; (&2, X) = 0 (respectively, Ext} (X, .#) = 0) by Homy (X, &) =
0 (respectively, Homa (.#, X) = 0).

We have the following important description of % in terms of the functor v,,.
Proposition 4.15. Let A be an n-representation infinite algebra. Then
% ={X €modA |Vie€Z: v(X)€EmodA}.
We need the following observations.
Lemma 4.16. Let A be an n-representation infinite algebra.

(a) {X €modA |Vj>0:v)(X)€EmodA} ={X € modA |Vi>0: Exti (£, X)=0}.

(b) {X €modA |Vj>0:v,7(X)EmodA} ={X € modA |Vi>0: Ext)(X,.#)=0}.
Proof. (a) We have the following isomorphisms:
Exty (1,7 (A), X) = Homps (mod a) (7,7 (A), X [i]) = Hommps mod a) (A, 17, (X)[i]) = H' (v5,(X).
Thus Ext’ (£, X) = 0 for any i > 0 if and only if /(X)) € mod A for any j > 0.
(b) This is shown dually. O

Now we are able to prove Proposition 4.15 as follows:

Proof of Proposition 4.15.
#={X € modA |Vi>0: Exth (2, X)=0=Exth(X,.7)}
={X €modA | Vi € Z: v,;"(X) € mod A} by Lemma 4.16. O

Now we have the following main result in this section.

Theorem 4.17. Let A be an n-representation infinite algebra.
(a) We have
€O =PVRVI and € =\[(P VRV .I)n).
LEL
(b) We have

Homp (2, %) =0, Homp (., &) =0, Homp (I, %) =0,
Exth (P, %) =0, Ext{\ (£, .#) =0, and Exti(%, )=

We need the following preliminary observations.

Lemma 4.18. Let A be an n-representation infinite algebra.
(a) projA = add{X €ind 6" | v,(X) ¢ €°}.
(b) P =add{X €ind€° |35 >0: vi(X) ¢ €°} = add{X € ind€° | Homy (X, &) # 0}.
(c) injA = add{X €ind€° | v, 1(X) ¢ €°}.
(d) # =add{X €ind6°|3j >0:v,7(X) ¢ €°} = add{X €ind€° | Homy (7, X) # 0}.
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Proof. (c) “C” is clear, and “2” is immediate from Lemma 3.5.
(d) The first equality is immediate from (c) since & = V;5, vJ(injA). The second equality
follows as follows: B

add{X €ind%° | 3j > 0: v,/ (X) ¢ €°}

= add{X € ind%" | Ext}y(X,.#) # 0} by Lemma 4.16,
=add{X € ind %" | Homy(.#, X) # 0} by Observation 4.8.
(a) and (b) are shown dually. O

Now we are ready to prove Theorem 4.17.

Proof of Theorem 4.17. (b) We know Ext} (Z, %) = 0, Ext}\ (%, .7) = 0, Homp (%, &) = 0 and
Homy (£, %) = 0 by Observation 4.14. We have Homp (.#, %) = 0 by Proposition 4.9(d). By
Observation 4.8, we have Ext) (Z2, %) = 0.

(a) We know 2V ZV & C ¢° by Proposition 4.9(e) and Observation 4.14. Now we show
PNRN I DE If X €ind€” does not belong to & or .#, then we have Homy (%, X) = 0
and Homa (X, &) = 0 by Lemma 4.18. Then X € % by Observation 4.14. Thus we have the first
equality. The second one follows from Proposition 4.5(b). O

We note the following easy property of our categories.
Proposition 4.19. &, Z, .7, and €° are extension-closed subcategories of mod A.

Proof. Since Z and €° are defined by a vanishing of extension groups, they are extension-closed.
If n > 2, then & and ¥ are extension-closed since & V . does not have first selfextensions by
Proposition 4.9(f). The claim is known in the case n = 1. O

4.1. Higher almost split sequences in & and .#. In this section, we study structure of the
categories &, & and Z from Auslander-Reiten theoretic viewpoint.

Let €p (respectively, €7) be the full subcategory of ¢° consisting of modules without non-zero
projective (respectively, injective) direct summands. Set Zp = Z N€p and I = I NE}.

Proposition 4.20. We have mutually quasi-inverse equivalences

g m7™m 0
Cp - (4
v =T
which restricts to equivalences
Un=Tn Un=Tn Un=Tn
Pp P, R X, and I .
v, =T, vol=7" vot=r>

Proof. We only have to prove the equivalence between ¢n and %7. By Observation 4.4 we have
that v, and v, ! induce mutually quasi-inverse autoequivalences on 4. By Lemma 4.18(a)(c), they
induce equivalences between 43 and ¢y. Moreover we have 7, = v, on €5 and 7, = v, on

%, 0
The following standard notion plays a key role to study the structure of Krull-Schmidt categories.

Definition 4.21. Let o7 be a Krull-Schmidt category with Jacobson radical J .

(a) For X € ind«7, we say that a morphism f € Ju(C,X) in < is right almost split if the
following sequence is exact on 7.

Hom (—, C) L5 7 (—, X) — 0.

A right minimal and right almost split morphism is called a sink morphism.
(b) Dually we define a left almost split morphism and a source morphism.

The following notion was introduced in [I1] in higher dimensional Auslander-Reiten theory.
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Definition 4.22. Let & be a Krull-Schmidt category with the Jacobson radical J. We call a
complex

0—)Yf—n>cn_1fn—71)0n_2fn—72)-"f—2>01f—1>COf—O)X—>O

in o/ an n-almost split sequence in </ if the following conditions are satisfied.
(a) X and Y are indecomposable and f; € J for any i.
(b) The following sequences are exact on &:

0 — Homy (—,Y) % Homy (—, Coe1) 225 o % Homy (—, Co) 2% T (=, X) — 0, (4.2)

0 — Homy (X, —) 2% Hom (Co, —) L5 -+ 7% Homy (o1, —) L5 T/ (Y, =) — 0. (4.3)

For n-representation finite algebras, we have the following existence theorem of n-almost split
sequences.

Example 4.23. Let A be an n-representation finite algebra. Then the n-cluster tilting subcategory
%° of mod A has n-almost split sequences by [I1, Theorem 3.3.1].

The aim of this subsection is to prove the following existence theorem of n-almost split sequences
in ¢ in case A is n-representation infinite.

Theorem 4.24. (a) Any indecomposable X € &P (respectively, X € ) has a sink morphism

C — X and a source morphism X — C' in €° with C,C' € P (respectively, C,C" € 7).

(b) For any indecomposable X € Pp V I (respectively, indecomposable Y € P\ 1), there
exists an n-almost split sequence in €°

0-Y—->Cho1—>Cho—--—C1—>Co—>X—=0

such that Y 2 7,(X) and X = 71,7 (Y).
(¢) If X orY belongs to P (respectively, &) in (b), then all terms in the sequence belong to
P (respectively, 7 ).

Note that we do not know whether sink morphisms and source morphisms exist for n-regular
modules. We will discuss this problem later in this subsection.

The first step of the proof is the following observation, which is an analogue of [I1, Proposi-
tion 3.3].

Lemma 4.25. Let

0—>Yf—">Cn_1 —)fnil Cn_g —)fn72 f—2>01f—1>00f—0>X—>0

be an exact sequence with terms in P such that f; € Jp for any i. Then the following equivalent
conditions are equivalent.

(a) This is an n-almost split sequence in 6°.
(b) X is indecomposable and fo is a sink map in €°.
(c) Y is indecomposable and f, is a source map in €°.

In this case, we have Y = 7,(X) and X = 1, (V).
Proof. By definition of ¢, we have
Ext) (€°, 2) =0 = Ext) (2, ¢°) Vie {1,...,n—1}. (4.4)

Using this, it is easily checked that the sequence (4.2) (respectively, (4.3)) is exact if and only if
fo is a sink map (respectively, f,, is a source map) in €° (see [I1, Lemma 3.2] for details).

Thus we only have to check that (b) is equivalent to (c). We define functors F € mod 6° and
G € mod(%°)°P by exact sequences:

Homa (—, Co) ~£% Homy (—, X) — F — 0,

Homa(Ch_1, —) 225 Homa(Y, —) — G — 0.
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Using (4.4), it is easily checked that
F~2D(Gor,) and G=D(For,) (4.5)

hold (see [I1, Lemma 3.2] for details). Thus F is a simple functor if and only G is a simple functor.
Now note that (b) (respectively, (c)) is equivalent to F' (respectively, G) being a simple functor.
Thus all conditions are equivalent.

Moreover, since X (respectively, Y) is a unique indecomposable object in € such that F/(X) # 0
(respectively, G(Y) # 0), the isomorphisms (4.5) imply ¥ 2 7,,(X) and X = 7, (Y). O

We denote by Sub &2 the full subcategory consisting of all submodules of modules in &. Then
we have the following easy observation.

Lemma 4.26. & is contravariantly finite in Sub &2.

Proof. Let M € & and N a submodule of M. By Proposition 2.3(b), all but a finite number of
X € ind & satisfy Homp (X, M) = 0 and so Hom (X, N) = 0. This immediately implies that N
has a right &-approximation. O

The following result is an analogue of [I1, Theorem 2.2.3].

Proposition 4.27. For any X € Sub &2, there exists an exact sequence

0—>Cn_1fn—71>£)00f—0>X—>0

with C; € P for any i and f; € Jo for i # 0 such that the following sequence is exact on €°.

0 — Homp (—, Cp1) 2% o 2% Homa(—, Cp) L% Homp (—, X) — 0.

