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Kurzzusammenfassung

Der Begriff der Darstellungdimension einer endlichdimensionalen Algebra
wurde von Auslander eingefithrt. Er zeigte, dass eine Algebra genau dann
endlichen Darstellungstyp hat, wenn ihre Darstellungsdimension hochstens
zwei ist, und erwartete, dass die Darstellungdimension darstellungsunend-
licher Algebren ein Maf} dafiir sein sollte, wie weit die betreffende Algebra
davon entfernt ist, darstellungsendlich zu sein.

Waéhren in vielen Fallen, und dank Iyama auch im Allgemeinen, obere Schran-
ken fiir die Darstellungsdimension bekannt sind, gibt es nicht-triviale untere
Schranken bisher nur fiir zwei (dhnlich konstruierte) Serien von Algebren. In
dieser Arbeit werden neue untere Schranken fiir Auslanders Darstellungsdi-
mension konstruiert und allgemeinere Methoden hierfiir entwickelt.
Zunachst betrachten wir die Gruppenalgebren elementarabelscher Gruppen
und zeigen, dass ihre Darstellungsdimension gréfler als der Rang der Gruppe
ist. Daraus ergibt sich ein Beweis einer Vermutung von Benson beziiglich der
Loewylange von Blocken von Gruppenalgebren.

Dann wird ein Dimensionsbegriff fiir Modulkategorien eingefithrt. Dieser
ermoglicht es, bessere untere Schranken fiir die Darstellungsdimension zu
finden, und insbesondere erstmals fiir nicht selbstinjektive Algebren mit Dar-
stellungsdimension grofler als drei den genauen Wert der Darstellungsdimen-
sion zu bestimmen.

SchlieBlich geben wir ein allgemeines Kriterium, um untere Schranken fiir
Auslanders Darstellungsdimension zu finden: Wenn es eine Familie von Mod-
uln gibt, so dass geniigend viele Mitglieder dieser Familie bestimmte d-
Erweiterungen haben, dann ist die Darstellungsdimension mindestens d + 2.
Es wird an einigen interessanten Familien von Algebren gezeigt, wie das
Kriterium angewendet wird, und dass es héufig den richtigen Wert fiir die
Darstellungsdimension liefert.



Abstract

The notion of representation dimension of a finite dimensional algebra has
been introduced by Auslander. He has shown that an algebra is of finite
representation type if and only if its representation dimension is at most two.
He has expected that the representation dimension of a representation infinite
algebra should measure how far this algebra is from being representation
finite.

In many cases, and, thanks to Iyama, also in general, upper bounds for
the representation dimension are known. However there are non-trivial lower
bounds only for two (similarly constructed) series of algebras. In this thesis
new lower bounds for Auslander’s representation dimension are constructed,
and more general methods are developed.

First we consider group algebras of elementary abelian groups. We show
that their representation dimension is greater than the rank of the group.
This leads to a proof of a conjecture of Benson concerning the Loewy length
of blocks of group algebras.

Then a notion of dimension of a module category is introduced. This
notion enables us to find better lower bounds for the representation dimen-
sion. In particular it allows us for the first time to determine the value of
the representation dimension of non-self-injective algebras of representation
dimension greater than three.

Finally we give a general criterion for finding lower bounds for Auslander’s
representation dimension: Suppose there is a family of modules, such that
sufficiently many members of the family have certain d-extensions. Then the
representation dimension of the algebra is at least d + 2. We illustrate how
this criterion is applied on some interesting families of algebras. It turns
out that the lower bound is often the precise value of the representation
dimension.
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1 Introduction

In 1971, Auslander [2] has introduced the notion of representation dimension
of a finite dimensional algebra. His definition is as follows:

Definition. The representation dimension of a finite dimensional algebra A
is

repdim A = min{gld End, (M) |M is a finite dimensional A-module and
generates and cogenerates the category of

finite dimensional A-modules}

Here Endy (M) is the A-endomorphism ring of M and gld denotes the global
dimension of a ring, that is the supremum of the projective dimensions of all
modules over that ring.

Auslander has shown that an algebra is of finite representation type, that
is, it admits only finitely many indecomposable modules up to isomorphism,
if and only if its representation dimension is at most 2. We will give a proof of
this fact as Corollary 2.1.3. This led Auslander to the expectation, that the
representation dimension of a representation infinite algebra should measure
how far this algebra is from having finite representation type.

Unfortunately, it turned out to be rather hard to compute the actual
value of the representation dimension of a given algebra. However, in 2003
Iyama [11] has given a proof that the representation dimension of a finite
dimensional algebra is always finite. He did so by explicitly constructing a
module M with gld End, (M) finite, so the minimum in the definition above
is always finite. When applied to a given algebra, this method yields an
upper bound for the representation dimension of this algebra. Here we will
explain Iyama’s method in Section 6 and in particular as Theorem 6.1.

By Auslander’s result mentioned above, it was known that any represen-
tation infinite algebra has representation dimension at least three. However,
it was not known whether numbers greater than three can occur as the rep-
resentation dimension of a finite dimensional algebra, until Rouquier [16] has
shown in 2005 that the representation dimension of the exterior algebra of an
n-dimensional vector space is always n + 1. This fact will be explained here
as Theorem 2.4.1. His result shows that any natural number (# 1) occurs
as the representation dimension of some algebra. In order to show that the
representation dimension of the exterior algebra is at least n + 1, Rouquier
introduced the notion of dimension of a triangulated category, and showed
that the dimension of the bounded derived category, and, for self-injective al-
gebras, of the stable module category, can be used to establish lower bounds



for the representation dimension. This method will be explained in detail in
2.2.

Using similar methods, Krause and Kussin [12] have been able to establish
a lower bound for another family of algebras. They have shown that the
representation dimension of the algebra kQ /I, with

1 1 1
1 2 3 N-1
Q=0 . o . o o . o and
- - -
TN TN TN

I = (xpxm — TTy).

has representation dimension at least N — 1. The case N = 2 indicates that
this lower bound is not the precise value.

The main aim of this thesis is to improve and generalize the methods of
the two papers mentioned above. We will find lower bounds for the repre-
sentation dimension of a larger class of algebras, and more general methods
to establish lower bounds for the representation dimension of a given family
of algebras.

The first result presented here covers the group algebras of elementary
abelian groups. Since group algebras are self-injective, the stable module
category, which will be denoted be kG -mod, is a triangulated category. Then
we will prove the following:

Theorem 1. Let k be a field of characteristic p, C} the elementary abelian
group of order p”. Then

dim k:Cg -mod >n — 1.

It should be noted that Rouquier’s analysis of the exterior algebras in-
cludes the case p = 2 of this theorem. One main idea of Rouquier’s proof
is to use Koszul duality to transfer the problem to a question on coherent
sheaves on projective space, and use results from commutative algebra there.
In contrast, we will work directly in the module category and show that cer-
tain morphisms factor through projective modules, and therefore vanish in
the stable category.

By results of Rouquier it follows that the representation dimension of kC
is at least n + 1. Generalizing ideas from Rouquier’s paper we obtain the
same lower bounds for group algebras of groups containing such elementary
abelian subgroups, and finally for arbitrary blocks of group algebras:



Corollary 3.2.4. Let k be a field of characteristic p. Let GG be a finite group,
B a non-semisimple block of kG and D a defect group of B. Then

dim B-mod > p-rank(D) — 1 and repdim B > p-rank(D) + 1,

where p-rank(D) denotes the maximal rank of an elementary abelian sub-
group of D, that is the maximal r such that there is a monomorphism
ECT —— D.

p

Since the representation dimension of a self-injective algebra is bounded
above by its Loewy length, denoted by LL, we obtain the following corollary,
which had been conjectured by Benson.

Corollary 3.2.5 (Benson’s conjecture). Let k be a field of characteristic
p. Let G be a finite group, B a block of kG, and D a defect group of B.
Then

LL B > p-rank(D).

The second and main result of this thesis is a more general method to
establish lower bounds for the representation dimension of classes of algebras.
The main ingredients are as follows:

We extend Rouquier’s definition of dimension of a triangulated category
to arbitrary subcategories of triangulated categories. Looking at the dimen-
sion of a module category (as subcategory of its derived category) will allow
us to find better lower bounds than by considering only the dimension of the
derived category. In many examples we will even be able to show that the
representation dimension is strictly larger than the dimension of the derived
category. In particular we will be able to improve Krause and Kussin’s bound
to N + 1, which will then be shown to be the precise value.

We encode families of modules in lattices, which then automatically also
contain some information about the extensions between the members of the
families. More precisely, in order to find a lower bound for the representation
dimension of a finite dimensional algebra A over a field k, we choose a A®y R-
lattice L (where R is a polynomial ring over k, or an integral quotient of such
a polynomial ring), such that the modules in the family are just the quotients
of L modulo the maximal ideals of R. This construction yields a functor

L ®r—: R-mod —— A-Mod,

which is exact and therefore also induces maps between corresponding Ext-
groups.
These ideas lead up to the following result:



Theorem (Corollary 5.1.6). Let L be a A®y, R-lattice, and d € N. Assume
the set

{p € MaxSpec R | (L ®g —)(Exth(R,-f.1, R,-f.1)) # 0}
is Zariski dense in MaxSpec R. Then
repdim A > d + 2.

We actually prove a refinement of this theorem, which works with com-
plexes of injective modules in the derived category (Theorem 2) and a version
which is easier to apply to examples (Theorem 3). It turns out that these
theorems provide useful lower bounds for the representation dimension in a
variety of situations, in many of which we will see that they are equal or very
close to the correct number.

We reprove Rouquier’s result on the representation dimension of the exte-
rior algebra of an N-dimensional vector space and generalize it to the quotient
of the exterior algebra modulo the L-th power of the radical (Theorem 7.1.1).
For L # N we can show that the lower bound we find for the representation
dimension is the precise value.

We prove that the representation dimension of k[x, ..., zx]/(x1, ..., 25)F
is at least min{L + 1, N + 1} (Theorem 7.2.1). For N > L we are able to
show that this is the correct number. This result carries over to algebras of
the form kQ/I, with

1 2 ~ 3 L—1 ~ L
Q=0 . o = o -+ o0 - o and
TN TN TN

I = (zpxy — Tpxy | 1 <m,n < N)

(Theorem 7.2.6). This generalizes the family considered by Krause and
Kussin. Especially we improve the lower bound in their case (L = N) from
N —1to N + 1, and show that this is the precise value.

One advantage of the theorem presented here is, that it is quite well be-
haved under changes of the algebra. In all previous papers an equivalence of
the derived or stable module category to some other triangulated category
has been used. In that case one did not automatically get any results for
similar algebras. With the method presented here it will usually be possible
to transfer results to other algebras with a similar structure (see 5.3 and the
examples in Section 7). Especially we will get lower bounds for the repre-
sentation dimension of algebras depending on parameters in k, not just for
discrete families (Theorem 7.1.10, Example 7.1.11 and Theorem 7.2.9).



In the next section we will recall the background of this thesis. First
the definition of representation dimension will be examined and some conse-
quences will be discussed. In particular we will give a proof of Auslander’s
theorem (Corollary 2.1.3), saying that an algebra is of finite representation
type if and only if its representation dimension is at most two. Then we will
give a few classes of algebras known to have representation dimension three
(2.1.4 - 2.1.7).

Next we will recall Rouquier’s definition of dimension of a triangulated
category, and some properties of this dimension. We will see that the di-
mension of the derived category (Proposition 2.2.7) and, in the case of a self-
injective algebra, the stable module category (Lemma 2.2.5) provide lower
bounds for the representation dimension. Next we will recall a criterion of
Rouquier, which helps to establish lower bounds for the dimension of a tri-
angulated category (Lemma 2.2.9). The first new result presented here is
Proposition 2.2.16, which is a converse to Rouquier’s criterion, and therefore
says that it is always possible to establish the optimal lower bound for the
dimension of the stable or derived category of a module category by applying
this criterion.

In Subsection 2.3 we recall a result from commutative algebra, saying
that any coherent sheaf over a suitable scheme is projective in many points
(Lemma 2.3.1). This yields a lower bound for the derived category of coher-
ent sheaves (2.3.2). In 2.4 we sketch how this result, together with certain
derived equivalences, gives the lower bounds in Rouquier’s (Theorem 2.4.1)
and in Krause and Kussin’s (Theorem 2.4.3) examples.

In Section 3 we study the group algebras of elementary abelian groups.
We show that the rank of the group minus one is a lower bound for the
dimension of the stable module category. This is done by applying the crite-
rion of Rouquier. To be able to apply this criterion, we have to find for any
given module M a sequence of morphisms, such that the composition of the
morphisms does not vanish, but every one of the morphisms is annihilated
by all morphisms from M. We first assume that we are dealing with an al-
gebra over an infinite field, and explicitly construct the desired sequence of
morphisms (Propositions 3.1.3 and 3.1.4). Then we carry over this result to
algebras over finite fields by using a suitable finite separable extension of the
field.

This implies that the representation dimension of such an algebra is at
least the rank of the group plus one. In the second subsection we see that
these results can be carried over to arbitrary blocks of group algebras, pro-
vided the defect group has elementary abelian subgroups of sufficiently large
rank. Finally this leads to a proof of the conjecture of Benson stated above.



We use the fourth section to generalize Rouquier’s definition of dimen-
sion of a triangulated category to arbitrary subcategories of triangulated
categories. In particular, since the module category is a subcategory of its
derived category, we obtain a concept of dimension of a module category. It
turns out that the representation dimension of an algebra is bounded below
by the dimension of the module category plus two. Next we adjust Rouquier’s
criterion to be able to use it to find lower bounds for the dimension of the
module category (Proposition 4.8). Finally we show that in the inequalities
used to estimate the representation dimension by the dimension of the mod-
ule category equality holds if the numbers occurring are sufficiently small
(Corollaries 4.11 and 4.15). This is an advantage compared to the inequality
using the dimension of the derived category, since there it is not known if
equality can ever hold.