Proof. Applying Lemma 4.26 repeatedly, we have an exact sequence

0= Xp1 25 Con 225 I oy 2 x 50
with C; € & for any i and f; € Jo for i # 0 such that the following sequence is exact on Z.

0 — Homp (—, Xn_1) 2% Homa (=, Cos) -227% - % Homy (—, Co) 2% Homa (—, X) — 0.
It is exact on €° since Homy (% V .#,Sub ) = 0. Using Ext),(Z Vv .#,C;) = 0 for any i with
0 < i < n, one can easily check that X,,_; satisfies Exty (& V ., X,,_1) = 0 for any ¢ with
0 <i<mn (see [I1, 2.2.1(2)] for details). This means X,,_; € ¢° by Proposition 4.9(e). Since X,,_1
is a submodule of C,,_5 € &, we have X,,_1 € & by Theorem 4.17. O

Now we are ready to prove Theorem 4.24.

Proof of Theorem 4.24. We only prove the assertions for X or Y in ind &?. The corresponding
assertions for X or Y in ind . are shown dually.

Fix X € ind Z. By Theorem 4.17 and Proposition 2.3(b), all but finitely many C' € ind 6
satisfy Homy (C, X) = 0. Thus there exists a sink map fo: Co — X in €.

Now we assume that X is non-projective. Then fy is clearly surjective. We apply Proposi-
tion 4.27 for Ker fy € Sub & to get an exact sequence

00, o, Il 2o S Ker fy — 0.,

Combining this with an short exact sequence 0 — Ker fj — Cy — X — 0, we have an exact

sequence

0= Cp e, I B o I o B x o,

By Lemma 4.25, this is an n-almost split sequence in ¢° and satisfies C,, = 7,,(X).
Since 7, gives a bijection ind #p — ind &, the above argument shows the existence of n-almost

split sequences in ¢ starting at any Y € ind &2. In particular, any Y € ind & has a source map
in €°. O

Now we give the following application of Theorem 4.24.
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Proposition 4.28. (a) No module in €°\Z has a right 2-approzimation. In particular &
s mot contravariantly finite in mod A.
(b) No module in €°\.# has a left .7 -approzimation. In particular & is not covariantly finite
in mod A.

Proof. (a) Let X € €9\ 2 be indecomposable and f: Y — X be a minimal right &2-approximation.
By Theorem 4.24, there exists a source map g: Y — Z in €° with Z € &. Then there exists
a: Z — X such that f = ga. Since f is a right &-approximation, there exists b: Z — Y such that
a=>bf. Now f = gbf shows that gb is an isomorphism, a contradiction to g € Jyo.

(b) is shown dually. O

Although Theorem 4.24 shows the existence of a sink (respectively, source) morphism of X €
PV 7 in €, it does not tell us anything about sink or source morphisms of X € % in ¢°.

For the classical case n = 1, we have €° = mod A, so we know that sink morphisms, source
morphisms and almost split sequences exist by classical Auslander-Reiten theory.

For the case n > 2, we pose the following.

Conjecture 4.29. Let n > 2. Then no indecomposable X € % has a sink morphism or a source
morphism in €°.

The following observation gives us some information related to this question.

Observation 4.30. (a) Assume that some indecomposable X € % has a sink morphism
f: C — X (respectively, source morphism g: X — C) in €°. Then the sequence

0—>Kerf—>Ci>X—>0 (respectively, 0 — X £ C' — Cokg — 0)

is an almost split sequence in % and %€°.
(b) Let n > 2. Then no indecomposable X € # has an n-almost split sequence.

Proof. (a) The case n = 1 is known, so we may assume n > 2. Applying Homa (&2 V .#, —), one
can easily check that Ext) (2 V .#,Ker f) = 0 holds for any i with 0 < i < n. Thus Ker f € €°.
By Theorem 4.17, we have that C' and Ker f belong to & V Z. If Ker f has a non-zero direct
summand in &, then Ext} (X, %) = 0 shows that f is not right minimal, a contradiction. Thus
Ker f € Z. Since Z is an extension closed subcategory of #Z by Proposition 4.19, we have C € Z.
By a standard argument (see [ARS, Proposition V.1.12]), the sequence is an almost split sequence
in #. Since Ext) (2 V I, %) =0 = Ext) (%, PV .), it is an almost split sequence in €°.

(b) Assume there is an n-almost split sequence ending in X. Applying the exact sequence (4.2)
of Definition 4.22 to Ker fy, we see that Ker fy is a direct summand of C;. Now the assumption
fi € Jgo implies C7 = Ker fp, and Co =C3 =... =Y = 0. A contradiction. O

Example 4.31. Let A be a Beilinson algebra of dimension 2 (see Example 4.12). Then the quiver
of the categories & and .# are the following.

gZ; P1 P4 P7 j: Iﬁ I3
U U [ U U
P, P \ ]5\ [2\
P Ps I; 1, L
Moreover we will see that the category Z is equivalent to cohg P? in Example 6.24(b).

4.2. Preprojective algebras. Let A be an n-representation infinite algebra. The (n+1)-preprojective
algebra (or simply preprojective algebra) of A is defined as the tensor algebra

I =11,41(A) := Ta Exti (DA, A)
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of the A-bimodule Ext}{ (DA, A). Then II has a structure of a graded K-algebra by
=PI, with II; = Ext} (DA, A) @4 -~ @a Ext} (DA, A).

i>0

i copies

The name “preprojective algebra” is explained by the fact that IT; = 7,7%(A) by (2.1), which means
that II is the direct sum of all n-preprojective modules.

There is a strong connection between & and the category gr proj Il of finitely generated graded
projedctive ITI-modules. We define full subcategories of gr proj IT by gr projs. IT := add{II(i) | i« > 0}
and gr proj, IT := add{TI(i) | i < 0}. -

Proposition 4.32. (a) We have an equivalence % = grprojIl which restricts to an equiva-
lence & ~ grprojs 1.
(b) We have an equivalence % °P ~ gr proj I1 which restricts to an equivalence Homp (—,II): &P =~
gr proj<o 1I°P.

i

Proof (a) The correspondence v Y(A) — TI(i) gives an equivalence since Homy (v, *(A), v, 7 (A))
U0 (A) = 1II;—; = Homg projri (I1(2), I1()).- _
(b) This is shown dually. The description as Hom-functor follows since Homy (v, *(A), II)
I1(—4).

O R

Now we show that the homological behaviour of II is very nice if A is n-representation infinite.
The following notion plays a key role.

Definition 4.33. Let I' = ,.,I'; be a positively graded K-algebra satisfying dimg I'; < oo
for any i € Z. We say that I' is a bimodule {-Calabi-Yau algebra of Gorenstein parameter a if
I' € KP(grprojI'®) and RHomre (T, I'°) = T'[—/](a) in D(GrI®).

This is a graded version of Ginzburg’s bimodule (n + 1)-Calabi-Yau algebras [G]. In particular,
their derived categories satisfy the following property.

Proposition 4.34 ([K1, Lemma 4.1]). Let I" be a bimodule {-Calabi- Yau algebra. Then we have
a functorial isomorphism

Homp(modr) (X, Y) =~ D Hompwmodr) (Y, X[/])

for any X € D(ModT') and Y € DE(ModT), where DR (ModT) is the full subcategory of
DP(ModT) consisting of objects whose cohomologies are finite dimensional. In particular, D}?dr(l\/lod B
is an ¢-Calabi- Yau triangulated category.

Recently the connection between n-representation infinite algebras and bimodule (n+1)-Calabi-
Yau algebras of Gorenstein parameter 1 was studied in representation theory [K2, AIR] and non-
commutative algebraic geometry [MM]. The main results are summarized as follows.

Theorem 4.35. [K2, AIR, MM] Assume that K is perfect. There is a one-to-one correspondence
between isomorphism classes of n-representation infinite algebras A and isomorphism classes of
graded bimodule (n + 1)-Calabi- Yau algebras T' of Gorenstein parameter 1. The correspondence is
given by

AT :=1,41(A) and T — A:=T,.

Proof. (i) Let T" be a bimodule (n + 1)-Calabi-Yau algebra of Gorenstein parameter 1.

By [AIR, Theorem 3.4] (see also [MM, Theorem 4.2]), we have that A := I'y is an n-representation
infinite algebra such that II,41(A) is isomorphic to I" as a graded K-algebra.

(ii) For any n-representation infinite algebra, we will show that II,,41(A) is a bimodule (n + 1)-
Calabi-Yau algebra of Gorenstein parameter 1.

Since K is perfect, we have A € KP(projA®). In [K2], Keller introduced a DG algebra IT,, 1 (A)
called a derived preprojective algebra. Our II,41(A) is the 0-th cohomology of II,1(A). By
Keller’s general result [K2, Theorem 4.8], we have that IT,;1(A) is a bimodule (n + 1)-Calabi-Yau
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algebra. It is easy to check that I, 11(A) has Gorenstein parameter 1. Since A is n-representation
infinite, we have that II,,11(A) is concentrated to degree zero, so IT,1(A) is quasi-isomorphic to
IT,+1(A). Consequently we have the desired assumption. ([l

In Section 6 the question if IT is graded coherent will be of importance. Let us recall this notion.

Definition 4.36. We say that a graded ring T" is left graded coherent (respectively, right graded
coherent) if the following equivalent conditions are satisfied.

(a) The category of finitely presented graded I'-modules (respectively, I'°P-modules) are closed
under kernels.

(b) For any homogeneous homomorphism f: P’ — P of finitely generated graded projective
I-modules (respectively, I'°P-modules), Ker f is finitely generated.

Now we can ask the question under which assumptions II is graded coherent. This is important
for the non-commutative algebraic-geometric approach in Section 6, and has already been studied
by Minamoto in [M, MM].