In Section 5 we prove a criterion (Theorem 2) which helps find lower
bounds for the dimension of a given module category, and therefore also for
the representation dimension of the corresponding algebra. To do so, we
construct a pair of adjoint functors between the (derived category of) the
module category we are interested in, and the (derived category of) finite
length modules over a commutative ring. For the latter we can apply re-
sults from commutative algebra, and then transfer the results to our original
category with the help of these functors.

In the second subsection we further investigate one special case, in which
the calculations are easier. Here we get a simplified version of the general
criterion (Theorem 3).

In the last subsection we will see that the criterion is well behaved under
certain coverings of algebras. This means that when we apply the criterion
to some algebra we can sometimes automatically get results on many other
algebras (we will see examples for this in Section 7).

The sixth section is devoted to Iyama’s general upper bound for the rep-
resentation dimension. We start by stating his theorem (Theorem 6.1) and
giving Iyama’s proof. Then we prove two corollaries (6.2 and 6.3). The first
one is suitable for applying to algebras which have a quiver similar to the
one of the algebra investigated by Krause and Kussin. The second one can
be used to treat local algebras, such as quotients of the exterior algebras.

In Section 7 we show how the results from Sections 5 and 6 can be applied.
First we look at algebras related to the exterior algebras treated by Rouquier.
We reprove his result, and generalize it to quotients of the exterior algebras
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modulo some power of the radical. We also obtain a result on a covering of
finite global dimension (Theorem 7.1.8). Finally we also obtain results on
many deformations of these algebras (Theorem 7.1.10 and Example 7.1.11).
This is the first instance of a lower bound for the representation dimension
of the members of a family of algebras parametrized by (many) elements of
the base field, not just by one discrete parameter.

Next we consider the quotients of polynomial rings modulo some power of
the ideal generated by the variables. In many cases we are able to determine
the various dimensions (Theorem 7.2.1). This also yields a general upper
lower bound for the representation dimension of quotients of polynomial rings
(Theorem 4). As for exterior algebras, we consider coverings. Here it turns
out that these coverings include the algebras studied by Krause and Kussin.
Their lower bound is improved by two, and it is shown that the new lower
bound is the exact value.

Finally, we give two more examples of algebras of representation dimen-
sion four, to indicate that the criterion for lower bounds is quite generally
applicable.

In the eighth and final section we list some questions which remained
open, or which came up as a consequence of the results presented here.

Acknowledgements. 1 am very grateful to my supervisor Steffen Koenig
for suggesting this subject and for many helpful and encouraging discus-
sions. Further I wish to thank Osamu Iyama and Idun Reiten for interesting
comments and discussions.
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2 Background

In this section we recapitulate what had already been known about lower
bounds for Auslander’s representation dimension before the work on this
thesis began. Most of what is said here can be found in the papers of Rouquier
[15, 16] and Krause and Kussin [12]. However, some side results seem to be
new (Lemma 2.2.4 and Proposition 2.2.16).

2.1 Auslander’s representation dimension

Auslander introduced the notion of representation dimension of a finite di-
mensional algebra in his Queen Mary College notes [2] in 1971. He showed
that the representation dimension of an algebra is at most two if and only if
the algebra is of finite representation type (see Corollary 2.1.3 below). This
led him to the expectation, that the representation dimension should measure
how far a representation infinite algebra is from having finite representation
type.

By a finite dimensional algebra we mean an associative algebra which is
finite dimensional over some base field. This base field will always be denoted
by k.

Definition and basic properties

For a ring R, we will denote the category of left R-modules by R-Mod, and
the subcategory of finitely presented modules by R-mod. Recall that the
global dimension of R, denoted by gld R, is the maximum of the projective
dimensions of the modules.

2.1.1 Definition (Auslander [2]). Let A be a finite dimensional algebra.
Then the representation dimension of A is defined to be

repdim A = min{gld End, (M) | M €A-mod generates and

cogenerates A -mod}.

A module M realizing this minimum will be called Auslander generator.

In many situations we will know the module category of A better than
the one of Endy(M). Then the following lemma will help us to understand
the representation dimension.

2.1.2 Lemma (Erdmann, Holm, Iyama, Schroer [8, Lemma 2.1]).
Let A be a non-semisimple algebra, let M € A-mod be a generator and
cogenerator, n € N. Then the following are equivalent:
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1. gldEndp (M) =n

2. For every N € A-mod there is an exact sequence

0—>Mn_2 > ‘MO ‘N ‘0,
such that the induced sequence
0 —— Homy (M, M,,_5) e Homy (M, N) — 0

is also exact.
Such a sequence will be called a (universal) M-resolution of N.

This means, that the representation dimension of a non-semisimple alge-
bra can also be defined to be the minimal n, such that there is a generator
cogenerator M having the property that every module has a universal M-
resolution of length at most n — 2.

Proof. Let N € A-mod. Since M is a cogenerator there is an exact sequence
N —— My —— M, with M; € add M. Then the sequence

Homy (M, N) —— Homy (M, M;) —— Homy (M, M)
is also exact. We denote the cokernel of the right morphism by Hy. Now
the sequence
Homy (M, M,,) e Homy (M, M) —
—— Homp (M, M) —— Homy (M, My) — Hy
is a projective resolution of the Endj (M )-module Hy if and only if
M, —— -+ —— My — N

is a universal M-resolution of N. O

With this lemma Auslander’s result follows immediately.

2.1.3 Corollary (Auslander). Let A be a finite dimensional algebra. Then
A is representation finite if and only if repdim A < 2.

Proof. 1f A is semisimple, then it is representation finite and repdim A = 0,
so the claim holds.

Assume A is not semisimple but of finite representation type. Then let
M be an additive generator of A-mod. Now any A-module has a universal
M-resolution of length 0 (namely M, is isomorphic to the module), so by
Lemma 2.1.2 we have gld End, (M) = 2.

Now assume A is not of finite representation type, and M € A-mod
is a generator and a cogenerator. Then there is an N € A-mod)\ add M.
The universal M-resolution of this module N has length at least 1, so by
Lemma 2.1.2 it follows that gld End, (M) > 3. O
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Upper bounds

To establish an upper bound for the representation dimension of a given
algebra A, one has to find an M € A-mod such that the global dimension
of Endy (M) is the bound. It was not known, until Iyama gave an explicit
construction, which will be presented in Section 6 here, whether this is always
possible. However, there is a number of classes of algebras for which an M
with gld End (M) = 3 has been constructed. Here we give some examples
of such. Moreover we recall a result of Auslander providing an upper bound
for the representation dimension of self-injective algebras (Lemma 2.1.8).

2.1.4 Lemma (Auslander). Let A be a hereditary finite dimensional alge-
bra. Then repdim A < 3.

Proof. Take M = A & A*. O

For a finite dimensional algebra A, we denote by Rad A the Jacobson
radical of A. The Loewy length of a A-modules M, denoted by LL M, is the
minimal n such that Rad” M = 0.

2.1.5 Lemma (Auslander). Let A be a finite dimensional algebra with
LLA =2. Then repdim A < 3.

Proof. Take M = A& A* @ A/ RadA. O

2.1.6 Theorem ([8, Corollary 1.3]). Let A be a special biserial algebra.
Then repdim A < 3.

2.1.7 Theorem ([1, Theorem 2.3]). Let A be a tilted algebra. Then
repdim A < 3.

Proof. See [1, Theorem 2.3]. They take M = A& A* & T, where T is the
direct sum over the indecomposable modules in a complete slice. O

2.1.8 Lemma ([3, I, Theorem 10.3]). Let A be self-injective. Then
repdim A < LL A.

Proof. Take M = @, A/ Rad’ A. Let us denote for a moment the kernel of
the universal M-cover (that is the first morphism of the minimal universal
M-resolution) of a module N by €,,N. Now note that in every step of the
resolution, the Loewy length of the module decreases by at least one, that
means LL Q4N < LLQy,N — 1. If N is projective then it is in add M,
therefore we may assume that LL N < LL A. Putting this together we find
LL QI](/I;A_IN =0, so QI](/I;A_IN = 0. Therefore repdim A < LL A as claimed.

O
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2.2 The dimension of a triangulated category

The notion of dimension of a triangulated category has been introduced by
Rouquier in [15]. He showed how it can be used to establish lower bounds
for the representation dimension.

Definition and basic properties

Let 7 be a triangulated category, Z C 067 . Then let (Z) be the full sub-
category of 7 of all direct summands of finite direct sums of shifts of objects
in Z. For two subclasses 71,7y C 067 let Z; x I, be the full subcategory of
all extensions between them, that is the objects of Z; x Z5 are exactly the M,
such that there is a distinguished triangle M, M M, M [1]
in 7 with M; € Z,. Now set

Il OIQ = <Il *IQ)

and

(I)o =0,
(Ih =(T)
(Z)iv1 = (T); 0 (T).

2.2.1 Definition (Rouquier). The dimension of a triangulated category T

is the minimal d such that there is an object M € T with 7 = (M), ,. If
no such M exists for any d, then we set dim7 = co.

The following lemma is an immediate consequence of this definition:
F

2.2.2 Lemma ([15, Lemma 3.4]). Let S T be a triangle functor
between two triangulated categories. Assume any object in T is a direct
summand of an object in the image of F. Then

dim7 <dimS.

As for the representation dimension, upper bounds for the dimension of
a triangulated category can be established by explicitly giving an M which
generates the category in the desired number of steps. We give two examples
of this technique.

The following is a slight extension of [12, Lemma 2.5].

2.2.3 Lemma. Let A be a finite dimensional algebra. Let X € D°(A-mod)
be a complex such that all homology modules have projective dimension at
most n. Then X € (A), ., € D°(A-mod).

In particular

dim D°(A-mod) < gld A.
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Proof. We will prove this by induction on n. For n = 0 the claim clearly
holds.

Let X = (X'), M' be the images of differential d’, and p’ and ;' as
indicated in the following diagram.

1—1 7

N\ / Y V
Pt S <
MZ— MZ

Then the homology modules are Ker p’/M*~!. Let P' — Kerp'/M* ! be
projective covers. Let o be the compositions of these projective covers with
the embeddings Kerp'/M~! «—— X*/M*"'. Then clearly Kerp'/M"~! =
Im ). Since the P’ are projective the ¢ induce maps ¢’ : P! —— X', Let
P = (P?) with zero differential. Then P € (A) and ¢ is a map of complexes.
Now we consider the mapping cone of . We will show that its homology
modules are exactly the syzygies of the homology modules of X. Then clearly
the claim of the lemma follows by induction.

Up to isomorphism, the mapping cone is

(6.5) (6%
. Pig Xi-1 0d Pt g X 0 d Pit2 g it .
The image of <g df;) is Kerp’, so the homology in position ¢ is just the

()
kernel K of the map P! @ Mi ~1 2
following diagram with short exact rows.

K Pz’—i—l . C

B

Mi Xi—i—l . Xi-i—l/Mi

X1 which is the pullback in the

Since the left square is a pullback the right vertical morphism is mono.
Therefore C' is the image of the map ¢f"", which is the homology mod-
ule Ker p"™! /M*. Therefore K is indeed the syzygy of a homology module of

X. U

2.2.4 Lemma. Let A be a finite dimensional algebra. Let X = (X");ez be a
complex of A-modules, such that all X* have Loewy length at most n. Then
X € (A/JA), C D°(A-mod).

In particular

dim D°(A-mod) < LLA — 1.
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Proof. We use induction on n. For n = 1 the claim clearly holds. Assume
n > 1 and consider the following short exact sequence of complexes.

Soc X! Soc X* Soc X!

Xz'—l _ Xz‘ . Xi'+1 -

X"1/Soc X! — X"/Soc X' — X" /Soc X" ———~ ...

This short exact sequence induces a triangle in D?(A-mod). The top row is
in (A/JA),, the bottom row is in (A/JA) | by induction. The claim of the
lemma now follows immediately from the definition of (A/JA). . O

Connections to representation dimension

We denote the bounded derived category of an abelian category A by D?(A).
For A = A-mod, we let A-perf be the full subcategory whose objects are
finite complexes of projective A-modules.

For a self-injective algebra A, the stable module category is denoted
by A-mod. By [14, Theorem 2.1], in that situation we have A-mod =
DP(A-mod)/A -perf.

2.2.5 Lemma ([16, part of Proposition 3.6]). Let A be a non-semisimple
finite dimensional algebra. Then

repdim A > dim D’(A -mod)/A -perf +2.
In particular, if A is self-injective, then
repdim A > dim A -mod +2.

Proof. Let M be an Auslander generator. By Lemma 2.1.2, any module N
has a universal M-resolution of length at most repdim A — 2. Since short
exact sequences in A-mod become triangles in D’(A-mod)/A -perf, any N
having an M resolution of length repdim A — 2 is contained in (M), qima_1-
Therefore dim D°(A -mod)/A -perf < repdim A — 2. O

2.2.6 Remark. Note that for A an algebra of finite global dimension
D*(A-mod) = A -perf,

so the lemma above does not help to determine the representation dimension
in these cases.
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Now we follow Krause and Kussin [12], to see that the representation di-
mension is also larger than or equal to the dimension of the derived category.

2.2.7 Proposition ([12, Corollary 3.6]). Let A be a finite dimensional
algebra. Then
repdim A > dim D’(A -mod).

Proof. Let M be a module realizing the minimal n in the definition of rep-
resentation dimension. We may assume that n is finite (either because
Iyama [10, 11] has shown that the representation dimension is always fi-
nite (see Theorem 6.1), or because the claim of the Corollary is trivial
otherwise). Let I' = Ends(M). Then add M = T'-proj and therefore
K*(T -proj) = K®(add M), where K denotes the bounded homotopy cat-
egory. By Lemma 2.1.2 any A-module has a finite resolution by objects from
add M. Therefore the functor K°(add M) — D’(A-mod) has dense image,
and so does the composition

D'(T'-mod) = K°(T -proj) = K°(add M) —— D’(A-mod).

By Lemma 4.2 we have dim D°?(A-mod) < dim D®(T"-mod). By Lemma 2.2.3
the latter is at most gldI' = repdim A. O

2.2.8 Remark. It is not known whether there is a non-semisimple algebra
for which equality holds in Proposition 2.2.7.

Lower bounds for the dimension of a triangulated category

Clearly the inequalities above are of no particular interest, unless we can
find lower bounds for the dimension of one of the triangulated categories
that come with a finite dimensional algebra. Rouquier did so by using the
following lemma.

2.2.9 Lemma ([12, Lemma 2.3] and [15, Lemma 4.11]). Let 7 be a
triangulated category and let

Hl fl _ H2 f2 .. fn—l‘ Hn_l fn—l Hn

be a sequence of morphisms between cohomological functors T°P —— Ab.
For every i, let Z; be a subcategory of T closed under shifts and on which f;
vanishes. Then f1--- fn_1 vanishes on Iy o --- o1, 1.

Proof. We will prove the lemma by induction on n. For n = 0 there is nothing
to show. For n = 2 we have maps f; : Hi —— Hs and f, : Hy —— Hj3 which
vanish on Z; and Z; respectively. Assume M € Z; ¢ Z,. We may assume that
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there is a triangle M, - M - M, ~ Mi[1] with M; € Z;. We have
to show that f;f, vanishes on M. Since the H; are cohomological functors,
they turn the triangle into the long exact sequences which from the rows of
the following diagram.

o H (M) H, (M) Hi(M;) — - -
f1(M) Im f(M) (M) =0
N
— HQ(M/ Ho(M) Hy(My) — - -
e
fo(My) = 0 fo(M) \ Im fo(M3)
SR H3(}\42) Hy(M) Hy(M;) —— -

We add the images of the morphisms in the central sequence as indicated in
the diagram. Since f;(M;) vanishes, fi(M) factors through ¢. Dually fo(M)
factors through 7. But 7w = 0, and therefore also (fif2)(M) = 0.

Now assume n > 2 and the claim holds for all n’ < n. Especially
f1-++ fn_o vanishes on Z;¢- - -©Z,_5. Now apply the case n = 2 th the two mor-
phisms f;--- f,_2 and f,,_1 which vanish on the subcategories Z; ¢---¢Z, »
and Z,,_; respectively. O

We will apply the following instance of that lemma.

2.2.10 Corollary. Let T be a triangulated category, M € o067 . Letn € N
such that there is a sequence of morphisms in T

fl f2 L. fn—l fn—l

Nl N2 Nn—l —'Nn

such that
1. the composition fy--- f, does not vanish, and
2. Hom7(M,N;)- f; =0 Vi.

Then Ny & (M), .
In particular, if such a sequence exists for any M, then dim7 > n — 1.
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Proof. Set Z; = (M) and H; = Homz(—, N;) in Lemma 2.2.9 above. O

2.2.11 Corollary. Let A be a finite dimensional algebra, gld A = n < oo.
Then (A), € D°(A-mod) = (A)

n+1-°

Proof. The equality is Lemma 2.2.3.
To see that (A), is not the entire derived category choose a module X
with pd X = n. Let its projective resolution be

AVANYZWANAN

Q"X QX

The 1-extensions QX — P,_; - Q71X correspond to morphisms
Q71X —— (Q'X)[1] in the derived category. Clearly all homomorphisms
from shifts of A are annihilated by these maps. Therefore, by Corollary 2.2.10,
X & (A),,, so (A), cannot be the entire derived category. O

We will use the rest of this section to prove a converse of Lemma 2.2.9 in
the situations we are most interested in. This will not help to establish better
lower bounds, but since most arguments will consist of a series of inequalities
is is natural to ask if and how much we loose in each step. This converse
seems to be new.

2.2.12 Setup. We assume that we have two triangulated categories 7 C S
with the following properties:

1. S is cocomplete, that means S has arbitrary (set indexed) coproducts,
and

2. for any T\, T; € T, any morphism 7' —— [][. T; factors through a finite
subcoproduct:
Iz

el

|

D

i€1lp finite

Let us first see that in the most important situations here the assumptions
above are satisfied.

2.2.13 Lemma. Let T = D’(A-mod) and S = D(A-Mod) or 7 = A-mod
and S = A-Mod. Then 1. and 2. hold for T and S.
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Proof. In both cases it is clear that S is cocomplete.

Let us first assume that we have 7 = A-mod and & = A-Mod. Let
T,T; € A-mod and f : T —— [ 7T;. We choose representatives in A-mod
which we will also denote by T, T; and f. Let t1,...,t, generate T. The
images t1 f,...,t.f can only have a nonzero component in finitely many of
the direct summands of [[ 7;.

Now assume 7 = D’(A-mod) and & = D(A-Mod). Let T, T; and f as
in 2. We replace T and the T; by complexes of finitely generated injective
modules. Without loss of generality we may assume that H(T) = 0Vi > 0
(otherwise shift the whole situation). As before, we can see that the images
of the morphisms f;,;i < 0 (that is the part of f in degree ¢) only have
components in finitely many of the direct summands of [[7;. Let ¢y not
be among these. Then the morphism 7" —— T}, is zero, since one can
(inductively from left to right) construct a homotopy. O

For a subcategory Z C 7 we denote by adsZ the full subcategory of S,
whose objects are direct summands of arbitrary direct sums of objects in Z.

2.2.14 Lemma (idea taken from [15, Corollary 3.14]). Let T C S be
triangulated categories as in Setup 2.2.12, Z; subcategories of T. Let T €
06T, 1 € (adsZy) o -0 (adsZ,). Then any morphism T —— I factors
through (Zy) o - - - o (Z,,).

Proof. We will proceed by induction on n. In case n = 1 the claim holds by
assumption 2 of Setup 2.2.12.

Let I, € (adsZ;) ¢ ---¢ (adsZ,). We may assume that [, € ({(adsZ;) ¢
-0 (adsZ,_1)) * (adsZ,). That means there is a triangle

In—l In [1 [n—l[l]

with I,,_1 € (adsZy) ¢---¢ (adsZ,_1) and I € (adsZ,). By assumption, the
composition T — I,, — I, factors through I € (Z,) as indicated in the
following diagram.

I, - I, - I > ]n—l[l]

A A
] I
| |
| |
| |
| |
| |

C T Iy C[1]

Here C'is the cocone of the map T —— I?, and the dashed arrow exist since
we are working in a triangulated category.
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Now, inductive assumption, the map C' —— [,,_; factors through an
object I9 | € (Z;) o -+~ o (Z,,_1). Let I° be the cone of the composition
1] C I? |. Then I? € (Z;) o --- o (Z,) and the following
diagram commutes.

I, - I, - I > ]n—l[l]
I I, Iy L (1]
C T Iy C[1]

Now the difference between the dashed composition and our original mor-
phism factors through I?, so the claim holds. O

2.2.15 Corollary. Let T C S be triangulated categories as in Setup 2.2.12,
Z; subcategories of T. Then

((adsZy) oo (adsZ,))NT = (Zy)o---o(L,).
Especially, for T C T and n € N,
(adsZ), NT = (I)

n

Proof. Let T € ((adsZy) ¢ --- ¢ (adsZ,)) N 7. Then 17 factors through an
object in (Z1) ¢ -+ o (Z,). O

Now we are ready to prove the promised converse to Lemma 2.2.9.
We call a category Z skeletally small if the isomorphism classes of objects
form a set.

2.2.16 Proposition. Let 7 C S be triangulated categories satisfying the
assumptions of Setup 2.2.12. Let I; (1 <1i < n) be skeletally small subcate-
gories of T closed under shifts. Let X € 06T \ 067, ---0T,.

fl Sl fn

Then there is a sequence of morphisms X = Sy Sh

i S such that

1. Hom(—, S;_1) LR Hom(—, S;) vanishes on Z; and

2 fieee fu 0.
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Proof. First we want to construct, for any object S € S and any skeletally
small Z C 7 a universal morphism Add I —— S. For that we take

Qarz s - H H ]—’S,

IeZ/~ pcHom(I,S)

where the morphism in component (I, ¢) is ¢. Here I € 7/ = means that

the coproduct runs over the isomorphism classes of objects in Z. Denote the

cone of az g by S s Cz,s. Since any morphism from an element of Z to S

factors through a7 g, its composition with 3z g is zero.
Now we define f; and S; inductively by

L4 SO = Xa
* fi =015, and
° 5 = CImSi—l'

Then the first claim of the lemma holds by construction, so it only remains to
show that f;--- f, # 0. We will show, by induction on ¢, that the composition
fi++- f; is the cone of a map I; —— X with [; € (adsZ;)¢---o{(adsZ;). For
¢ = 1 this holds by construction. So let ¢ > 1. Then we have the following
diagram, which we may complete with the dashed arrows by the octahedral
axiom.

;
Si[-1] ----- o AR - X e - S;
l Jie--fiea
\ .
Si[—1] -1 s, g,
;
[i—l[l] —_— Iz_l[l]

Here I € (adsZ;) by construction, and [;_; € (adsZ;)¢---¢(adsZ;_1) induc-
tively, so I; € (adsZ;) ¢ --- o (adsZ;) as claimed.
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Now assume the f;---f, = 0. Then [, —— X is a split epimorphism.
Therefore X € (adsZ;) ¢ --- ¢ (adsZ;), and by Corollary 2.2.15, X € (Z;) ¢
-+ o (Z;) contradicting the assumption. O

2.2.17 Remark. Note that, for 7 = A-mod or 7 = D’(A-mod) “Z; skele-
tally small” is no restriction.

2.3 Geometry

Throughout this section we assume X to be a reduced noetherian scheme
over k. We denote by coh X the category of coherent sheaves on X.

2.3.1 Lemma. Let F € coh X. Then there is an open dense subset U C X
such that the stalk F, is a free O,-module for every x € U.

Proof. If X is not irreducible we treat each irreducible component of X sep-
arately. Therefore we may assume that X is irreducible, and hence integral.
Further, by substituting X by a dense open subscheme if necessary, we may
assume X to be affine, say X = Spec R. Then R is an integral domain, and
the local ring at the generic point {0} is the quotient field of R. Hence Fyny
is free. Now note that the set containing only the generic point is dense.
The set U = {z € X | F, free} is open by [13, Theorem 4.10(ii)]. O

2.3.2 Proposition. Let X be a reduced noetherian scheme over a field. Then
dim D’(coh X) > dim X.

Proof. Set d = dim X. Assume M € DP(coh X). We have to show that
there is P € D(coh X) such that P & (M), .

Set N' = @H'M € coh X. Choose an irreducible component Y of X such
that dimY = n. By Lemma 2.3.1 the set {p € Y | N, is projective} is open
and dense in Y. Therefore it contains a point p which is closed and regular in
X. Let P be the sheaf which is the quotient field k&, of the local ring Ox(p)
in p and vanishes everywhere else. Assume P € (M) . Then P, € (M,)

n?

since localization is exact. But since N, is projective, (M,) = (Ox(p)).
Therefore k, € (Ox(p)),,, so by Corollary 2.2.11 we have pdk, < n. This
contradict our assumption on the dimension of Y. O

2.4 Known examples of algebras with representation
dimension larger than three

The explicit examples here (2.4.1 and 2.4.3) will be generalized (and in the
second case improved) in Section 7. We include a sketch of the original proofs
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here anyway, since they are not very long from what we already know from
the previous subsections.

2.4.1 Theorem (Rouquier [16]). Let A, (0 # n € N) be the exterior
algebra on an n-dimensional vector space. Then

repdim A,, = n + 1.

Proof. By Koszul duality, there is an equivalence between the bounded de-
rived category of A, -mod and the derived category of differential graded
modules over the polynomial ring k[zy,...,z,|. This equivalence takes A,
to k, and therefore maps A, -perf to the smallest triangulated subcategory
which contains k. In particular, it also induces an equivalence between the
quotients. Now note that k[zq,- -, z,]-mod,, /(modules of finite length) ~
coh P! and apply Proposition 2.3.2 and 2.2.7. O

2.4.2 Theorem (Krause, Kussin [12]). Let X be a reduced projective
scheme over k, F € coh X a tilting sheaf. Then

repdim End(F)? > dim X.

Proof. There is an equivalence D’(coh X) ~ D’(End(F)°?-mod). There-
fore dim D?(End(F)°°-mod) > dim X by Proposition 2.3.2. Now the claim
follows from Proposition 2.2.7. O

2.4.3 Theorem (Krause, Kussin [12]). Let k be a field, Ay = kQ/I with

T T T
1 > 9 > 3 N-1 >

Q=0 . o . 0o .- o - o and
TN TN TN

I = (zp2m — Tpxy).
Then repdim Ay > N — 1.

Proof. The algebra of this theorem arises in the way described in Theo-
rem 2.4.2 for X =PV~ and F = @ ;' Ox(i). O
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3 Group algebras

In this section we try to construct lower bounds for the representation dimen-
sion of group algebras. The first and main subsection is devoted to group
algebras of elementary abelian groups. We show that their representation
dimension is bounded below by the rank of the elementary abelian group
plus one (Theorem 1). It is not known whether equality holds, but it should
be noted that the group is representation finite if and only if the rank is at
most one.

In the second subsection we carry over the results of Subsection 3.1 to
arbitrary blocks of group algebras. This leads to lower bounds for their
representation dimension (Corollary 3.2.4).

3.1 Elementary abelian groups

Let p be a prime. The elementary abelian group of rank n is (C,)", where C,
denotes the cyclic group of order p. We assume k to be a field of characteristic
p (for other fields the group algebra kC) is semisimple, hence the represen-
tation dimension is 0). The aim of this section is to prove the following
theorem.

Theorem 1. Let k be a field of characteristic p. Then
dim k:Cg -mod >n — 1.

In particular
repdim kC > n + 1.

For simplicity of notation we set A = kC}.
Before we start with the proof of the theorem, note that

A=SV)/(" | veV),

where V' is an n-dimensional k-vector space, S(V') is the symmetric algebra
and (vP | v € V) the ideal generated by all p-th powers of elements of V. In
this description of A, all non-zero v € V play the same role. This symmetry
will help us in the proof.