Question 4.37. When is I1 left graded coherent?
We give a representation theoretic interpretation of Question 4.37 (cf. Proposition 4.28).

Proposition 4.38. Let A be an n-representation infinite algebra and I be its preprojective algebra.

(a) &2 is covariantly finite in mod A if and only if I1 is right graded coherent.
(b) & is contravariantly finite in mod A if and only if I1 is left graded coherent.

Proof. We only prove (a).

By definition &2 is covariantly finite if for any X € mod A the covariant functor Homp (X, —): & —
mod k is finitely generated. By the equivalence of Proposition 4.32(b) this is equivalent to Homy (X, IT)
being finitely generated as graded I1°P-module.

By definition II is graded right coherent if any morphism in gr proj II°P has a finitely generated
kernel. Since degree shift is an autoequivalence of GrII°P this is equivalent to asking that any
morphism P — ) with P, Q € grproj<, II°? has a finitely generated kernel.

Now, by Proposition 4.32(b), such P and @ can be written as Hom (P’,1I) and Homy (Q’, II)
for some P’ and Q' in &2, respectively. Moreover any map P — @ is of the form Hompy (f,II) for
some f: Q" — P’. It follows that the kernel of such a map is Homa (Cok f, II).

Since any X € mod A can be realized as a cokernel of a morphism in &, we have that II is
graded right coherent if and only if for any X € mod A the graded II°P-module Homp (X, 1) is
finitely generated. 0

As an immediate consequence for the case n = 1, we recover the following observation [M].
Corollary 4.39. The classical preprojective algebra is left and right graded coherent

Proof. Since & is covariantly finite and .# is contravariantly finite for the case n = 1, we have the
assertion immediately from Proposition 4.38. 0

5. n-REPRESENTATION INFINITE ALGEBRAS OF TYPE A

In this section we assume that K is algebraically closed of characteristic zero. Let S =
K[zg,...,x,]. Given a finite subgroup H < SL,11(K), the skew group algebra S x H is bi-
module (n + 1)-Calabi-Yau [BSW]. We shall now present these algebras by quivers with relations
in a uniform way for the case when H is abelian. Our presentation is based on the well-known
description by McKay quivers and relations (see e.g. [Re, RV, BSW]). The difference is that we
construct an algebra independent of H that will have S « H as an orbit algebra.

To construct the above mentioned algebra we will use the notation of root systems of type A,
which we now introduce. For details see [Hu]. Let V = {v € R*** | 3" jv; = 0}. Consider the
root system of type A,, in V

& ={e;—e; |0<i#j<n}
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As simple roots we take o; = e; — e;_1, where 1 < i < n. We distinguish one additional root
ag = eg — e,,. Thus we have the relation E?:o «; = 0. The root lattice L is the lattice of vectors
with integer coordinates in V. It is freely generated as an abelian group by the simple roots.

Construction 5.1. Define the quiver @ as follows. The set of vertices in @ is the root lattice
Qo := L. The arrows are

Qr:={aj:v— (v+a;)|veEQy0<i<n}

For the sake of brevity we shall sometimes remove the superscript and write simply a;: v — (v+ ;)
for the arrow a?. This should cause no confusion since any 41,...,iy, € {0,...,n} and v € Qo
determine a unique path of the form a;, ---a,,, in @ from v to v + ZT 1

For each v € Qo and 0 <7 < j < n we define the a relation r}; from v to v + a; + a; by
ry = a;a; — aja;. We set

ij
'=KQ/(ri;|veQo0<i<j<n).
Be aware that I' does not have a unit element.
For n = 1, the quiver @ is
—_— — — —_—
(=22 =Ly 00 (A1) 0 (222 0,

and the algebra I is the preprojective algebra of type AZ.
For n = 2 the vertices QQp form a triangular lattice in the plane, @Q is

O — 0 — 0 — 0 — 00— 0 — 0

\/\/\/\/\/\/

o —>0 —>0 —>0 —>0 —>0

/NSNS NS NSNS

*— 0 —>0 —>0 —>0—>0—>0

NANSNSNSNSNS

o —>0 —>0 —>0 —>0 —>0

/\/\/\/\/\/\

*o—>0 —>0—>0—>0 —>0 —>0

and each arrow corresponds to a commutativity relation.

From I' we shall construct several finite dimensional algebras in two steps. First we take certain
orbit algebras, and then we factor out ideals generated by certain sets of arrows called cuts. For
n = 1, the orbit algebra will be preprojective of type A and the factor algebra will be a path
algebra of a quiver of type A.

First we define the orbit algebras. Since L = @ is an abelian group it acts on itself translations.
This action extends in a unique way to a L-action on Q.

Construction 5.2. Let B be a cofinite subgroup of L, i.e. the factor group L/B is finite. This is
equivalent to requiring that rankB = rankL(= n). We denote by I'/ B the orbit algebra of I with
respect to the B-action. More explicitly, I'/B is the path algebra of Q/B = (Qo/B,Q1/B) with
relations @;a; — @;a; from T to T+ @; + @, for each T € Qo/B and 0 < i < j < n (here @ and T
denotes the B-orbits of a € Q1 and v € Qg respectively).

Observe that if B =L, then I'/B = S = K|xg,...,x,]. We now show that for arbitrary B the
algebra I'/ B is isomorphic to a skew group algebra over S.

Lemma 5.3. There exists a finite abelian subgroup H of SLy41(K) such that S+« H 2 T/B.
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Proof. Let H be the group of group morphisms ¢: L — K* satisfying ¢(B) = 1. Since L/B is finite
and K contains primitive ¢g-th roots of unity for every positive integer ¢ we have a nondegenerate
bihomomorphism

HxL/B— K*, (¢,0) — ¢(v)

that allows us to identify the elements of L/B with the isoclasses of irreducible representations of
H over K. Define an embedding H — SL,,+1(K) by sending ¢ € H to the diagonal matrix with

diagonal entries ¢(a), ..., ¢(ay,). This is well-defined because
[[6() =6 <Z m) = ¢(0) = 1.
=0 i=0

The above embedding defines an H-action on S, which satisfies ¢x; = ¢(;)z; for all 0 < i < n.
Using our identification of L/B with the isoclasses of irreducible representations of H we get that

Q/ B is the McKay quiver for H. Moreover, the relations in I'/ B are just commutativity relations,
so S«HX=T/B. O

Our aim is to apply Theorem 4.35 to obtain n-representation infinite algebras from I'/B. To
do this we need suitable gradings on I'/B. We shall describe these gradings in a uniform way by
returning our attention to the covering I'.

Definition 5.4. For every permutation o of {0,...,n} and v € Qo we get a cyclic path a,(g) - - ag(n)
in @ starting and ending at v. We call such paths small cycles. A subset C' € Q1 is called a cut if
it contains precisely one arrow from each small cycle.

Every cut C defines a grading gc on @ by

(a) = 1 acC
I =0 weqi\C

The relation 77; is homogeneous with respect to g¢ since the element

T’ijaol..al—lal+1 ...a]_la/-]+1 ...an
is a difference of two small cycles. So g¢ induces a grading on T'. Set Q¢ = (Qo, @1 \ C), so that
the degree zero part I'g of T is a factor of KQc¢.

To get an induced grading on the orbit algebra I'/ B we need to ensure that the action of B is
compatible with the grading g¢, i.e., that B is a subgroup of the stabilizer

Le={AeL|XC=C}<L
of C'. We now focus on cuts satisfying the following two conditions.

Definition 5.5. We say that a cut C' in @Q is

(a) periodic if L¢ is cofinite in L.
(b) bounding if there is a natural number N such that all paths in Q¢ have length at most N.

Let C be a periodic cut and B < L¢ a cofinite subgroup. Then B is cofinite in L and we may
consider T'/B. Since g¢ is constant on the B-orbits of Q1, it induces a grading gc on I'/B. We
denote by (I'/B)¢ the degree 0 part of (I'/B,gc). Notice that if C' is also bounding, then all
graded parts of (I'/B, g¢) are finite dimensional.

Theorem 5.6. Let C' be a bounding periodic cut in QQ and B < L be cofinite.

(a) (I'/B, gc) is bimodule (n + 1)-Calabi- Yau of Gorenstein parameter 1.
(b) (T'/B)¢ is an n-representation infinite algebra whose preprojective algebra is T'/B.

We call the algebras (I'/B)¢ in Theorem 5.6, n-representation infinite of type A.
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Proof. By Lemma 5.3, there is a subgroup H of SL,,41(K) such that I'/B =2 S« H. This implies that
I'/B has a canonical projective (I'/ B)°-resolution that we now recall following [BSW] (compare
also with [AIR]).

Let R be the semisimple subalgebra K(Qo/B) of I'/B. We consider I'/B and K(Q/B) as
Re¢-modules. For every 0 < m < n + 1 we denote by K(Qy/B), the R®-submodule of K(Q/B),
spanned by all paths of length m. Let 7 € Qo/B, 0 < i1 < ... <4y <nandset I = {i1,...,im}.

For every o € Sy, let wY(o) be the path iy * Tiyy,yy fTOM T to ol =T+ Z;":l @;, and set
wy = Z sgn(o)wy (o).
oESm

Let W,,, be the span of {w] | v € Qo/B,|I| = m} in K(Q/B). Observe that W,, is in fact a
Re-submodule of K(Q,,/B).
Define
dp:T/B®r K(Qum/B) ®rT/B —T/B &g K(Qm-1/B) 9 /B
by
Adp(x @by by @y) =2b1 @b by Qy+ (—1)"z @by -+ b1 @ by.
Next define the (I'/B)®-module complex P as

T/B@g Wai1 ©r T/B 25 . 2 T/Bor Wy @5 T/B.