Proof of Theorem 1 in the case k is infinite

In this subsection we assume the field & to be infinite. Whenever we are
talking about open or closed sets we are referring to the classical Zariski
topology.
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3.1.1 Lemma. Let Y C mod-A be a finite set of right A-modules. Then
there is an open, nonempty subset U C V', such that for any v € U, any
yeY ey, and any 1 < s < p we have

yu=0=y-Rad®A C Yu’.
Proof. Fix 1 < s<pandY € Y. Any v € V induces a linear map
Py Y — Y ity —— yv°.
Now we can find a set with the desired property for our fixed s and Y
Usy = {v € V| rkp] maximal}.
By choosing a basis for V' and Y, the maps p; induce a polynomial map
pAmV ooy L g,y o gdimY xdimy

We then compose this map with taking subdeterminants of size r, where r is
the maximal rank in the definition of Usy above. This results in polynomial
maps k™Y —— k such that Uy is just the set where not all of these
polynomials are zero. Thus U,y is open and obviously it is non-empty.

Now fix u € Usy. Let {a; | 1 <i < A} be a basis of Ker p,.,, complement
it to a basis {a;,b; | 1 <i < A, 1 < j < B} of Kerp?, and finally to a basis
{ai,bj e | 1<i<A1<j<B1<I<C}ofY.

Let v € V. The rank of p; is maximal, so in particular rk p; ., < rkp;
for any ¢. Fix 1 <i < A. Therefore, for all ¢, the tuple

s s s
(aipu—l—ev’ ClPytevr -+ Ccpu—l—ev)

is linearly dependent. Since a;u = 0, for € # 0 the tuple

s s s
(aipw ClPuytevs - - - 7ccpu+ev>

also is linearly dependent. But the set of all € such that it is linearly depen-
dent is closed (the subdeterminants of (aipf), aps +€v) are polynomials in ),
hence it has to be all of k. Therefore, especially (a;ps,cps |1 <1< C)is
linearly dependent, so a;ps € (¢p8 | 1 <1< (). But the v* generate Rad® A
as a k-vector space, since s is strictly smaller than p.

Finally set U = Ny (Vo) Usy- O

3.1.2 Lemma. Let X C A-mod be a finite set of A-modules. Then there
is an open, nonempty subset U C V', such that for any v € U, any ¢ €
Homy (X, A) with X € X, and any 1 < s < p we have

pu=0= ¢-Rad’ A C Homy (X, A)u’.
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Proof. Set Y = {Homu(X,A) | X € X} in Lemma 3.1.1. O

3.1.3 Proposition. Let X C A-mod be a finite set of A-modules. Let u € U
of Lemma 3.1.2, N = AuP~". Then, for any X € X and any f € Rad?" " A,

any composition X —— N N factors through A -proj.
Proof. Fix X € X. Since N is a submodule of A, we may identify

Homp (X, N) = {¢ € Homp (X, A) | (X) C N}
= {p € Homy (X, A) | o(X) C AuP'}
= {p € Homy (X, A) | o(X)u = 0}

Let ¢ € Homa (X, N), that is ¢ € Homy (X, A) with gu = 0. Then, by
Lemma 3.1.2, o f € Homp (X, A)uP~t.

The projective cover of N is induced by the endomorphism u?~! of A.
Therefore, the maps X —— N factoring through a projective module are
exactly the elements of Hom (X, A)uP~?, O

3.1.4 Proposition. Let v € V' \ {0}, N = AvP~'. Then the composition
N —» hd N =2k = Soc N — N
does not factor through A -proj.

Proof. Let {vy,vq,...,v,} be a basis of V|, v; = v. Then the composition
above is (up to a scalar) multiplication with [[,_, v"~'. Let f be any map
A —— N. It is defined by the image of 1, in N C A, which we will also call

f. Now assume that the following diagram commutes.

-1
N Hi;él vy

|

A

N

The image of v*~! has to be the same on both ways, that is v?~' f = [[, 0"~
Therefore f — 1. 21 of ~!is a multiple of v. Since f € N, f is also a multiple

of v. So Hi#l vf_l would be a multiple of v, but that is not true in A.
Therefore the morphism cannot factor through A -proj. O

Proof of Theorem 1 for infinite fields. Let M be a A-module realizing the
minimal d in the definition of the dimension of the stable module category.
Let X = {M,0M}, where U is the cosyzygy functor, which is the shift in
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the stable category. Then choose u € U as in Lemma 3.1.2, and complement
it to a basis {uy,...u,} of V with u; = u. Let N = AuP~!. Then we have
the following sequence of cohomological functors A-mod —— k-mod.

-1 _
uP P!

MA(_uN)LMA(_7N) LMA(_uN)

Its composition is nonzero by Proposition 3.1.4. So by Corollary 2.2.10 we

Pt ]
only need to show that Hom, (0'M, N) —— Hom, (U0'M, N) is zero for any
1t € Z and any 2 < 7 <n.
The following diagrams have short exact rows and commute for any f € A.

N A A A Ay
D I T I
N A A Ay A LN

Therefore ON 2 A/(ur~1), G(A/(u?~1)) 2 N and O( —~ ) = —L. S0

there is a commutative diagram

. ! ,
Hom, (G°M, N) ! Hom , (5'M, N)
Y O (-uf ) N
Hom , (B5"2" M, 5" N) Hom , (G"2" M, 5> N)
M b M
Hom , (5" M, N) ! Hom , (5"*" M, N)

By choosing n appropriately we can get i +2n € {0,1}, so 5°™*"M € X and
the claim follows from Proposition 3.1.3. O

The case of a finite field

Now let k be finite, k an algebraic closure. Denote by A = k®;, A the induced
algebra. For any A-module X let X = k®; X € A-mod, and for ¥ C A -mod
let X = {X | X € X}. Whenever we are talking about an extension field k
of k let A X and X be the obvious variations of the above.
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3.1.5 Lemma. Let X C A-mod be finite. Then there is a finite extension
k of k and u € V such that any ¢ € HomA(X A) with X € X, and any
1 < s < p we have

ou=0= ¢-Rad’ AcC HomK()A(,/A\)up_l.

Proof. By Lemma 3.1.2 there is u € V such that for any ¢ € Homg(X, A) and
any 1 < s < pwe have pu = 0 = ¢-Rad® A C Homy (X, A)u®. Choose % finite
over k such that u € V. Since k ®z HomA()/f A) = Homz(X, A) ([7, 29.5]),
we may 1dent1fy Hom+z A(X A) with the subset of morphisms in Homy (X, A)
mapping X to A. Therefore, for any @ € HomA(X A) with ou = 0, we
have ¢-Rad® A C HomA(X A)u? ﬂHomA(X A) = HomA(X A)u®. The right
equality holds because A is a direct summand of A as A-module. O

3.1.6 Proposition. Let X C A-mod be finite, u and k as in Lemma 3.1.5,
and set N = AuP~'. Then, for any X € X and any f € Rad’ ' A, any

composition X— NN of /A\-morphisms factors through /A\—proj.

Proof. This is just the proof of Proposition 3.1.3, replacing the reference to
Lemma 3.1.2 by a reference to Lemma 3.1.5. O

3.1.7 Proposition. Let X C A-mod finite, u and k as in Lemma 3.1.5,
and set N = AuP~. Then, for any X € X and any f € Rad’ ' A, any

composition X —— N N of A-morphisms factors through A -proj.

Proof. Any A-morphism ¢ : X —— N lifts to a /AX—morphism Q: X—»N
as indicated in the following diagram.

p—1
N N
7
© X coooooo - A

X

The dashed arrow now exists by Proposition 3.1.6 making the square com-
mutative, so the composition factors through A. Clearly this is a projective
A-module. O
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We note that Proposition 3.1.4 does not depend on the field at all. To
see that the morphism is non-zero in A-mod, not just in A-mod, we need to
recall the following lemma.

3.1.8 Lemma. Let A C A be finite dimensional algebras. Assume A s
projective as A-module and a direct summand of A @5 A as (A, A)-bimodule.
Then restriction induces an injective map Homsz(X,Y) — Hom, (X,Y).

Proof. Assume a A-morphism ¢ : X —— Y vanishes in Hom, (X,Y). Then
it factors through a finite number of copies of A, as indicated in the following
diagram.

¥

N

A’n

X Y

Let A - A A A be the maps inducing the direct sum decomposition

of A QA A. Tensoring the above diagram with A we find the triangle in
the following diagram. The rest of the diagram commutes since tensoring
commutes with direct sums.

Ao X ——X Y

K@ZA\Y

t®1 TR 1
1 K@AY:JA\@)AJA\@KY

1
X &
A

Therefore ¢ also vanishes in Homz(X,Y). O

Ay A®; X =A®,

3.1.9 Corollary. Let k be a finite_extension field of k, v € V. Then the
composition ¢ : AvP~t —— k —— AvP~! does not factor through a projective

A-module.

Proof. Since k is a finite field the extension is separable. Therefore, by [7,
Corollary 69.8] k is a direct summand of k®y k as (k, k)-bimodule. Tensoring
with A we find that the assumptions of Lemma 3.1.8 are satisfied. O

Proof of Theorem 1 for finite fields. The argument is the same as the one
in the proof of Theorem 1 for infinite fields at the end of Section 3, with
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references to Propositions 3.1.3 and 3.1.4 replaced by references to Proposi-
tion 3.1.7 and Corollary 3.1.9 respectively. However, when we choose M as
before and set X = {M, UM}, we need to check that X is indeed {M Oz M }

or, in other words, that taking cosyzygies and tensoring with k commutes.
This is the case because tensoring with k is exact and k ® A is projective
over itself. O

3.2 Finite groups in general — Benson’s Conjecture

The applications here are obtained by applying the ideas of Rouquier (in
[16]) to the more general result.

3.2.1 Proposition (implicit in [16, Theorem 4.9]). Let H < G be finite
groups. Then
dim kG -mod > dim kH -mod .

Proof. We have the exact functors

res : kG-mod — kH -mod and

ind : kH -mod —— kG -mod.
Since both of them map projective modules to projective ones there are in-
duced triangle functors kG -mod =—= kH -mod. By Lemma 2.2.2, it suffices
to show that every kH-module is a direct summand of a module in the image

of res. But kH is a direct summand of kG as kH-kH-bimodule, so 135 mod
is a direct summand of res o ind. O

3.2.2 Corollary. Let G be a finite group, k a field of characteristic p, such
that p divides the order of G. Then

LL kG > repdim kG > dim kG -mod +2 > p-rank(G).

Proof. The first inequality is Lemma 2.1.8, the second one is Lemma 2.2.5.
The third inequality follows from Theorem 1 and Proposition 3.2.1. O

3.2.3 Proposition ([16, Proposition 4.7]). Let G be a finite group and
B a block of kG. Let D be a defect group of B. Then dim B-mod =
dim £D -mod.

The proof is similar to the one of Proposition 3.2.1. See [16].

3.2.4 Corollary. Let G be a finite group, B a non-semisimple block of kG,
chark =p. Let D be a defect group of B. Then

LL(B) > repdim B > dim B -mod +2 = dim D -mod +2 > p-rank(D).
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In particular, we have obtained the following inequality, which had been
conjectured by Benson without connection to representation dimension.

3.2.5 Corollary (Benson’s conjecture). Let G be a finite group, B a block
of kG, chark = p. Let D be a defect group of B. Then

LL(B) > p-rank(D).
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4 The dimension of a module category

Now we generalize Rouquier’s definition of dimension of a triangulated cate-
gory to subcategories of triangulated categories. Since the module category
is a subcategory of its derived category (by identifying it with the complexes
concentrated in degree 0) we obtain a notion of dimension of a module cate-
gory. We show that this dimension can also be used to establish lower bounds
for the representation dimension (Lemmas 4.4 and 4.5), and give some indi-
cation that it gives rise to good lower bounds (Corollaries 4.11 and 4.15).

Let 7 be a triangulated category, Z a subcategory. We use *, ¢ and (—)
as in 2.2.

4.1 Definition. Let 7 be a triangulated category, C C 7. Let M € 057.
We define the M-level of C to be

M -levely C = min{n € N |C C (M), _,},
and the dimension of C to be

dim7C = min M -levels C.
MeosT

Note that for C = 7 this coincides with Rouquier’s definition (2.2.1,
[15, 16]) of dimension of a triangulated category.

We will omit the index 7 whenever there is no danger of confusion. Espe-
cially, whenever C C A -mod for some finite dimensional algebra A, we assume
the triangulated category to be D?(A-mod) unless otherwise specified.

The following lemma is an immediate consequence of the definition, and
part 2 is also an analog of Lemma 2.2.2.

4.2 Lemma. 1. Assume C C D C 7T for a triangulated category 7. Then
dimC < dimD.

2. Let ¥ : T ——T"' be a triangulated functor. Let C C T. Then
dimq—/ F(C) S dim'j’ C

To (hopefully) simplify notation, we introduce the following two resolu-
tion dimensions.

4.3 Definition. Let M be a finite dimensional A-module, X € A-mod and
X C A-mod.



34

1. The weak resolution dimension of the module X and the class of mod-
ules X are defined by

M -wresol.dim X =inf{n | 3 an exact sequence
My e My_y ——s oo —s My —or X
with M; € add M},

M -wresol.dim X = max{M -wresol.dim X | X € X},

and

wresol.dim X =inf{ M -wresol.dim X’ | M € A-mod}.

2. The (universal) resolution dimension of the module X and the class of
modules X’ are defined by

M -resol.dim X = inf{n | 3 an exact sequence

M, —— M,,_4 e M - X
with M; € add M, such that the induced sequence
00— HOIIlA(M,Mn) > e - HOIIlA(M,X)—>O

is also exact}.
M -resol.dim X = max{M -resol.dim X | X € X},

and
resol. dim X' = inf{M -resol.dim X | M € A-mod}.

Finally we, to be able to compare to the representation dimension, we
set

resol. dimg. X = inf{M -resol.dim X | M € A-mod

generator and cogenerator}.

(we always set inf ) = c0.)

Clearly we have M -resol.dim X > M -wresol.dim X and therefore also
resol. dim X > wresol.dim X.

Note that the universal M-resolution of a module N already occurred in
Lemma 2.1.2. Therefore that lemma now reads as follows:
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4.4 Lemma (restatement of Lemma 2.1.2). Let A be a non-semisimple
finite dimensional algebra. Then

repdim A = resol. dimg, A -mod +2.

We obtain the following connection to the dimension of a subcategory of
the module category:

4.5 Lemma. Let A be a finite dimensional algebra, and M € A-mod. Then
for any X C A-mod

M -level X < M -wresol.dim X

and in particular
dim X < wresol.dim X'.

Proof. This is an immediate consequence of the fact that short exact se-
quences in A-mod are turned into triangles in D’(A -mod). O

Let us illustrate the most important dimensions and inequalities in the
following diagram, where a line means that the upper expression is larger
than or equal to the lower one.

4.6. Most important inequalities:

repdim A gld A LLA-1
wresol.dim Am\od dim Db A -mod)
dim A -mod

Here we will get (by two) better lower bounds for the representation
dimension by using the left path in the above diagram rather than just the
inequality dim D°(A-mod) < repdim A.

Clearly this new path is only open, if we can find lower bounds for the di-
mension of a module category. We will now see how the ideas of Lemma 2.2.9
and Corollary 2.2.10 can be adjusted to that question.
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4.7 Definition. We call a map of complexes f : (4;, d}) —— (B;, 0P)
locally null-homotopic if for every i there are maps r; and s; as indicated in
the following diagram, such that f = ;02 , + 91s;.

oA oA
1—1 )
Ai—l Az Ai-i—l
7/
T 7 Si .7
fi—l /Z’ fz /Z/ fi+1
// B // B
» O »
1—1 )
Bz‘—l > Az > Bz'-i-l o

4.8 Proposition. Let M € DP(A-mod). Assume there is a sequence of
morphisms

NO fl‘Nl fQ‘... fd‘Nd

in K°(A-inj), such that Hom pb (A moay (M[i], Nj_1) - f; = 0 for alli € Z and
jeA{l,...,d}. Assume further fi--- fq is not locally null-homotopic. Then
A-mod & (M),.

Proof. Assume that f;--- fy is not locally null-homotopic in position i. Let

Z = Kerl(No)i 2 (No).1].
Then we have a natural map h : Z[—i] —— Ny. We will show that hf; - - f4
is not 0. Then the claim follows from Lemma 2.2.9.
Assume to the contrary that hf; --- f; = 0, that is, it is null-homotopic
as a map of complexes. That means there is a map 7 as indicated in the
following diagram, making the triangle commutative.

2] z
h r L
No —— (No)im1 —— (No)i —— (No)iy1 ———

fl"'fd
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Since (Ng);_1 is injective 7 lifts to a map r as indicated in the diagram. We
have 0 = (7 — vr)On, = ¢((f1--- fa)i — rOn,), so (f1--- fa); — rOn, factors
through cok: = m, say via s. Since (Ny); is injective s can be lifted to a
map s as indicated in the diagram. Thus f; - - - f; is locally null-homotopic
in position 7, contradicting the assumption. ]

Note that, for A self-injective, Rouquier [16] also improved the lower
bound he obtained for the representation dimension from dim D’(A -mod) to
dim A -mod +2 by looking at the dimension of the stable module category
A -mod rather then at the derived category. The following lemma shows that
his improvement is included in ours in that case.

4.9 Lemma. Let A be a self-injective finite dimensional algebra. Then
dim A -mod > dim A -mod.

Proof. The functor D?(A-mod) — D°(A-mod)/A -perf = A-mod (see [14,
Theorem 2.1]) has dense image. Therefore, by Lemma 4.2, dim A-mod <
dime(A-mod) A -mod. U

We want to use the rest of this section to prove some results on the
strength of the inequalities obtained.

4.10 Lemma. Let A be a non-semisimple finite dimensional algebra. Then
A is representation finite if and only if dim A -mod = 0.

Proof. If A is representation finite then A-mod C (M) for M an additive
generator of A-mod. If A is not representation finite, then for any M €

D’(A-mod) there is an indecomposable A-module X which is not a direct
summand of a shift of M. Therefore X & (M). O

4.11 Corollary. Let A be a non-semisimple finite dimensional algebra with
repdim A < 4. Then

repdim A = dim A -mod +2.
4.12 Remark. There are no examples of algebras known to satisfy
repdim A > dim A -mod +2.

4.13 Lemma. Let A be a finite dimensional algebra. Then

dim D°(A -mod) — 1
2

< dim A -mod < Db(A -mod).
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Proof. The second inequality is Lemma 4.2(1). For the first inequality set
n = dimA-mod, and let M € D’(A-mod) such that A-mod C (M), ;.
Assume X € C°(A-mod). We consider the following short exact sequence of
complexes:

X’ Ker 0;_; — Ker 9; —— Ker 0,44
X 2 X — s X, Xip1 —
X” 0 Xz'—l 0 XZ 0 Xi—i-l 0

Ker 0;_; Ker 0; Ker 0;14

This short exact sequence induces a triangle in the derived category. Clearly
X', X" € (A-mod) = (M), ,. Therefore X € (M),, ,. Since this works for
any X, we have dim D(A-mod) < 2n + 1. O

4.14 Proposition. Assume A is a finite dimensional algebra of finite global
dimension. If dim A-mod < 1 then wresol.dim A-mod < 1.

Proof. Since gld A < co we may identify D°(A-mod) = K®(A-proj). Let
M € K*(A-proj) such that A-mod C (M), (note that modules are replaced
by their projective resolution when we do the above identification), say M
has the form

0i—1 0; Oi+1 Oiy2
M:—> 7;_1—>M7; Mi+1

Set N = (&;M;/Im ;) ® A. We claim that for any X € A-mod the weak
N-resolution dimension of X is at most 1. By assumption, there is a triangle
M —— M" —— X —— M'[1] in K°(A-proj). We may assume (possibly
adding complexes of the form 0 p—L.p 0 with P € add A) that
this triangle comes from a short exact sequence of complexes. We naively
cut off everything in degrees > 1. Then we have the following setup:

T<oM' : M, M} 0
T<oM" - M", MY 0
X: X_4 Xo 0
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Applying Hom gz proj) (A, —) We obtain an exact sequence of A-modules
M/ Im 9y —— M /Im 0y — X,

since X is exact at position —1 and has homology X at position 0. This
way we obtain a weak N-resolution of length 1 for any X € A-mod. Hence
wresol.dim A -mod < 1. O

4.15 Corollary. Assume A is a finite dimensional algebra of finite global
dimension, with wresol.dim A-mod < 3. Then

wresol.dim A -mod = dim A -mod.
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5 A criterion for finding lower bounds for the
dimension of module categories

The aim of this section is to prove a criterion which yields lower bounds
for the dimension of a given module category, and hence by 4.6 also for the
representation dimension and the dimension of the corresponding algebra.
In the first subsection we give and prove a general version of this criterion.
In the second subsection we further investigate one special case. This will
be the one which is easiest to apply. In Subsection 5.3 we will see that the
assumptions of the criterion are preserved under certain coverings. Therefore
we immediately get the same lower bounds for the dimension of the module
categories of related algebras.

5.1 The general criterion

One main idea of the criterion presented here is to compare the (derived
categories of ) the module category we are interested in to another category
we understand better. We will use the category of modules over an integral
domain which is finitely generated as k-algebra and its derived category as
this other category. Here we can apply results from 2.3. We first need to
extend these ideas to the derived category.

Vanishing of extensions over k[xy,...x4|/I

We fix a field k and R = k[z1,...24|/] with [ <k[xy,...,z4] a prime ideal.
We denote by R-f.l. the category of R-modules of finite length. One main
idea here is to look at a family of objects in D’(A -mod) by taking a complex
G of A ®; R-lattices and looking at the image of the functor

G ®p—: D(R-f1.) — D’(A-mod).

The first aim now is to recall some properties of R-f.l., which will then
be used to study the image of G ®xr — in D’(A-mod). More precisely, we
will prove Proposition 5.1.1, which says that for any M € D~ (R-mod) there
is an open subset of blocks of R-f.l.; such that for any block in this open
subset the homomorphisms from M to this block annihilate all extensions in
the block.

We denote by MaxSpec R the set of maximal ideals of R, with Zariski
topology. For p € MaxSpec R we denote by R,-f.l. the category of modules
of finite length over the localization of R at p. This is the full subcategory
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of R-f.l. whose the objects are all iterated extensions of the simple module
R/p. This yields a block decomposition

Rfl= € R,fl
peMaxSpec R
5.1.1 Proposition. Let M € D~ (R-mod). There is a non-empty open set
U C MaxSpec R such that for any p € U and any X;, Xy € R,-mod
Hom p- (g -mod) (M, X1) Homp- (g -mod) (X1, X2[1]) = 0.

Proof. Since D~ (R-mod) = K~ (R-proj) we may assume that M is a com-
plex of projectives. Then Homp- (g-mod)(M, X) = Hom g (g-moa)(M, X) for
any X € D(R-mod). Any morphism from M to X; factors through M,
where 759 M is the truncated complex as illustrated in the following diagram.

0
M - R™*1 > R"0 - R™ - e
TZ()MZ ‘0 ~R"°/Im8 ‘Rnl > .

Further, since X; in an Rp,-module, any map 7>0M —— X factors through
R, ®g 7>0M. By Lemma 2.3.1 there is a non-empty open subset ¢ C
MaxSpec R such that R, ® R™/Im 0 is projective (as R,-modules) for any
p € U. Then clearly Homp- (g, -moda)(Rp ®r T>0M, X[1]) = 0. The claim of
the proposition now follows from the fact that the embedding

D_(Rp -mod) —— D~ (R-Mod)
is full. O

The criterion

Now we can state and prove our main theorem. We keep R fixed as in the
paragraph above, and also fix a finite dimensional k-algebra A.
Assume further we are in the following situation:

5.1.2 Setup. We have a functor F : D*(R-f.1.) —— K°(A-inj) such that
the image of R-f.1.[i] is uniformly bounded for any i, that is, F restricts to
functors R-f.1.[i] — K91:%I(A -inj), where K91:%] denotes the subcategory
of complexes which vanish outside degrees a', ..., a,. Assume further that F
admits a left adjoint F : D®(A-mod) —— D~ (R-mod). That is, there is a
natural isomorphism
Home(A-mod) (M, FX) = HomD*(R—mod) (FM, X)
VM € D’(A-mod), X € D*(R-f.l.).
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5.1.3 Proposition. Let F: D*(R-f.l.) — K°(A-inj) be as described above,
d e N.

(a) Assume
{p € MaxSpec R | F(Hom ps (g -moa) (Rp-f.1., Ry -f.1.[d])) # 0}

1s dense. Then

dim D°(A -mod) > d.
(b) Assume

{p € MaxSpec R | F(Hom ps (g -moa) (Rp-f-1., Ry-f.1.[d])) contains

at least one map of complexes which is not locally null-homotopic}

is dense. Then
dim A -mod > d,

and especially
repdim A > d + 2.

Proof. We want to apply Corollary 2.2.10 and Proposition 4.8 for claim (a)
and claim (b) respectively. Therefore let M € D’(A-mod). Assume M €
Dlbrb2l(A -mod). We set a; = min{a} | 0 <i < d— 1}, ag = max{a} | 0 <
i <d-—1}, and

. az—by

M= & M.

i=bs—aq

That is we take the direct sum of all shifts of M, excluding those which cannot
have any morphisms to objects in F(R-f.1.[i]) for any i € {1,...,d —1}. We

apply Proposition 5.1.1 to ;
-1

()i

i=0
This yields a non-empty open & C MaxSpec R. Choose p in the intersection
of U with the subset of MaxSpec R described in the proposition (this is
possible by assumption).

Now choose an element f of Hom pb (g _moa) (R -f.1., Ry -f.1.[d]) which is not

mapped to 0 by F. For the proof of (b) choose f such that Ff is not locally
null-homotopic. Decompose it into a product

f=T- (1)) (fald = 1])
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with f; € Hompe(gmoa)(Rp-f.1., Ry-f.L[1]), say f; : X;o1 —— X;[1]. By
assumption on p we have

—

Homp - (-moa) (F(M)[—(i = 1)], X; 1) - fi = 0.
Therefore also
HomD*(R—mod)(fFv(]/\j)aXi—l[i —1])- fili—1] =0.

Now we apply F to the shift of f; and the adjunction isomorphism to the
Hom-set. That yields

Hom o (5 -mod) (M, F(X;1[i — 1])) - F(fili — 1]) = 0.
By construction of M this means
Home(A-mod) (M[]]a F(Xz—l[Z - 1])) ' F(fl[z - 1]) =0 v.]

Now apply Corollary 2.2.10 for the proof of (a) and Proposition 4.8 for the
proof of (b). ]

5.1.4 Definition. We define A ®; R-lat to be the full subcategory of A ®j
R-mod in which the objects are projective as R-modules. We denote by
Inj(A ®; R-lat) the full subcategory of objects, which are injective with
respect to short exact sequences (that is, any short exact sequence which
begins in such an object splits).

Note that Inj(A ® R-lat) contains all modules of the form I ®; R, with
I € A-inj.
An object G € C*(Inj(A ®; R-lat)) gives rise to a functor

G @% —: D(R-f1.) — D’(A-mod).

Since G consists of projective R-modules this is just the total tensor product
G R — =G —

Theorem 2. Let G € C*(Inj(A ®;, R-lat)) and d € N.
(a) Assume
{p € MaxSpec R | (G @%" —)(Homps(g_moa) (Rp-f.1., R,-f.1.[d])) # 0}

1s dense. Then

dim D°(A -mod) > d.



44

(b) Assume

{p € MaxSpec R | (G ®%"* —)(Hompy(g moay(Rp-f-1, Ry-f.1[d]) contains

at least one map of complexes which is not locally null-homotopic}

is dense. Then
dim A -mod > d,

and especially
repdim A > d + 2.