By [BSW] the complex P is a projective resolution of I'/B € Mod(T'/B)®. Let P* be the (I'/B)®-
dual of P. Then there is an isomorphism ¢: P[—n — 1] — P* where

m: I'/B@r Whi1-m ®rI'/B — Homr/p)-(I'/B @ Wi ®r I'/B, (I'/ B)®)
satisfies

teq ®ey if0 =7 and J ={0,...,n}\ [

(em(lew]@1)(1ow] ®1)= )
0 otherwise.

Now we take the grading into account. We consider K(Q/B) to be graded by gc. Each of the
paths wY(o) can be completed into a small cycle and so has degree 1 or 0. Moreover, w? (o) does
not depend on ¢ as an element in I'/ B and so neither does its degree. Hence w? is homogeneous of
degree 1 or 0. Thus W), is a graded subspace of K(Q/B) and so each term in P is a graded (I'/ B)®-
module. The differential d,, is homogeneous of degree 0 and thus P is in fact a complex in Gr(I'/ B)®
Moreover, ¢ is homogeneous of degree —1 so RHom(r,py-(I'/ B, (I'/ B)®) = T'/ B[-n—1](1). Hence,
I'/B is (n + 1)-Calabi-Yau of Gorenstein parameter 1.

By Theorem 4.35, (I'/B)¢ is n-representation infinite. O

Example 5.7. Let n = 1. Then I' is the preprojective algebra of type A. For any cut C' the
quiver Q¢ is a quiver of type AY. In fact, the map C — Q¢ provides a bijection between cuts
and orientations of ASS. Moreover, C' is periodic if and only if Q¢ has periodic orientation. Hence
the algebras (I'/B)¢, for C periodic, are precisely the path algebras of quivers of type A. Also C
is bounding if and only if (I'/ B)¢ is finite dimensional. Thus the 1-representation infinite algebras
of type A are precisely path algebras of quivers of type A with acyclic orientation.

For n = 1, the two alternating orientations of A3 are special in that they allow no paths of
length 2. We obtain these orientations by choosing the cut C to consist of all arrows that start at
the vertices of the form (2¢,—2t) or (2¢t + 1, —2t — 1), respectively. We proceed to generalize these
cuts to arbitrary n.

Example 5.8. Define the group morphism w: L — Z/(n + 1)Z by w(a;) = 1 for any i. Let
keZ/(n+1)Z and set

Crh={ai:v—(v+a;) |wl)=k, 0<i<n}
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Let iy,...,in41 € {0,...,n}, v € Qo and consider the path p = a;, - - - a;,,, from v to v+zn+11 Q-
It passes the vertices v := v + 37" a;; where 0 <m < n + 1. Since w(v™) = w(v) + m, there
is precisely one 0 < m < n such that w(v™) = k. Hence precisely one of the arrows in p is in Cj.
In particular, Cj is a bounding cut. In fact, Cj is extremely bounding in the sense that all paths
in Q¢, have length at most n, which is the smallest possible bound for any cut. For each v € Qg
and A € L we have w(\v) = w(v) +w(A) and so ACy, = Cjyy(n). Thus Le, = kerw. In particular,
L¢, is cofinite and C}, is periodic.

For n =1 the cuts Cy and C give rise to the two alternating orientations:

— — — —
S22 (-1 OX) RN 2,-2) -

and
—_— —— — ——
- (=2,2) (-1)__ (00 L-D__ (@2-2)

where the bold lines indicate arrows in Cy and Cj respectively. For n = 2, Cj is the following cut:

Qe @ —— @ —— Qummum @ — 0 — O

\/\/\/\/\/\/

O — > O @ —— 0 —— 0 cuumm O

AAYAVAYAYAS

Qemmmmn @ —— @ —— Qemmun @ — 00— O

NWAYAYAYAYAYAS

@ —— Qemmmm @ — @ —— O =mmmm @

/\/\/\/\/\/\

e @ — 0 —— P @ —— 0 — O

In general, we have that (I'/B)¢, = (I'/B)¢, for all cofinite B < kerw and k € Z/(n + 1)Z,
so we may fix £k = 0. Let us consider the extreme case When B = kerw. We identify Qo/B with
Z/(n + 1)Z via w, and denote the arrows in Q/B by a¥: k — k + 1, where k € Z/(n + 1)Z and
1€{0,...,n}. In (I'/B)¢, we have the relations a; af“ = aécak"rl Furthermore Cy/B is precisely
the set of arrows {a? | 0 <i < n} and so (I'/B)¢, is the Beilinson algebra:

ap ap ag
1 2 ¢ 3---n i n41, afal™ = akal T,
N N N7

a a2 11:;

Notice that if n = 1, then (I'/B)¢, is the Kronecker algebra.

Observe that the quivers of n-representation infinite algebras of type A are acyclic. In fact,
all examples of n-hereditary algebras that we are aware of share this property. Thus we end this
section by the following experimental expectation.

Question 5.9. The quivers of n-hereditary algebras are acyclic.

5.1. Relationship to n-representation finite algebras of type A. In [IO1] the class of n-
representation finite algebras of type A was introduced. We shall now compare it to the class of
n-representation infinite algebras of type A defined above. Let s be a non-negative integer and set

Lo ={(vo,...,vn) €EQo|v; >0forall0<i<n-—1andwv, > —s}.

Notice that L, consists of the lattice points of an n-simplex in V' with corners s(e; — e,). Let
I be the ideal in T" generated by the primitive idempotents corresponding to L \ L,. Then the
algebra I'° := T'/I is isomorphic to the algebra A(™+1) defined in [IO1] (compare also [HI1]). In
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particular, I'° is a finite dimensional selfinjective algebra. For simplicity we will ignore the trivial
case of s = 0 and assume from now on that s > 0.

Let @Q° be the full subquiver of @ with vertices L,. Then Q° is the quiver of I'°. We call
C° C @7 a restricted cut if C° contains precisely one arrow from every small cycle contained in
Q°. As before C° defines a grading on I'° and we denote the degree 0 part by I'%.. The algebras
I'2. are (up to isomorphism) precisely the n-representation finite algebras of type A defined in
[IO1]. Here is an example of Q° with a restricted cut C° indicated in bold for n = 2 and s = 2.

[ ]
L

AV

The sides of this triangle extend to lines in the plane. The affine reflections in these lines induce
automorphisms of (. Taking the union of all orbits of arrows in C° with respect to the group
generated by these affine reflections we get the following cut C' in Q:

O @ — 0 —— 0 —— 0 —— O caumum @

\/\/\/\/\/\/

@ —— @ —— Qe @ —— 0 —— O

AYAYAYAYAYA

O —> 0 > 0emm E———m® —> 00— O

N A AV AYAYAYA

O —— 0 — 0anmun @ — 0 — 0

/\/\/\/\/\/\

Qe @ —— @0 —— 0 —> 0 ——> O caummm @

We will show that any restricted cut C° can in a similar way be extended to a bounding
periodic cut C for arbitrary n and s. Our aim is to apply this construction to prove that every
n-representation finite algebra of type A is a factor of an n-representation infinite algebra of type
A by an ideal generated by some idempotent:

Theorem 5.10. Let s be a non-negative integer and C° C QF a restricted cut. Then there is a
bounding periodic cut C in Q, a cofinite subgroup B < L¢ and an idempotent e € K(Qo/B) such
that (I'/B)c /(1 — €) is isomorphic to T'g..

We start by generalizing the group of affine reflections. We consider the group of affine trans-
formations on V as a semidirect product Aff(V) = V x GL(V), where the GL(V')-action on V is
the natural one. For every ¢,j € {0,...,n} define p;; € GL(V) b

aj k:’i
pijlar) =qa; k=3

It is well-defined since it is compatible with the relation Zk ar = 0. The corners of L, generates
the sublattice sL := {sA | A\ € L}. For each z € sL define pf; = Aff(V') by pf;(v) = pij(v —2) + .
Now set

R = (pij | 0 <i,j <n) <GL(V),
Rag = (pf; | 0 <i,j <n, x €sL) < Aff(V),
T=(s(a;—a;)|0<i#j<n)<L.



26 HERSCHEND, IYAMA, AND OPPERMANN

By a change of coordinates we will show that the above groups are isomorphic to the Weyl group,
affine Weyl group and root lattice associated to ®, respectively. For this purpose denote by sq. ¢,
the reflection in the hyperplane Ho o = {v € V | (v,a) = £} for a € ® and £ € Z. Set So = Sa,0
and define
W = (sa | a € ®) <GL(V),
Wag = (Sayp | € P, L€ Z) < AfE(V)
Let T be the automorphism of V' defined by

1 1 <
T = | - - .
(o) . ( ko E €z>
and define the automorphism Y: Aff(V) — Aff(V), by T(f) = Y-1fT.

Lemma 5.11. In the notation above Y(W) = R, Y(L) = T, and T(Wag) = Rag. Moreover,
Rag =T x R.

Proof. Let i,5,k € {0,...,n} and write p;;(ax) = axr. Set o = e; —e; € ®. Since s, is induced by

the automorphism of R"*! that permutes the standard basis vectors by transpositioning e; and e;
we obtain

1 n
a(Tlan)) == [ —ew + —— S e | = T(aw) = Tps;(ar)),
sa (Y (k) < er + ;e ) () = T(pij(ar))
s0 Y(sq) = pi; and T(W) = R.
Next notice that T(s(a; — ;) = e; —e; and so T ~!(®) generates T as an abelian group. Hence

T sends the translations by elements in L to the translations by elements in T'.
Since Wag = L x W [Hu, 4.2], we have T (Wag) = T x R. Observe that

pi;(v) = pij(v — o) + = pij(v) + T — pij ().