Proof. Clearly we want to apply Proposition 5.1.3 with F = G @F* —. It
only remains to show that F has a left adjoint.

Since G is finitely generated and projective over R it is isomorphic to
Homy*(Homy*(G, R), R) (note that applying Hom}:*®(—, R) just means ap-
plying Hompg(—, R) to every degree). Therefore we have

Hom po( s moa) (M, G @1* X)
= Hom po(p moa) (M, Hom7* (Homp* (G, R), R) ®3"* X))
> Hom pe(a mod) (M, Homp* (Hom3* (G, R), X))
>~ Homp- (g-moa)(Hom3* (G, R) ®§ M, X)

So Homy* (G, R) ®k — is the desired adjoint. O

5.1.5 Remark. Since A-inj ~ A-proj we may in Theorem 2 alternatively
assume G € A ®; R-proj.

Let us now assume that L € A®, R-lat. Then (L®g—) is an exact functor
R-fl. —— A-mod. Therefore it also induces maps between corresponding
Ext-groups.

5.1.6 Corollary. Let L be a A ® R-lattice, and let d € N. Assume the set
{p € MaxSpec R | (L ®p —)(Ext%(R,-f.1, Ry-f.1.)) # 0}

1s dense. Then
dim A -mod > d,

and in particular
repdim A > d + 2.
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Proof. Let L satisfy the assumption above, and let p € MaxSpec R such that
(L ®r —)(Ext%(R,-f1, Ry-f.1.)) # 0. Then there are A, B € R,-f.l. and
E € Ext}(A, B) such that L ®z E # 0 as element of Ext4 (L ®r A, L ®g B).
In the derived category L is isomorphic to a complex of injective lattices of
the form I ®; R, say

L=+ —0—1"®,R—1'"®Qy R — ---
Then
LpA=- — 00— 1" A — '@, A — -,
LepgB=- —0— 1'%, B—1'®, B— ---,

and the extension is induced by a map of complexes
L®r A—— L ®g Bld].

Assume it is locally null-homotopic in position 0. Then, since we have com-
plexes of injectives which are exact in all other positions, this local null-
homotopy can be lifted to a null-homotopy. Therefore the extension splits,
contradicting our assumption. Therefore there is also no such local null-
homotopy in position 0 for G ®g E, with

G=- —0—1"®, R . s 17, R ——> 0 —— - .

Now we apply Theorem 2 with this G. O

5.2 A practical version of the criterion

In this subsection we will treat the following special case: We assume R =
klxy,...,z4] and G is a complex of injectives such that the differential is a
polynomial of degree one. This setup will be used in the examples.

We denote by k the algebraic closure of k. The inclusion

klxy,. .., 24 — k[z1,. .., 24]
induces a surjection

C: B = MaxSpec k[z1, . .., x4 — MaxSpeck[z1, ..., 14).

In particular the (-image of dense subsets is dense. R
For (aq,...,aq) € MaxSpeck[xy, ... x4, we denote by k = klay, ..., a4
the corresponding finite extension of k.
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5.2.1 Corollary. Let R = k[xy,...,z4]. Assume G € C*(Inj(A ®; R-lat))
is of the form

d d d
+>i1 O wi R+>i= Ofwi +>i, O

%, R I'®y R » I ®y R,

with I' € A-inj and &) € Homy(I7~1, 7). Assume the set

{(a,...aq) € [ | the map

ol...0¢

~ 9+, 0das ~

Id—l R, L 6+ 251 9 ]d R, L
is not null-homotopic}

18 Zariski-dense in Ed. Then

dim A -mod > d.
Proof. We only need to show that we are in the situation of Theorem 2(b).
Assume (o, ..., qq) is in the set above. We consider the exact sequences
E, :
klxy, ..., zql/(x1 — a1, ..., xq — )
klzy,...oxa/(x1 — a1, oy @omt — @, (T — )2, Tyt — G, Ta — Q)
klxy,...,zql/(x1 — a1, ..., x4 — )
of R-modules, where the first map is the %[ml, ..., Zy]-linear map sending 1

to x, — a,., and the second map is projection. Tensoring E, with G we find
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the following short exact sequence of complexes of A-modules.

~ 9 ~ 92 2o o ~
]0 ®k ke O+Zz 1070 ]1 ®k L +Zz 1Y% .. +Zz 195 ]d ®k L
(01) (01) (01)
Peke A reyke A2 Al reke
(zr—ar)l()@kk (zr—ar) [T @rk (:cr—ozr)ld®kk
(6) (6) (6)
~ 8} ~ 92 2o od ~
]0 ®k k +Zz 1 ’L ]1 ®k k +Zz 1> . ... +Zz 1 ’L Id ®k k
. ' 4 Ya, j
with A7 = <68 T Z()Z:l O 9 Zgg o ) The map in the homotopy
0 i=1 Y Qi
category corresponding to this extension is
~ ~ 92 9%a
]0 Q@k k ‘+§:z 1 z ]1 Q@k k <+§:z 1Y%
o} —2
~ 91 o ~ 92 ; ~ 9
]-O ®k kf +Zz 1 z ]’1 ®k k +Zz 1 z ]’2 ®k k +Zz 1 z

Now we look at the composition E;---E; € Extﬁl%. By assumption it is not
locally null-homotopic. Therefore ((ay, ..., aq) is in the set

{p € MaxSpec R | (G ®"* —)(Homps(g moa)(Rp-f.1., R, -f.1.[d]) contains
at least one map of complexes which is not locally null-homotopic}.

Therefore this set is dense, so the assumption of Theorem 2(b) is satisfied. [

Now we can reformulate Corollary 5.2.1 in a way which does not contain
the R-lattice structure explicitly any more, but only requires us to find a finite
set of morphisms between injective A-modules having certain properties.

5.2.2 Proposition. For 0 < j < d let I’ € A-inj and for 0 < i < d and
0<j<dletd €Homy (I’ ' 1), such that

(1) Vi, j: 3 =0 and
(2) Yiy,ig,j: & & = - P

11 72 2 71
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Assume the set

{(a1,...aq) € [ [for k = klon, ... ag] the map

19y B A=l pg 7
aL.-ad
1y B B Em Oy g 7
is not null-homotopic}
is Zariski-dense in k. Then
dim A -mod > d.
Proof. We apply Corollary 5.2.1 to the complex
IO®kR4>a+Z”Z Il®kRa+Z”l - a+z”ll~ld®kR.

Assumptions (1) and (2) of the proposition ensure that this is indeed a com-
plex, that is that the composition of two consecutive morphisms vanishes. [

5.2.3 Remark. Note that, in Proposition 5.2.2 above, we have to find out
if a morphism of complexes of A ®;, k-modules is null-homotopic as a map of
complexes of A-modules. This seems to be a quite unnatural question. Next
we will see that for & separable over £ this simplifies to the question whether
the map is null-homotopic as a map of complexes of A ®;, k-modules.

5.2.4 Lemma. Let % be a separable extension of k. A map of complexes of
A ®g k-modules is (locally) null-homotopic as map of complexes of A-modules
if and only if it is (locally) null-homotopic as a map of complexes of A ®y k-
modules.

Proof. The “if”-part is clear.

For the converse let the complexes be (A;) and (B;). Assume that there
is a A-null-homotopy by maps h; : A; —— B;_ 1

Since & is separable over k the epimorphism k®kk e & of k-k- bimodules
splits ([7, Corollary 69.8]). Let ¢ : k — k ®; k be a morphism of k-k-
bimodules such that ¢m = 1. This induces maps of A ®; ¥ modules

~ La, QT
Ai ®kk’ ‘Ai
1,41. ®/k\ L
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and similar for B;.
Now we replace h; by

~ 1Ai ®E L

~ h®gl;

~ 1l . Q7
i1 O k Dot Tk

> Di_1.
Note that if f : X —— Y is a A ®j, k-linear map, then f(ly ®71) =
(1x @z 0)(f @k 13) and (1x @z ) f = (f ®kN1@)(1y ®z 7). Using this, it is a
straightforward calculation to see that the h; also induce a null-homotopy.

The proof for locally null-homotopic is similar. O

We denote by k*P the separable closure of k. Note that (k5°P)¢ is always

dense in &". Then we obtain the following theorem directly from Proposi-
tion 5.2.2 and Lemma 5.2.4.

Theorem 3. For 0 < j <d let I’ € A-inj and for 0 <i < d and 0 <j <d
let & € Homy (I, I7), such that

(1) Vi, j: 8™ =0 and

(2) Vil’iz’j : 85185;_1 - _85;814‘1+1'
Assume the set

{(an, ... aq) €(E*P) | for k = k[ay, ... og] the map
~ 94+ Hla, ~
]’0 ®k k 80+ZZ:1 a’L ]’1 ®k k
o}-..0d
9l pda, .

]’d—l ®k k 80+ZZ:1 a’L Id ®k k

s not null-homotopic as map of complexes over A &, E}
is Zariski-dense in (k*P)?. Then

dim A -mod > d.

5.3 Coverings

The aim of this subsection is to show that, under certain assumptions, the
preconditions of Theorem 2 are invariant under coverings. This result will
allow us to transfer results on local algebras to classes of algebras of finite
global dimension in the next section. There are many algebras which admit
a covering by the same algebra of finite global dimension. This will yield
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larger families (depending on parameters in k rather than just the discrete
parameters L, N) of algebras for which we can find a lower bound for the
representation dimension.

We assume A to be a graded algebra. That means there is an abelian
group A, such that A = @,caA, as k-vector space and Ay, - Ay, € Agjiay-

A graded A-module is a A-module M with a k-vector space decomposition
M = ®4eaM, such that A, - My, C M, +q,- Clearly A itself is a graded
A-module. If M is a graded A-modules and a € A, then we denote my M (a)
the graded A-module with M(a) = M as A-modules, but M(a), = My_,.
For two graded A-modules M and N we denote by HomJ (M, N) the set of
graded homomorphisms of degree g, that is the homomorphisms which map
M, to Nyy4 for all a € A.

Now let V C A be a finite subset. We can define a finite dimensional
algebra Ay by

Ay = (Bnd?, (@,erA ()7,
Note that Hom,(A(v) , A(w)) = Hom®% *(A,A) = Ay_,. Therefore the alge-
bra Ay is the matrix algebra
(Rus)yey

The indecomposable projective Ay-modules are in bijection to the pairs
(Q,v) with @ an indecomposable projective A-module and v € V| and

Homy,, (P(Ql,vl)’ P(sz)) = Homg_vl(Qb Q2).
This gives rise to a faithful functor
Ay -proj —— A -proj
and therefore also to faithful functors
C*(Ay -proj) — C°(A-proj), and
C*(Ay @y R-proj) — C°(A ®; R-proj),
which will all be denoted by C.
For G € C*(A ®;, R-proj) we set
d(G) = min{d | the set
{p € MaxSpec R | (G ®@r —)(Hom pb (g -moa) (Rp -f.1., R, -f.1.[d])
contains at least one map of complexes which is not locally null-
homotopic}

is dense}.

Then Theorem 2(b) can be restated as follows:
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Theorem 1 (b). Assume G € A ®; R-proj. Then dim A-mod > d(G).

Our aim is to show that d(G) does not change under certain coverings.
Together with the formulation of Theorem 2(b) above this means that we
can often establish the same lower bounds for the dimension of the module
category of Ay that we can show for the dimension of A -mod.

5.3.1 Proposition. Assume G € C*(Ay ®; R-proj). Then d(CG) = d(G).

Proof. Tensoring with X € R-f.I. commutes with C. Let X, Xs € R-f.l. and
¢ : Xy — Xs[d]. Clearly if the map G ®g X; —— G ®g X3|d] induced by
¢ is locally null-homotopic, then so is its image under C.

The idea for the converse is, that all parts of a local null-homotopy which
do not respect the grading can be omitted.

More precisely, assume the map

(9i3)ij

@Z‘P(inz') g @iP(Ri,wi)

(fij)z’j

(035)is
®iP(Si7xi) L ®iP(Tivyi)

gets null-homotopic by applying C (here Q;, R;, S; and T; are indecomposable
projective A-modules and v;, w;, z;,y; € V). We want to show that the map
then is null-homotopic itself.

By assumption, there are maps r;; : Q; —— S; and s;; : R —— T} as
indicated in the following diagram

(0i3)ij

D;Q; iR,

(8ij)ij

(fij)z’j

(9)i

®;S; - B, T;

making f null-homotopic.

We can decompose the ry; into r;; = > r{; with r/; € Hom$ (Q;, S;) and
the s;; into s;; = > sj; with s{; € HomJ, (R;, T;). New recall that the f;;, 0;;
and 0;; are graded homomorphisms. Using this fact, it is a straightforward
calculation to see that (r;/~"');; and (s, ')y also make f null-homotopic.

The claim now follows from the fact that the v/~ and s}7” ' are in the
image of C. O
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There can be many graded algebras which have the same covering. We
also get the following connection between them:

Assume o : A —— Autg, A is a homomorphism of groups. Then we can
define a finite dimensional algebra A“ by

A® = A as k-vector spaces, and

Ao de = ATEER

It is straightforward to verify that A® is an algebra and that A{ = Ay
for any V C A.

By applying Proposition 5.3.1 to both A and A“ we obtain the following
corollary.

5.3.2 Corollary. Let G € C°(A ®; R-proj) such that there is some V C A
and G' € C*(Ay ®;, R-proj) with G = C,G'. Then d(CraG') = d(G).
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6 Iyama’s upper bound for the representa-
tion dimension

The results presented in this section are based on the following theorem of
[yama. The application of his result to the examples was suggested by Iyama,
who worked out in detail the upper bound for the representation dimension of
the algebra considered by Krause and Kussin presented in the next section
as Lemma 7.2.8 (private communication). We recall the proof of Iyama’s
theorem. Then we give two corollaries, which are adapted to the examples
we want to study in the next section.

6.1 Theorem (Iyama [10, Theorem 2.2.2 and Theorem 2.5.1]). Let
A be a finite dimensional algebra. Let M = M, € A-mod and M;,; =
M; - Rad(End(M;)). Assume M,, = 0. Then

gld End(EP M;) < m.