For x = sa, we find

sl —aj) k=1
z—pij(x) = slaj —ai) k=]
0 i #k# 7,
so {& — pij(x) |z € sL} = T. Hence Rag =T x R = T(Wag). O

The Rag-action on V induces an Rag-action on Qg. This extends uniquely to an Rag-action
on @. In particular Rag acts on the paths of @) and this induces an action on X, the set of small
cycles in Q). Let 3° be the subset of small cycles contained in Q°.

Lemma 5.12. The sets Q5, QS and X° are fundamental domains for the Rag-actions on Qo, Q1
and X respectively.

Proof. By [Hu, 4.5] Wag acts simply transitively on the set of alcoves, which are the connected
components of V' \ Ua, ¢ Ha ¢ with fundamental alcove
Ao ={veV | (v,a) >—-1and (v,e;) >0 forall 1 <i<n}.
Moreover, its closure A, is a fundamental domain for the Wag-action on V' [Hu, 4.8].
Let v € V and write v = Y, mp Y (ax). Then
mi—1 —m;

m m
(v,a0) = —, (v,a1) = ——2 and (v,04) =
s s s

for all 2 <i<n. Thusv € A, if and only if 0 > my > --- > m, > —s and

T_lAO = {imkak

k=1
={veV]vy>0forall0<i<n-—1and v, > —s}.

O>m1>--->mn>—s}
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Hence L, = Y71(A4,) N L and so Qf is fundamental domain for the Rag-action on Qq, by
Lemma 5.11. Let ¢ be a small cycle and X C V the set of vertices that it passes. Since TX
does not lie in any hyperplane it contains a vertex Y (v) that lies in some alcove. Since Wag acts
simply transitively on the set of alcoves there is a unique w € Wag such that wY(v) € A,. By
Lemma 5.11, 7 = T(w) € Rag and

TV € {zn:mkak

k=1

0>m1>--->mn>—s},
which implies

rX € {imkak

k=1

02m1>---2mn2—s}ﬂL:Lo

Since every small cycle is determined by the vertices it passes we obtain that X° is a fundamental
domain for the Rag-actions on X.

Every arrow appears in some small cycle and is determined uniquely by its starting point and
endpoint. Hence ] is a fundamental domain for the Rag-actions on @;. 0

Lemma 5.13. Let C° be a restricted cut in Q° and set C' = RagC°. Then C is a bounding
periodic cut with s(n +1)Le < T < Le.

Proof. By Lemma 5.12, each small cycle has a unique arrow in C. Hence C' is a cut. Moreover,
Rag acts on @1 \ C with fundamental domain Q3 \ C°.

Now let p be a path of length [ > 1 in Q¢. Its orbit under Rag is a path of length [ in Q/Ragn
and so corresponds to a path of length [ in Q.. But in Q. every path has length at most sn so
the same holds for Q¢ and thus C' is bounding.

Since C' = RagC° and T' < Rag we have T' < L¢o. By

is i —a;) =s(n+ 1o stozzfanrl)

=0

we have s(n+ 1)Lo < T. Tt follows that L¢ is cofinite and so C' is periodic. O
Now we are ready to prove Theorem 5.10.

Proof of Theorem 5.10. The claim is well-known for the case n = 1 so we assume that n > 2. Take
C = RagC° and B = s(n+1)L. Then by Lemma 5.13, C is a bounding periodic cut and B < L¢.
Let e € K(Qo/B) be the sum of the idempotents corresponding to the vertices in (BQg)/B.

We claim that for any 0 # A € B we have Qf N AQS = 0 and there are no arrows between QF
and AQ§ in Q. Assume on the contrary that there are v, v’ € Qf such that either v = A’ or there
is an arrow between v and Av’. Since v, v’ € Qf we may write

n
v—0ov = g ME0Ys,
k=1

for some unique —s < my < s. On the other hand A = v — v’ or A = v — v’ & a; for some 7 which
implies A=0as A € s(n+ 1)L C (s +2)L.

It follows that sending paths to their B-orbits defines a bijection between the paths in ° and
the paths in /B that pass only through the vertices in (BL,)/B. Hence there is an isomorphism
¢:I'° — (I'/B)/(1 — e) sending vertices and arrows to their orbits. Since ¢ is homogeneous of
degree 0 it induces an isomorphism from I'g,_ to (I'/B)c /(1 — e). O
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6. NON-COMMUTATIVE ALGEBRAIC-GEOMETRIC APPROACH

‘Non-commutative algebraic geometry’ has been a source of methods and ideas in representation
theory. One important example is Geigle-Lenzing’s theory of weighted projective curves, where
representation theory of canonical algebras is controlled by the geometry of weighted projective
curves. On the other hand, Nakayama functors are nowadays regarded as an analog of canonical
sheaves over algebraic varieties since they play a similar role in derived categories. This point was
recently developed further by Minamoto [M]. He introduced a class of finite dimensional algebras
called “Fano algebras”, which are analog of Fano varieties from the viewpoint of the behaviour of
the Serre functors. Our n-representation infinite algebras are closely related to Minamoto’s “Fano
algebras of dimension n”. Precisely speaking, n-representation infinite algebras are “extremely
quasi-Fano algebras of dimension n” in [MM]. The aim of this section is to show that the category
Z of n-regular modules is equivalent to the category qgr, II, which should be understood as the
category of coherent sheaves of dimension zero over the non-commutative projective scheme qgrII
in the context of Artin-Zhang’s theory [AZ].

For a graded K-algebra I', we denote by qGrI" and qgrI" the quotient categories of GrI" and grI"
(see Section 1.1) by the subcategory of torsion modules. One of the main results in [M] is that, for
any n-representation-infinite algebra (or more generally, “quasi-Fano algebra of dimension n”) A,

L
and its preprojective algebra I, there exists a triangle equivalence II®, —: D(Mod A) a2 D(qGrII)
which makes the following diagram commutative:

L
ne

D(Mod A) ——————= D(qGrII)
= k
HéA -

D(Mod A) D(qGrII).

He also gave a version of this equivalence for bounded derived categories of finitely generated
modules, which is more subtle and plays an important role in our study in this section. Let us
introduce some terminology.

We denote by (D=Y(mod A),DZ%mod A)) the standard t-structure [BBD] of DP(mod A), and
similarly by (D=<°(qgrII), D=%(qgrII)) the standard t-structure on D”(qgrII). We define full sub-
categories of D”(mod A) as follows:

F0 .= {X eD"(modA)| v, (X) e D% modA) for i> 0},
F2% .= {X €D"(modA)| v, (X)ecDZ%modA) for i 0}.
Now we can state Minamoto’s result:

Theorem 6.1 ([M, Theorem 3.7]). Let A be an n-representation-infinite algebra and 11 the pre-
projective algebra. Then 11 is left graded coherent if and only if (F=°, 72°) is a t-structure of

L
D(mod A). In this case, we have a triangle equivalence 1 @x —: DP(mod A) ~ DP(qgrII) which
makes the following diagram commutative

L
DP(mod A) _ Oz DP(qgrII)

T
L

D"(mod A) Lo D"(qgrII).

and induces equivalences 7<= ~ D=0(qgrIl) and .7=° ~ D=°(qgrII).

6.1. Description of n-regular modules. Throughout this section, let A be an n-representation
infinite algebra and IT the preprojective algebra of A. In this section, we will see that methods
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from non-commutative algebraic geometry are quite useful in the study of the category Z in terms
of the preprojective algebra II.

Throughout this section we assume that II is left graded coherent. We identify DP(qgrIT) with
DP(mod A) by the triangle equivalence given in Theorem 6.1. Then we have the identifications

(1) = 1/;1, Dgo(qng) =<0 DZO(qng) =729 and
qgrll = 750 72% = {X € D’(mod A) | v;*(X) € mod A Vi > 0}. (6.1)

Following tradition in (non-commutative) algebraic geometry, we denote by O the image of II
in qgrll. For a set I of integers, let

O(I) :=add{O(i) | i € I}.
Since v, *(A) = O(i) for any i € Z, we have
U =0Z), P =0Zso) and I[—n|= O(Z<o).
Moreover we have the following observations.

Proposition 6.2. (a) €Nqgrll = S[—n|V PV X.
(b) D=%qggrIl) > D=Y(mod A) and D=°(qgrII) C D=%(mod A).

Proof. (a) We have ¢ = \/,,(Z Vv ZV F)[fn] by Theorem 4.17. Moreover we have

v, (X)C 2 (i>0) VXeI[n] by definition,
v (PP (i>0) by definition,
v, (#)C# (i>0) by Proposition 4.15.

Thus the assertion follows.
(b) Since we have 7<% 5 D=%(mod A) and .72% c D=(mod A) by Proposition 2.2, we have the
assertions. O

Lemma 6.3. The following subcategories of D?(mod A) = DP(qgrII) are the same.
(a) mod A NaqgrIl.
(b) {X € modA |Vi>0:v,X) € modA}.
(¢) {X € modA | Vi < n: Ext)(#,X)=0}.
(d) {X €qgrll|Vi>0: Extgng(O,X) =0}.
() {X €qgrll|Vi>0: Extg,q(0(Z<o),X)=0}.

qgrII
Proof. By Proposition 2.3(a), if X and v, (X) belong to mod A for some i > 0, then v, 7(X) €
mod A for any j with 0 < j <4. Thus (a) and (b) are the same by the description (6.1) of qgrII.

(b) and (c) are the same by Lemma 4.16 and Observation 4.8.