Especially, for M = A & A*,
repdim A < m.

Proof. We set M = @;M;. Note that M’ —— HomA(M’ J/\/[\)* induces an
equivalence add M —— End(M )°P -inj. Let X € End(M )°P -mod and let

>* Hompy (f° ,M)*

—~ om 1 r *
X~ Homy (N, M e Homa /M)

HOIIlA(Nl, ]/\Z
be a minimal injective coresolution. We will show N* € add Dj>max{i—1,0yM;
by induction on i. For ¢ € {0,1} there is nothing to show. Assume ¢ > 1,
N* € add ®;>;-1M; and N'*! has an indecomposable direct summand N’
with N’ € add M, \ add Mj, for some k < i. We denote by 7 : Nt —ss N
the projection to this summand. By assumption there is an epimorphism
(M,)* ——= N* for some n € N. The composition of this epimorphism

with the component N° 7 N7 is a radical morphism (since f* is a radical
morphism), and therefore factors through M, - Rad meda( Mg, N') ‘. N

Therefore so does the map f'r, that is, there is a map ¢ making the following
diagram commutative.

fi—l fiﬂ.

Ni—l NZ Nl

Mk : RadA—mod(Mk7 N/)
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Since My, - Radp moa(My, N') € add M1 and N' ¢ add My the embedding
¢ is not an isomorphism. Since ¢ is an inclusion f*~'¢ = 0. This contradicts
the assumption that Hom(f'r, M)* is a component of the minimal injective
resolution. Therefore N € add &;;M;, completing our induction.

Since N* € add @;>;_1M; for any i > 0, we have

N € add &5, add M; = 0.
Hence id X < n. Since this works for any X we have shown gld End(]\/J\ )P <
n. U

Here we are mainly interested in the representation dimension, therefore
we only consider the case M = A ® A*.

6.2 Corollary (shown similarly by Iyama [9]). Let A be a finite dimen-
sitonal algebra with quiver

(a1,b1) o (ag,b2) (ap—1,b0-1)

1 2 L

for arbitrary a;, b; € N. That means that A has ezxactly L non-isomorphic
simple modules Sy, ... Sy and Ext} (S, Sy) = 0 whenever v # w — 1. Denote
by I, the injective module corresponding to vertex . Assume

(1) Endp J'A is semisimple for any i.
(2) there is 1 < Ly < L such that

(a) I is projective for all 1 > Ly, and

(b) all composition factors of Soc A are among the simple modules
corresponding to vertices Ly, ..., L.

Then
repdim A < max{LL A, max{LL [, + 1 | I; not projective}}.

Proof. Set V.= {v € {1,...,L} | I, not projective}. We may assume that
Ly € V. We apply Iyama’s Theorem with My = A ® @, [,. We will
show that M; = J'A & @, I}, for submodules I C I, with LLI} <
max,cy LL I, + 1 — 1.

Clearly the construction in Iyama’s Theorem respects the direct sum de-
composition of M.

We first look at morphisms to the submodules of the indecomposable
injective non-projective modules.
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Let v € V and ¢ € Hom(J'A, I}). Since I, is injective ¢ extends to a
map A —— [, as indicated in the following diagram.

JAN— A

|

jp—

Therefore the image of ¢ is contained in JI,. For the converse let 1) :
A" —= [, be a projective cover. Since I, is not projective this is in the
radical of A-mod, so I! = I,,. Since embedding the radical is in the radical of
A -mod so is the composition with the restriction of ) to some radical power

JINT —Yer JII w JiTUL

Therefore one can see, by induction over ¢, that J°A-Rads meq (J'A, I!) = J'I,
and J7'I, C I!. Especially I} = J"'Ip,.

Now let v,w € V with v # w. Any map ¢ : I} —— I’ has the socle of
I’ in its kernel. Therefore the length of the image is at most the length of I?
minus one. By induction on ¢ one obtains LL [5 < maxy,ey LL I, +1—1 as
claimed above.

Now we want to consider maps to the projective modules.

The composition of a projective cover with embedding of the radical
A JA A restricts to maps JA") —» JTIA —— JiA. These
are in the radical of End J¢A since the second map is in the radical of A -mod.
Therefore, together with Assumption (1), we get J'A-Rad Endy J'A = J*HA.

For v < Lo we have Homy (I, J'A) = 0, since I’ and Soc J*A do not have
any common composition factors. By looking at the composition factors, we
can also see that any non-zero element of Homy (I, , J'A) is a monomorphism.
Now assume such a monomorphism exists. Remember that I} = J"'Ip,.
Therefore the simple module corresponding to vertex Lo — (LL Iy, — 1) +
(i —1) = Ly — LLIy, + i is a composition factor of I} . So it also is a
composition factor of J'A. Let w be a vertex such that it is a composition
factor of J'P,, where P, is the projective module corresponding to vertex
w. Then Ly —LLI;, +7 > w41, so Ly —w > LLI;,. But if the simple
module corresponding to Ly is a composition factor of P, then the simple
module corresponding to w is a composition factor of I;,,. Therefore LL I}, >
Lo —w+ 1. A contradiction. Therefore Homy (17, J'A) = 0.

Putting everything together we find that M; has the structure claimed
above. Especially Mmax{LL A,max{LL I,+1|I, not projective}} = 0, so Iyama’s Theo-
rem provides the claim of the corollary. O




o6

6.3 Corollary. Let A be a local finite dimensional algebra. Assume
(1) J'A -Rad Endy J'A C J*A for any 1,
(2) the socle and radical series coincide for A and for A*, and
(3) any map Soc® A* —— A has semisimple image.

Then repdim A < LL A + 1.

Proof. We may assume that A is not self-injective (otherwise it is semisimple
by Assumption (3)). We set My = A@A* and claim that M; = J'A® J 1A%
As in the proof of Corollary 6.2 we can see that

JNCTA®J A - Rady mea(J'A & 7T, JTIAY C Soc AT AT,

Since both sides coincide by Assumption (2) we have equality.

The proof of J'A - Rad Endy J*A = J*"A is also identical to the proof of
this equality in the case of Corollary 6.2.

It remains to show that J='A* - Homy (J71A*, J'A) C J**TA. Unfortu-
nately this will clearly fail for © = LL A—1. But in that case the image of any
morphism to j'A has semisimple image (since the module is semisimple), and
the simple module is a direct summand of M;,; anyway, so it still agrees with
our claim above. Now assume i < LLA — 1. Let ¢ € Homy(J" 1A%, J'A).
Now we consider the following composition

Soc® — JIIA* XL JIN s AL

By Assumption (3) this composition has semisimple image, so ¢ factors
through J*~'A* —» J"=1A*/Soc? A*. Therefore the image has Loewy length
LLA—(i—1)—2 = LL A—i—1, so it is contained in Soc™* A==t A = J#1A. O

6.4 Remark / Corollary. Auslander’s result that the representation di-
mension of a self-injective algebra is bounded above by its Loewy length (see
Lemma 2.1.8 or [3]) also follows from Iyama’s Theorem (similar to and easier
than Corollary 6.3).
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7 New and improved examples of algebras of
representation dimension at least four

This section is devoted to demonstrating how the results of Sections 5 and 6
can be applied to some interesting classes of algebras. We reprove and gener-
alize Rouquier’s result on the representation dimension of exterior algebras,
and find a general lower bound for the representation dimension of commu-
tative algebras. By results of 5.3, we automatically also get lower bounds
for coverings and certain variations of the algebras presented in this section.
Applying the results of Section 6 we find upper bounds for the representation
dimension of these algebras. In most cases it will turn out that we actually
have identified the representation dimension or that there is only a small
number of possible values left.

Most examples will consist of families of algebras indexed by L and N,
such that L is the maximal Loewy length and N is the number of generators
(this will make sense in the actual examples).

7.1 Examples related to exterior algebras

As a first example, we consider the exterior algebras, which have been treated
by Rouquier [16]. We allow more generally to cut off certain powers of the
radical.

7.1.1 Theorem. Let Aj y be the exterior algebra of an N-dimensional vector
space modulo the L-th power of the radical (L > 1, note that if L > N then
the actual value of L does not matter and the Loewy length is N + 1). That
is

Ay =k(x1, ..., xn) [(emx, —i—xnxm,xi,xm s T, | 1 <myn,n; < N).
e If L < N then

dim Az x-mod = dim Db(ALJV -mod) = L —1

and
repdim A y = L + 1.
e For L=N
dim Ay x -mod = dim D’(Ay y-mod) = N — 1
and

repdim Ay y > N + 1.



o8

o If L > N then
dimAg xy-mod =N —1,  dim D’(A; y-mod) = N
and
repdim A y = N + 1.
We break the proof up into some lemmas.

7.1.2 Lemma. Let Ar n as above. Then
dim Ay y-mod > min{L — 1, N — 1}.

Proof. We want to apply Theorem 3. Set d = min{L — 1, N — 1}. Take
I°=... = 1" = A} y and & the map induced by right multiplication by
zir1. By definition they fulfill assumptions (1) and (2) of Theorem 3. So
consider the diagram

d
STy i Tip10y

AL N @ik

Ajn @ik

T2 Td41

~

d
* TIH+D o Tip104 4
N; y @ R I g

Nk
The vertical map of complexes is not null-homotopic. Therefore
dim Az y-mod > d
as claimed. 0

7.1.3 Lemma. Let Ayyin be the exterior algebra as in the special case
L =N +1 above. Then

dim D’(An 41 x-mod) = N.

Proof. For simplicity we write Ay = Ani1 n.

By Lemma 2.2.4 we know dim D°(Ay-mod) < N.

For the other inequality assume M € D°(Ay-mod). As in the proof of
Lemma 7.1.2 one can see that for any w € N there is x € @kx; such that the
(vertical) map

00— Ay —— o — Ay — Ay —— 0 ——
LA, A |
0 — Ay —= Ay —— - e Ay —— 0 —— 0 ——
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is annihilated by all maps from shifts of M. Assume that the homology of
M is concentrated in degrees a,...,b. Choose w > b —a+ N. We want to
show that the map

0 Ay oo e Ay e Ay Ay 0
I |
AN e Ay e D Ay 0 —— Y R
degree: —N 0 w—N

also annihilates all morphisms from shifts of M. Let i € N. We will show
that the map annihilates all morphisms from M[i] by looking at the following
two cases:

Case i < a: M may be assumed to be a complex concentrated in degrees
a,...,b. Therefore M[i] is concentrated in degrees a —i,...b — i. Since the
upper object is a finite complex of injectives, all morphisms from M[i| to it
are represented by morphisms of complexes. Then they annihilate the map
above.

Case ¢ > a: M may be assumed to be a complex of projectives concen-
trated in degrees < b. Therefore M[i| is a complex of projectives concentrated
in degrees < b—1 < b—a < w—N. Now we can see the map above as the com-
position [Ay e Ay] An/Anz]—(w — N)] An/Anz.
But M][i] does not have any non-zero morphisms to Ay/Ayz[—(w — N)].
Therefore all morphisms from M[i] annihilate the composition.

Now compose N — 1 maps of the upper type (with different x; — shifted
to the correct position) and the lower map and apply Corollary 2.2.10. O

7.1.4 Lemma. Let Ayt n be as above. Then
repdim Ay v <N+ 1.
Proof. This is just Lemma 2.1.8. O
7.1.5 Proposition. Let Ap n be as above with L < N. Then
repdim Ay < L+ 1.

Let us start by checking Assumption (1) of Corollary 6.3 for the exterior
algebra.

7.1.6 Lemma. Let Ay = Ayy1 n be the exterior algebra. Let 0 <1 < j—2 <
N — 1. Then

Endy, J'An/J? Ay = k @ Homp,, (J'Ax/J Ay, JT AN /TP An)e

where 1 is the natural embedding.
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Proof. Since we are looking at a graded module the endomorphism ring is also
graded. Therefore we only have to verify that all degree 0 endomorphisms
are multiplication by a scalar.

If i =0or j = N +1 this is true, since the endomorphisms induce
endomorphisms of the simple head (i = 0) or simple socle (j = N + 1).
Therefore we may exclude these cases in the next step.

Assume 1 < i and j < N. Let ¢ : J'Ay/J' Ay —— J'Ax/J?Ayx be a
degree 0 morphism. We want to show now that ¢ maps z,J" 'Ay/J7 Ay to
itself for any n. Let p € J""'!Ay be an element of degree ¢ — 1. Then

T@(Tnp + JAN) = @(@mrnp + JAN) = —2n0(xmp + JAy)
€ Ty - JZAN/J]AN

Let
()O(xnp + JjAN) - Z Apyonilng 0 Ty
n1<ng<---<n;
Then
xm(p(xnp + JjAN) = Z AnysooniTmTng " Ty
ny<ngz<---<n;

n1FEMmM, niFEmM

Therefore each monomial with a nonzero coefficient in p(z,p+J7 Ay) contains
at least one of x,, and z,,. Since this works for any m # n each such monomial
contains x,, or all other z,,. The latter case cannot occur, since i < N — 1,
so ¢ maps z,J 'Ay/J7 Ay to itself as claimed above.

Now we show by induction on ¢ and simultaneously for all N > i that
any degree 0 morphism ¢ : J'Ay/J' Ay —— J'Ay/J? Ay is multiplication
by a scalar.

For ¢ = 0 this is clear, so assume ¢ > 0. Then we know that ¢ maps
T, - J7T AN/ TP AN to itself. Now z,, - J7 AN/ JIANy = J7 AN /T ANy,
where the Ay_1 is to be interpreted as the exterior algebra on the vector
space generated by z, with m # n. Now inductively @[, .ji-1py/ 554y 18
multiplication by some «,, and the a,, all coincide since the z,,- J" ' Ax/J7 Ay
have pairwise non-trivial intersection.