For any X € mod A N qgrlIl, we have Exténg(O,X) = BExt) (A, X) = 0 for any i > 0. Thus
(a) is contained in (d). If X € qgrll satisfies Exténg(O,X) = 0 for any ¢ > 0, then X €
D=Y(mod A) NqgrII € D=%(mod A) N D=%(mod A) N qgrII = mod A N qgrIT by Proposition 6.2(b).
Thus (a) and (d) are the same.

Finally the category (e) is also the same since it is clearly contained in (d) and conversely any
X € mod A N qgrll satisfies Extang(O(Z@),X) = Ext}™"(#,X) = 0 for any i > 0 by (c) and
hence belongs to the category (e). O

We introduce non-commutative analogue of local cohomology [AZ, BH, BV].

Definition 6.4. Let I' = @i>0 T'; be a graded K-algebra with dimI'; < oo for any ¢ > 0. For
X € grT', we define the i-th local cohomology by
Hy, (X) = ling () Exctiy (P, X (1)),
J eez

where the symbol m refers to the ideal @,.,I'; of I.

>0
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Define the dimension of X by
dim X :=sup{i > 0 | H,,(X) # 0}.
For each ¢ > 0, define the full subcategory of grI' by
gry,li={X egrl | dimX < ¢}
and let qgr,_; I' be the corresponding full subcategory of qgrI'.
Now we have the following description of n-regular modules.

Theorem 6.5. Let A be an n-representation infinite algebra, Z the category of n-reqular modules
and I the preprojective algebra of A. Assume that I1 is left graded coherent. Then

Z = qgry 1L
Let us start by recalling the following basic result, where we for i > 0 write

Ext'(0, X) := @ Extly, (0, X (£)).
LEL

Proposition 6.6 ([BV, Lemma 4.1.5]). For any X € grIl, we have an exact sequence
0— HY(X) = X — Hom(O,X) — HL(X) =0

and an isomorphism Ext'(O, X) — HLY(X) for any i > 1.

This immediately gives us the following description of qgr, II.
Lemma 6.7. For any {, we have
qgre I ={X € qgrII| Extqg,H(O(Z),X) =0Vi>{(}.
Proof. We have
dmX </+ 1= HM(X)=0Vi>¢

— Ext'(0,X)=0Vi>{ by Proposition 6.6,
= Extly,q(O(Z),X) =0V i> L.

Thus the assertion holds. O

Now we are ready to prove Theorem 6.5.

Proof of Theorem 6.5. We have equalities
# ={X € mod A | Ext} "(#,X) = 0=Exti(£,X)=0Vi>0} by Observation 4.14,

= {X € mod A NqgrIl | Ext (£, X) = 0Vi >0} by Proposition 6.3(a) and (c),
={X €modANqgrll | Extqng(O(Zzo),X) =0Vi>0} since & = O(Z>o),
={X €qgrll| Extqg,H(O(Z), )=0Vi>0} by Proposition 6.3(a) and (e),
=qgry 1l by Lemma 6.7.

Thus the assertion follows. O

As an application, we have the following result.

Corollary 6.8. The following full subcategories of DP(qgrII) are the same.
(a) L[-n]VLPVZR.
(b) € Naqgrll.
(c) O(Z)V qgry 1. ,
(d) {X €qgrlT |Vie{2,...,n}: H.,(X) =0}.
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Proof. (a) and (b) are the same by Proposition 6.2(a), and (a) and (c) are the same by Theorem 6.5.
We will show that (b) is equal to (d). For X € qgrII, we have

X €€ < BExtlyn(0(Z),X)=0V1<i<n-1 since S[—n| Vv & = O(Z),
—HM(X)=0vV1<i<n-—-1 by Proposition 6.6.
Thus the assertion follows. ]

We end this section with posing the following conjecture, which we believe to be true from our
experience in the classical case n = 1.

Conjecture 6.9. Z is non-zero for any n-representation infinite algebra.

When II is left graded coherent, then by Theorem 6.5 this is equivalent to asking for the existence
of X € gryII which is infinite dimensional. We will see in Corollary 6.13 that Conjecture 6.9
has a positive answer for n-representation tame algebras, which are the main object in the next
subsection.

6.2. n-representation tame algebras. In this subsection we introduce a class of n-representation
infinite algebras which we can control. Recall that a ring I" is called a Noetherian R-algebra (or
simply Noetherian algebra) if R is a commutative Noetherian ring and T' is a finitely generated
R-module. If ' is a Noetherian algebra, then it is a Noetherian Z-algebra for the center Z of T

Definition 6.10. We say that an n-representation infinite algebra A is n-representation tame if
its preprojective algebra is a Noetherian algebra.

The name is explained by part (a) of the following example, which tells us that representation
tame path algebras are 1-representation tame.

Example 6.11. (a) The path algebra KQ of an extended Dynkin quiver @ is 1-representation
tame. In fact II is Morita equivalent to the skew group algebra K|[z,y] * G of a finite
subgroup G of SLy(K), and this is a finitely generated module over the invariant subring
K|z, y]® which is Noetherian.

(b) Any n-representation infinite algebra of type g, as introduced in Section 5, is n-representation
tame. In fact II is isomorphic to the skew group algebra K|z, ..., z,]|*H of a finite abelian
subgroup H of SL,,4+1(K) by Theorem 5.6 and Lemma 5.3, and this is a finitely generated
module over the invariant subring K[z, . .., z,]¢ which is Noetherian.

We can control modules over a Noetherian algebra by using techniques from commutative alge-
bra. For example, the dimension introduced in Definition 6.4 turns out to be the Krull dimension:

Proposition 6.12. Let " and X be as in Definition 6.4. Assume that I is a Noetherian R-algebra
for a graded K -subalgebra R of I'. Then the dimension dim X given in Definition 6.4 coincides
with the Krull dimension dimg X of the R-module X .

Proof. Clearly we have HY (X) = 1i_1>nj Homp(R<;,X). Taking right derived functors, we have
H (X) = hﬂj Extz(R<;, X). Thus the assertion follows from [BH, Theorem 3.5.7]. O

As an application, we give some consequences of results in the previous subsection.

Corollary 6.13. Let A be an n-representation tame algebra over a perfect field K.

(a) We have dim Ry > n+ 1 for any mazimal ideal n of R such that IT, # 0.
(b) The category % is non-zero.
(c) An object X € qgrll satisfies H:, (X) = 0 for any 1 <i <n if and only if X € O(Z).

Part (b) above gives a positive answer to Conjecture 6.9. Part (c) gives a non-commutative
generalization of Horrocks criterion for projective spaces [OSS, Theorem 2.3.1].
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Proof. (a) By Proposition 4.34, we have
Homp mod my (X, I1[i]) = D Hompmod ) (H[7], X[n + 1]) = 0

L
for any X € Dg};(ModTI) and 0 < i < n. Now let X :=[I®@g R/n € Dg};(ModTI). Then
Ext} (R/n, IT) = Homp(mod gy (R/n, 11[i]) = Homp(moedr) (X, T[i]) = 0

for any 0 < ¢ <n. Thus we have dim R,, > depthIl,, > n.

(b) There always exist a graded II-module X with dimg X = 1.

(c) If X € O(Z), then X € grprojII and we have Ext(Tl;, X) = D Ext:™ 7/ (X,TI.;) = 0 for
any i < n+ 1 by Proposition 4.34. Thus we have H:, (X) = 0 for any i < n + 1.

Conversely, assume H: (X) = 0 for any 1 < i < n. By Corollary 6.8, we have X € O(Z)Vqgr, I1.
If X has a non-zero direct summand Y in qgry I, then dimpr X = 1 by Proposition 6.12 and we
have HL (Y)) # 0, a contradiction to HL (X) = 0. Thus we have X € O(Z). O

In this section, we describe the category Z of n-regular modules over an n-representation infinite
algebra in terms of the categories of finite dimensional modules over certain infinite dimensional
algebras associated with the preprojective algebra.

In the rest of this section, let I' = 691'20 T'; be a graded K-algebra such that dimg I'; < oo for
any i. Assume that I' is a ring-indecomposable Noetherian R-algebra for a graded K-subalgebra R
of I'. Then Ry is a finite dimensional local K-algebra. Moreover we have the following observation.

Proposition 6.14 (e.g. [BH, 1.5.5]). Under the above assumptions, R is a finitely generated K -
algebra.

Proof. For the convenience of the reader, we include a proof. Clearly dimg R; < oo for any ¢ > 0.
In particular we only have to show that R is a finitely generated Rgp-algebra. Assume that R is
not finitely generated. Then we can choose an infinite sequence (a1, as,as,...) of homogeneous
elements in R satisfying the following conditions:

e qy € Ry, and 1 <dy <dy <dg<---.

e R= Ro[al, az,as, .. ] and Ai4+1 ¢ Ro[al, as, ..., ai].
Then we have
doy1—1
Ro[al,...,ag] D @ R;. (6.2)
i=0
We show that agy1 does not belong to the ideal of R generated by aq, ..., as. Otherwise there exist
homogeneous elements by, ...,by € R such that
agy1 = a1by + - - + agby. (6.3)
Clearly the degree of each b; is smaller than dysy;. By (6.2), we have b; € Rglai,...,as]. This
implies agy1 € Rolas, ..., ae] by (6.3), a contradiction.

Thus we have an infinite increasing chain
(a1) € (a1,a2) € (a1,az2,a3) S ---
of ideals of R, a contradiction. O

As usual we denote by Spec R the set of all prime ideals of R and by MaxSpec R the set of all
maximal ideals of R. We denote by Ry := @,., R;, and by m the unique maximal prime ideal of
R containing R.. We denote by Proj R the set of all homogeneous prime ideals of R not containing
P~ Ri, and by MaxProj R the set of maximal elements of Proj R with respect to inclusion.

For X € grI', we denote by Suppyp X the set of all p € Spec R such that X, # 0. For
p € MaxProj R, we denote by gr,, I' the full subcategory of gr I' consisting of X such that Suppy X C
V(p) :={q € SpecR | p C q}.

We need the following preparation.

Lemma 6.15. (a) For any p € MaxProj R, the ring R/p has Krull dimension one.
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(b) For X € modT the following are equivalent:
X efdTy

X has finite length as a T'-module;

X has finite length as an R-module;
Suppp X € MaxSpec R.

Proof. (a) This is well-known [BH, Theorem 1.58].

(b) Since R is a finitely generated K-algebra by Lemma 6.14, any simple R-module is finite
dimensional. Thus X is finite dimensional if and only if it has finite length as an R-module. It is
clear that X has finite length as an R-module if and only if Suppyp X C MaxSpec R.

If X has finite length as an R-module, then it clearly has finite length as a ['-module. It remains
to show that any finite length I'-module has finite length as an R-module. We only have to show
that any simple I-module X has finite length as an R-module. We know that R/anng X is a
subring of Endr(X), which is a division algebra. Since Endr(X) is a finitely generated R-module,
the ring R/ anng X has to be a field. Thus X is a finitely generated R-module annihilated by a
maximal ideal, so it has finite length as an R-module. (]

We have the following decomposition of qgr,I'.
Proposition 6.16. We have qgryI' = ]_[pelvlaxpmjngrp T.

Proof. Clearly we have Homgg,r(X,Y’) = 0 for any X € qgr, ' and Y € qgr, " with p # g.
Thus we only have to show that, for any X € gr; I' without non-zero finite dimensional sub-
modules, there exists I'-submodules X7, ..., X, satisfying the following conditions:

(i) For any i =1,...,¢, we have X; € qgr,, I' for some p; € MaxProj R.
(i) YO, Xi = @, X, and dimg (X/ Y1, X;) < 0.
Then we have X = @le X; in qgrT.
Let Suppyp X = Ule V(p;). Fori=1,...,¢ let

X; ::ZY

where Y runs over all I'-submodules of X such that Suppz ¥ C V(p;). Then Suppg X; C V(pi),
so (i) holds. Now we show (ii). By Lemma 6.15(b), we only have to show Suppp(X/ Zle X;) C
MaxSpec R. Since

¢ ¢
SUPPR(X/ZXi) C () Suppr(X/Xi),

i=1 i=1

we only have to show p; ¢ Suppp(X/X;). Assume p; € Suppyr(X/X;). Then p; also belongs to
the set of associated prime ideals Assp(X/X;), since minimal elements in Suppz(X/X;) belong to
Assp(X/X;). Thus we have an element z € X such that the image T € X/ X, satisfies RT = R/p;.
Let Y := X; 4+ I'z. Then Y/X; = I'T is annihilated by p;, so we have Suppr(Y/X;) C V(p;). This
implies Suppr Y C V(p;), a contradiction to the maximality of Xj. O

Next we show that the category qgr, R has a very simple description for any p € MaxProj R.
For any p = @izo p; € Proj R, we denote by R, the localization of R with respect to the
multiplicative set consisting of homogeneous elements in R\p. Clearly Ry, has a structure of a

graded K-algebra R, = P,z Rppi- We let Ry := Ry 0. In other words,

Rip) O Ry = ZRz'(Ri\P)fl-
i>0



34 HERSCHEND, IYAMA, AND OPPERMANN

Similarly we define I'jp) and 'y, and also X[, and Xy, for X € grI™

T =T ®r Ry DTy = > Ti(Ri\p) ™,
i>0

Xppp = X @r Ryp) D Xy = Y Xi(R\p)™".
i>0

Clearly this gives a functor (—)): grl’ = modT'(,y, which is the composition of (—),): gr[' —
mod ' and (—)o: mod T’ — modT'(,). Since X, = 0 holds for any X € grI' which is finite
dimensional, we have an induced functor

(_)(p): qng — mod F(p)

It is easily checked that this functor is exact and dense. When p € MaxProj R, we have the
following much stronger result.

Theorem 6.17. Assume that T is generated by I'g and Ty as a K-algebra. Then for any p €
MaxProj R, the functor (—)(y) induces an equivalence agr, I' = fd I'yy.

First we observe the following easy property of I'y.

Lemma 6.18. Assume that I is generated by 'y and I'1 as a K -algebra.
(a) We have I'y) —iT'1p)i = Ly for any i € Z.

(b) We have I',(i) € addgrr,, (') for any i € Z.
Proof. (a) By our assumption, we have I';I'; = I';y; for any 4,j > 0. Take r € Ry\p with ¢ > 0.
Since r* € Ty = [y—;iTi, we have 1 € (T'yp—ir~%) - T; C L'ip),—iL'[p),s;- Thus we have the assertion for
1 > 0. The case i < 0 follows similarly.
(b) We can identify Homg, (L' (i), ' (4)) with Ty ;s Then the equality in (a) shows
Homg,r,, (Lppy (@), Tryp) -Homgr, (L) Ty (8)) = Endgry, (L'p1(4)). This implies the assertion. [

Now we denote by grfd I'|,) the full subcategory of grI', consisting of degreewise finite dimen-
sional modules. We have the following equivalence.

Proposition 6.19 (cf. [NV, Theorem 1.3.4]). Assume that T' is generated by T'o and T'y as
a K-algebra. We have an equivalence (—)o: grl'y) — modD'(,) which induces an equivalence
(—)0: grfd F[p] — fd F(p)

Proof. We show that the functor I'ip; ®p,) —: modI'(,) — grI'|, gives a quasi-inverse. Clearly the
composition (I'jy) ®r,, —)o is isomorphic to the identity functor on mod ().

We have a morphism a: Iy ®r,, (=)o — idgrry,, of functors on gr 'y given by ax: Iy ®r,
Xo — X where ax(y® z) = yx for any v € I'jp) and # € Xg. Clearly ax is an isomorphism if

X € addgr;, (I'p)). For arbitrary X € grI'|,, there exists a projective presentation P’ 9 p
X — 0in grI',) with P, P" € addg 1, (') by Lemma 6.18(b). Applying '\ ®r,, (—)o, we have
a commutative diagram

, Lp1®g0 Cip®fo
L @r,, o > L) ®r,,y Fo >y @1,y Xo >0

Z\LQP’ ?\LQP \Lax
f

P’ g P X 0,

where the left and middle vertical maps are isomorphisms. Thus ax and hence « is an isomorphism.

Clearly (—)o gives a functor grfd I'yy) — fd I'(p), and I'y ®r ) — gives a functor fd ',y — grfd L'y
since I'fy) ; is a finitely generated right I'(,)-module by Lemma 6.18(b). Thus we have an equivalence
gr fd F[p] — fd F(p). ]

We also need the following elementary observations.
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Lemma 6.20. Let p € MaxProjR and X € gr,I'. Assume that X does not have non-zero finite
dimensional submodules.

(a) Any element in R\p is X -regular.

(b) For any r € Ro\p, the map r: X; — X,y is bijective for any i > 0.

(c) The natural map X — Xy induces an isomorphism X; — Xyy); for any i > 0.

Proof. (a) Fix r € R\p and assume rz = 0 for some € X. Then I'z is annihilated by (r)+anng X,
so it is supported only by maximal ideals of R. Thus I'z is finite dimensional by Lemma 6.15(b),
and we have x = 0 by our assumption.

(b) Consider an exact sequence

0K X5D5 X 50— 0.

Since K and C' are annihilated by (r) + anng X, they are supported only by maximal ideals of R.
Thus K and C are finite dimensional by Lemma 6.15(b), and we have the assertion.

(c) Pick € Ry\p as in (b), and let a € Z such that the map r: X; — X;1¢ is bijective for all
i > a. We will show that the natural map X; — X[, ; is an isomorphism for any i > a. Any
element of X[,;; can be written as xs~! for some x € X;1; and s € R; \ p with j > 0. Replacing
(z,5) by (vs'~1, s%), we can assume that j is a multiple of £. By (a), the map s: X; — X,
is injective. Since ¢ > a and j is a multiple of ¢, we have dim X; = dim X;;;. Thus the map
s: X; — X,;1; is bijective. Hence there is y € X; such that ys =z, so zs™! =y € X,. O

As a consequence, we have the following equivalence.
Proposition 6.21. The functor (—)p): grl' — grl'p) induces an equivalence qgr, I' — grfd T,

Proof. Since all finite dimensional I'-modules are annihilated by some homogeneous element in
R\p, they are sent to zero by the functor (—)p,). Thus we have an induced functor qgrI' — grI'fy).

In the rest, we fix a homogeneous element r € Ry\p for some £ > 0. We show X, € grfd ',
for any X € gr, I' without non-zero finite dimensional submodules. By Lemma 6.20(c), we have
dim X|p;; < oo for ¢ > 0. Since we have an isomorphism r: X, ; — Xy 4 for any ¢ € Z, we
have the assertion. Thus we have a functor (—)): qgr, I' — grfd ')

We consider the functor (—)>o: grfdl';p; — GrI' sending Y = P,.,Yi to Y>0 := @5, V-
Since Y;y¢ = rY; holds for any ¢ € Z, we have that Y>¢ is generated by Yy, Y1,---,Y,—1. Thus
Y>o € grI. Since any homogeneous element in R\p is (Y>)-regular, any associate prime ideal of
Y>¢ is contained in p. On the other hand, since the Hilbert function of Y>¢ is bounded, the Krull
dimension of ¥>¢ is at most one ([BH, Theorem 4.1.3]). Thus Suppz(¥Y>0) C V(p), and we have
Y>o € gr, I'. Consequently, we have a functor (—)>o: grfd ') — gr,I'. We will show that the
functors (—)>o and (—), induce mutually quasi-inverse equivalences between gr fd I'|,; and qgr, T'.

For any X € qgr, I', the natural map X — X\, gives a morphism SBx: X = X>o — (X[p))>0
in ggr, I'. This is an isomorphism in qgr, I' by Lemma 6.20(c). Thus we have an isomorphism
B+ idagr, 0 — ((—)[p]) >0 of functors on qgr, IT'.

For any X € grfd '}, we have a natural inclusion yx : (X>0)p) — X, which gives a morphism
v: ((=)20)p) — idgrea ry, of functors on grfdI'y,). For any homogeneous element x € X;, we have
x = (zr?)r=7 where zr? € X;1¢; and 17 € Ry;\p. Taking j large enough, we have zr/ € X>( and
we have x € (X>0)fp). Thus vx is an isomorphism, and v is an isomorphism of functors. O

We have now completed the proof of Theorem 6.17:

Proof of Theorem 6.17. We only have to compose the equivalences given in Propositions 6.19 and
6.21. O
Now we apply the above results to give a description of the category Z.

Again let A be an n-representation tame algebra, so the preprojective algebra IT is a Noetherian
R-algebra for a graded K-subalgebra R of II. Now we apply the above results to (T, R) := (II, R),
which satisfies the assumption in Theorem 6.17.
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Theorem 6.22. Let A be an n-representation tame algebra. Assume that the preprojective algebra
II is a Noetherian R-algebra for a graded K -subalgebra R of II. Then we have

#Z= ][] fdl).

peMaxProj R
Proof. We have

R = qgro 11 by Theorem 6.5,
= H qgr, 11 by Proposition 6.16,
peEMaxProj R
= H fd IL () by Theorem 6.17.

peMaxProj R

Thus the assertion follows. O

This is very similar to the well-known result in representation theory of tame hereditary algebras.
We end this section by giving another property of n-representation tame algebras, which is
analogous to the classical case n = 1.

Corollary 6.23. Let A be n-representation tame. Then there exists a positive integer £ such that
8(X) =2 X holds for any X € %.

n

Proof. Without loss of generality, we can assume that X is indecomposable and that ¥ € qgr, 1
corresponds to X. Since R is a finitely generated K-algebra, there exists ¢ > 0 such that R is a
finitely generated Ro[R¢]-module, where Ro[Ry] is an Rp-subalgebra of R generated by Re. Then
for any p € MaxProj R, there exists a homogeneous element r € Ry\p. The morphism r: ¥ — Y ({)
is an isomorphism in qgr, I by Lemma 6.20(b). This means X ~ 7,,¢(X) in Z. O

Example 6.24. (a) Let A be a path algebra of an extended-Dynkin quiver, which is 1-
representation tame as we observed in Example 6.11(a), and II be the corresponding
classical preprojective algebra. Then our description #Z = qgryll in Theorem 6.5 was
already given by Lenzing [L], and the decomposition of % in Theorem 6.22 is well-known.

(b) Let A be a Beilinson algebra of dimension n. This is n-representation tame as we observed
in Example 6.11(b), and II is a skew group algebra S * H of a polynomial algebra S =
Klxg,...,x,] and a subgroup H of SL,,+1(K) generated by the scalar matrix diag(¢,--- , ()
where ( is an (n+ 1)-th primitive root of unity. Then we have # = qgr, Il by Theorem 6.5,
which is easily shown to be the same as qgr, S = cohy P".

7. DERIVED AND REPRESENTATION DIMENSION OF n-HEREDITARY ALGEBRAS

The notion of representation dimension was introduced by Auslander to measure how far an
algebra being from representation finite. Let us start with recalling the definition.

Definition 7.1 (Auslander [A2]). The representation dimension of A is defined by
repdim A := inf{gl.dimEnda (A & M & DA) | M € mod A}.
Auslander showed in [A2] that for a finite dimensional algebra A we have

. <2 if A is representation finite,
repdim A o L
>3 if A is representation infinite.
We suspect that a similar statement holds for n-hereditary algebras. More precisely we conjecture
the following;:

Conjecture 7.2. Let A be an n-hereditary algebra. Then
<n+4+1 if A is n-representation finite,

repdim A {

>n+2 if A is n-representation infinite.
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By Auslander’s result the conjecture holds for n = 1. We will see in this section that it also
holds for n = 2. For n > 2 we show that the conjecture holds if A is n-representation finite or
n-representation tame.

We first observe that the statement for n-representation finite algebras follows immediately from
earlier work:

Proposition 7.3. Let A be an n-representation finite algebra. Then repdim A < n + 1.

Proof. Let M be an n-cluster tilting A-module. Clearly we have A @ DA € add M. Moreover we
have gl.dim End (M) < n + 1 by [I2, Theorem 0.2]. O

Next we show that Conjecture 7.2 holds for n = 2.
Theorem 7.4. Let A be an n-representation infinite algebra for n > 2. Then repdim A > 4.

Proof. By Corollary 4.10, the subcategory &2 of n-preprojective modules in mod A containes
infinitely many indecomposable objects, and moreover satisfies Ext} (2, #) = 0 for any i €
{1,...,n — 1}, in particular Extjl\(gz, &) = 0 since we assumed n > 2.

On the other hand, it has been shown in [I2, Theorem 5.5.1(1)] that for algebras of representation
dimension at most 3 there does not exist an infinite set {X;};c; of indecomposable modules such
that Extl(Xi,Xj) = 0 Vi,j € I. Combining these two results we see that an m-representation
infinite algebra has representation dimension at least four. 0

In the rest of this section, we study the representation dimension of n-representation tame
algebras. More precisely we show the following.

Theorem 7.5. Let A be an n-representation tame algebra over a perfect field K. Then repdim A >
n+ 2.

The dimension of a triangulated category, introduced in [Ro], and certain generalizations in-
troduced in [O] have proved to be useful for studying representation dimension. Let us recall the
definition.

Definition 7.6. [Ro, O] Let 7 be a triangulated category. For T' € 7, we put
(T)1 :=add{T[i] | i € Z},
(T)ep1 =add{X € 7 |IY = X = Z > Y[l] withY € (T)1, Z € (T),}.

The dimension of 7 is defined by
dim 7 :=inf{¢ | 3T € & with (T)p41 =T }.

More generally, for a subcategory . C .7, the dimension of . is defined by
dimg . :=inf{l | IT € T with (T)e+1 2 L}.

Using this notion, we obtain the following refinements of our Conjecture 7.2.

Conjecture 7.7. Let A be an n-representation infinite algebra. Then

(1) The dimension of the category % of n-regular modules is dimps(mog Ay Z = N.
(2) The dimension of the module category is dimppmodq o) Mod A = n.
(3) The dimension of the derived category is dim D®(mod A) = n.

Remark 7.8. o We have
dimps (mod ) Z < dimpo (med ay mod A < dim D" (mod A) < gl.dim A = n,

where the last inequality is [KK, Corollary 3.6]. Thus we get the implication (1) =
(2) = (3) in Conjecture 7.7.

e Clearly Conjecture 7.7(1) implies the existence of non-zero n-regular modules, that is a
positive answer to Conjecture 6.9.
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e By [O] we have repdim A > dimpp (moq o) mod A + 2. Thus Conjecture 7.7(2) implies Con-
jecture 7.2.

We will prove now that Conjecture 7.7(1) holds for n-representation tame algebras. Thus, by the
above remark, all parts of Conjecture 7.7 as well as Conjecture 7.2 hold for this class of algebras.

Theorem 7.9. Let A be an n-representation tame algebra. Then dimpp(moq oy #Z = n. In particular
repdim A > n + 2.

By Remark 7.8 we already know that dimpomeqa)# < n, thus it remains to show that

dimpb (mod ) #Z > n. We use Minamoto’s derived equivalence DP(mod A) ~ DP(qgrII) (see Sec-
tion 6), which induces an equivalence Z =~ qgr, II by Theorem 6.5. Thus Theorem 7.9 follows from
the following.

Proposition 7.10. Let A be an n-representation tame algebra and II the preprojective algebra of
A. Then dimpp (qgrm) 981 [T > 7.

Our strategy of the proof is mostly parallel to [KK], the difference is that II is non-commutative
here, so we need to be careful about the interplay of II and its center Z.

Proof. First observe that, since the center Z of II is a finitely generated K-algebra algebra by
Proposition 6.14, we can use Noether normalization to find a graded polynomial subring R of Z
such that II is a Noetherian R-algebra.

Let T be any object in DP(qgrII). Restriction to the (commutative) scheme Proj R gives an
object T|projr € D?(cohProj R). Since R is regular, it is not difficult to see ([KK, 4.1]) that there
is an open subset U C Proj R such that

(Tlproj r)(p) € (R()), forany peU. (7.1)

Take any p € U NMaxProj R and non-zero X € qgr, II. Then X ;) is a non-zero finite dimensional
II(,)-module. By the Auslander-Buchsbaum formula,

proj. dimR(p) Xp) =dim R,y > n,

where the last inequality follows from Corollary 6.13(a) and Lemma 6.15(a).
An easy application of the Ghost Lemma, see for instance [KK, 2.4], shows that this implies
that X |r,, & <R(p)>n' It follows from (7.1) that also

X ¢(T),
Otherwise we obtain a contradiction by localizing at (p) and restricting to Ryy).

Thus we have shown that
dimpp (qgr11) 4810 II > 1. ]
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