Therefore our morphism is multiplication by a scalar, and the claim of
the lemma follows. O

Proof of Proposition 7.1.5. We would like to apply Corollary 6.3. We have
verified Claim (1) in Lemma 7.1.6 above, and Claim (2) is obvious. To verify
Claim (3) let ¢ : Soc® A} y — A y. The monomials of the form @, - - -z,

7
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with ny < --- < n; and @ < L form a basis of Ay y. We consider the dual
basis of A7 y. Then
Soc® Ay = @ km*.
m such a

monomial of
degree <2

Now note that for n < m we have z,(z,z,,)" = 0 for all » & {n,m}. There-
fore all these x, have to operate as zero on ¢((x,z,)*). It follows that
cp((xnxm)*) c JN_2AL7N + Soc AL,N' Since Soc AL,N = (]L_lALJv, Claim (3)
follows for N —2 > L — 1, thatis L < N — 1. O

Proof of Theorem 7.1.1. The claims of Theorem 7.1.1 follow from the in-
equalities in Lemmas 7.1.2, 7.1.3, 7.1.4, Proposition 7.1.5 and in 4.6 O

7.1.7 Remark. Unfortunately, we are not able to identify the representation
dimension for L = N. It seem reasonable to expect that repdim Ay y =
repdim Ay;1 vy = N +1, since the representation theory of these two algebras
almost coincides.

Note that the algebras Ay x of Theorem 7.1.1 are Z-graded by deg z; = 1.
Therefore automatically also get lower bounds for the following covering.

7.1.8 Theorem. Let A, y be the exterior algebra of an N-dimensional vector
space modulo the L-th power of the radical, as treated in Theorem 7.1.1. In

.....

1 1 1
1 2 3 L-1 L
Q=0 . o . o o - o and
— — —
TN TN TN

I = (TnTm + Ty, 72).

Then B
dim Ay y-mod = min{L — 1, N — 1}

and _
repdim Ay y = min{L + 1, N + 1}.

Moreover, for L < N
dim D*(Ap y-mod) = L — 1,

and otherwise B
dim D*(Ap y-mod) € {N — 1, N}.
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7.1.9 Lemma. Let _/N\L,N as above. Then repdim /NXLN <min{L+1,N+1}.

Proof. We want to apply Corollary 6.2. One can see that Assumption (1)
is satisfied as in the proof of Lemma 7.1.6, except that we do not have to
restrict to degree 0 morphisms (since there are no morphisms of non-zero
degree). If we choose Ly = min{L, N} then Assumption (2) holds. O

Proof of Theorem 7.1.8. By Proposition 5.3.1 and the proof of Lemma 7.1.2
we have dim Ay y -mod > min{L — 1, N —1}. Now the theorem follows with
the inequality if Lemma 7.1.9 above and the inequalities of 4.6. O

Finally we apply Corollary 5.3.2. Note that a group homomorphism from
Z is given by the image of 1. Further note that any graded automorphism of
Ay n comes from an automorphism of the vector space kx; @ - - - @ kxy, and
therefore is given by an invertible N x N-matrix.

7.1.10 Theorem. Let A = (a;;) be an invertible N x N-matrix over k. Let
A7 y be the algebra

AéN =k(x1,...,zN) /(Zamiasnxi + Zamxmxi 1<m,n <N\,

Then
min{L —1, N —1} < dim A7 y-mod < dim D*(A} y-mod) < min{L—1, N},
and in particular

repdim A7 y > min{L +1, N + 1}.

7.1.11 Example. In Theorem 7.1.10 above, let N = 3, L = 4 and A =
<St t 1) with s,¢ € £\ {0}. Then we find

repdim (k(z,y, 2) /(2% y°, 2*, vy + syz, xz + stzx, yz + tzy)) > 4.

7.2 Examples related to truncated polynomial rings

7.2.1 Theorem. Let ¥, y = k[z1,...2n]/(z1,...,2x)F. That is the poly-
nomial ring in N variables modulo all polynomials of degree L.
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e Assume L < N. Then
dim 7,y -mod = dim D*(X; x -mod) = L — 1,

and
repdim Xy y = L + 1.

e Assume L > N. Then
N —1<dimY; y-mod < dim D*(X, y-mod) < L — 1,

and
N +1<repdim¥;ny < L+ 1.

7.2.2 Remark. The case N = 1 suggests that in the the correct number for
the representation dimension could always be min{L + 1, N 4+ 1}.

As before, we break the proof into several smaller lemmas.

7.2.3 Lemma. Let ¥ n be as above. Then

dim ¥, y -mod > min{L — 1, N — 1}.
Proof. Set d = min{L —1, N —1}. Take I’ = (Z’}J’N)@, that is (‘;) copies of
the indecomposable injective module. We assume these copies to be indexed
by the subsets of {1...d} having exactly j elements, and write (X} y)® with
S C{l1...d} and |S| = j for the corresponding direct summand of [7. We
define the maps 6f by giving their components between the direct summands.
For 0} the component (3} )% — (2} )7 is

0 if S ¢ T
(—1)HseSls<tty, if SU{t} =1T.

For i > 0 the component (X} )% — (X7 )" of & is

0 if S ¢ T
(—1)HseSl<Bllpy if SU {1} = T.

It is a straightforward calculation to verify that these maps fulfill assumptions
(1) and (2) of Theorem 3. By induction on d’ with 0 < d’ < d one can see
that the map 9] - - ~Bg,' is given by its components

0 HSE{..d} ) e o
+2f if §={1...d} }‘(ELN)'——+(ELN).
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Therefore we consider, for o € and & = k(«), the following vertical map
of complexes.

o~

Z*L’N 0 7{:\ (z1ta1zN,.TgtagzN) (EE’N)d S T

r1ta1zN a
((Iz-ﬁ-asz)) Ty

+(zqtagzy) S @k
LN

(ZE,N)d @ k

Clearly it is never null-homotopic. Therefore Theorem 3 can be applied and
provides the lower bound for dim X,y -mod. O

7.2.4 Lemma. Let ¥ n be as in Theorem 7.2.1. Thenrepdim X y < L+1.

Proof. We want to apply Corollary 6.3. We can see that Assumption (1)
holds in a similar way to the proof of Lemma 7.1.6. The differences are
that we cannot and don’t have to exclude the case j = L — 1, and that
Ty - ST N/ TN = TS N/ T L v, so we do not need to look at
different N simultaneously. Assumption (2) is obvious and Assumption (3)
can be seen as in Proposition 7.1.5. 0

Proof of Theorem 7.2.1. The claims of the theorem now follow from the in-
equalities in Lemmas 7.2.3 and 7.2.4 and in the diagram in 4.6. O

For an ideal I < k[xy,...,zx] and a € kY we say that I has an L-fold
zero in a if I C (z; —a; | 1 < i < N)E. Note that for showing the lower
bounds for the three dimensions in Theorem 7.2.1 it was only necessary to
factor out an ideal which has an L-fold zero in 0. Also we can move the zero
to any other point by changing the coordinates. Therefore we have shown

Theorem 4. Let I < klxy,...,xn|. Assume that I has an L-fold zero. Then

min{L — 1, N — 1} <dimk[zy, ..., zx]/] -mod
<dim D°(k[x1, ..., 2zx]/I -mod),

and in particular
repdim k[z1, ..., zy]/I > min{L + 1, N + 1}.

7.2.5 Remark. Avramov and Iyengar [6], using techniques from [5], have
announced that the dimension of the stable derived category of a complete
intersection local ring R is at least the codimension of R minus one. As a
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corollary they deduce that when in addition the ring is artinian, its represen-
tation dimension is at least the embedding dimension plus one. In particular,

Vep,...ey > 1:repdimkfxy, ... x|/ (2], ..., 27) > N +1

It is worth noting that the result of Theorem 4 intersects their result, where
the intersection consists of the cases with ¢q,...,cy > N.

Next we look at the following covering of the truncated polynomial rings.

7.2.6 Theorem. Let ¥, n be the as in Theorem 7.2.1. In the notation of 5.3
we set X v = (3r,5){1,..1}, that is the covering with respect to the subset
{1,....,L} C Z. Then %y y = kQ/I with

x1 x1 1
1 2 3 L-1
Q=0 . o . o o .o and
— > — > — >
TN TN TN

I = (2pxm — Tpy).
e Assume L < N. Then
dim iL,N -mod = dim Db(iL,N -mod) = L — 1,

and B
repdim Xy, y = L + 1.

e Assume L > N. Then
N — 1< dim¥; y-mod < dim D*(Z, y -mod) < N,

and _
N +1<repdim¥;ny < L+ 1.

7.2.7 Remark. In case L = N these are the algebras treated by Krause
and Kussin. It should be noted that their lower bound for the representation
dimension is improved by two here, and that we actually determined all
dimensions in that case.

The upper bound for the representation dimension of these algebras has
been constructed by Iyama:

7.2.8 Lemma (Iyama). Let 3p, y be as above. Then

repdimiL,N <L+1.
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Proof. We apply Corollary 6.2. Assumption (1) can again be seen similarly
to the proof of Lemma 7.1.6, by combining the changes sketched in the proofs
of Lemmas 7.1.9 and 7.2.4. Assumption (2) clearly holds for Ly = L. O

Proof of Theorem 7.2.6. By Proposition 5.3.1 and the proof of Lemma 7.2.3
we have dim Ay y -mod > min{L — 1, N —1}. Now the theorem follows with
the inequality if Lemma 7.2.8 above and the inequalities of 4.6. 0

As for the exterior algebras, we also get various algebras which have the
same covering here.

7.2.9 Theorem. Let A = (a;;) be an invertible N x N-matrix over k. Let
Zf’ ~ be the algebra

iy =k, an) /( Zamixna:i - Zamxmxi,
xnl DR an>‘
Then
min{L — 1, N — 1} < dim X7 y -mod < dim D*(37 y -mod) < L — 1,
and in particular

repdim ¥ y > min{L + 1, N + 1}.

7.3 Further examples

Now we present another two examples of relatively small algebras of repre-
sentation dimension four.

7.3.1 Theorem. Let k be a field, A = kQ/I with

Q p—
/
ai
bo

1
o

R

I :(CLZ'C]' - b]dz ‘ iuj S {07 1})

2
@)
X
XZL
@)
y
@)

Then
dim A -mod = dim D°(A -mod) = 2,
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and
repdim A = 4.

7.3.2 Lemma. Let A as above. Then dim A -mod > 2.

Proof. We denote by Fi,...F, the indecomposable injective modules, and
by ag,...,d; the maps between them induced by the arrows of the quiver.
Now we apply Theorem 3 with d = 2 and

I°=FE, I'=F,® F;
I’ =E 0y = (Go, —do)
0f = (0,—dy) 05 = (&,0)
3= (%) o = (%)
%= ()

It is straightforward but somewhat tedious to verify that the assumptions of
Theorem 3 are met. In particular, verifying that the map of complexes in
Theorem 3 is not null-homotopic here can be done by a brute force approach
(assume there is a null-homotopy, write it as linear combination of the maps
induced by the arrows, this amounts to a large system of linear equations
which can be shown to not be solvable). O

7.3.3 Lemma. Let A as in Theorem 7.3.1. Then
repdim A < 4.

Proof. We apply Iyama’s theorem (Theorem 6.1). Here P;, E;, and \S; denote
the indecomposable projective, indecomposable injective and simple module
corresponding to vertex ¢ respectively.

My=P®&P,®Ps®&P,®E ®E, & Es® E,y
My =RadP L& P& E, S EsP EsB Ey

My =Py ® E,® E, ® E3s ®Rad E4

Ms =P, @ E @Sy Ss

M,=0

Therefore repdim A < 4. O

Proof of Theorem 7.3.1. The claims of the theorem now follow from the in-
equalities in Lemmas 7.3.2 and 7.3.3 and in the diagram in 4.6. O
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7.3.4 Theorem. Let k be a field, A = kQ/I with

3

Q= o
bo
—Qpo—
1 ——qg— 2 by
(e} (@]
_— B
a10 o
— Q11—
C1 4
(@]

I =(ag;by — a;bo, apcy — ajco | i € {0,1})

Then
dim A -mod = dim D°(A-mod) = 2,
and
repdim A = 4.

The proof is essentially the same as the one of Theorem 7.3.1. The steps
are as follows:

7.3.5 Lemma. Let A as above. Then dim A -mod > 2.

Proof. We denote by Ei,...FE, the indecomposable injective modules, and
by @, - .., the maps between them induced by the arrows of the quiver.
Now we apply Theorem 3 with d = 2 and

I'=FEs® E, I'=E3
=B o= (2 -%)
1 —by 1 bo

o= (F39) % =59

As in Lemma 7.3.2 is is straightforward to verify that the assumptions of
Theorem 3 are met. However the calculations are even worse. O

7.3.6 Lemma. Let A as in Theorem 7.3.4. Then

repdim A < 4.
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Proof. We apply Iyama’s theorem (Theorem 6.1). We denote by P;, E;,
and S; the indecomposable projective, indecomposable injective and simple
module corresponding to vertex ¢ respectively.

My=P &P, ®Ps®P,®FE & Ey® B30 Ey
My =RadP ®Ps® P, @ L © Ey® Es® Ey
My=P3;&® Py Fy ® Ey ® Rad F3 @ Rad E,
M;=P; o Py E1 S,

M;=0

Therefore repdim A < 4. O

Proof of Theorem 7.3.4. The claims of the theorem now follow from the in-
equalities in Lemmas 7.3.5 and 7.3.6 and in the diagram in 4.6. O



8

70

Open questions

This section consists of a list of questions which came up as a consequence
of the results presented in this thesis.

1.

Is the lower bound we found for the representation dimension of the
elementary abelian groups (Theorem 1) the precise value?

. Are there non-semisimple algebras A, such that equality holds in the

inequality repdim A > dim D®(A -mod) of Proposition 2.2.77?

Find examples of algebras with dim A -mod +2 < repdim A. (We always
have “<” by Lemmas 4.4 and 4.5.)

. Can the difference between dim D°(A-mod) and dim A -mod get arbi-

trarily large?

Given an algebra A, is there any general way to find a good (or even
the best) complex of injective A ®; R-lattices for the application of
Theorem 2.

. Is there any upper bound for the representation dimensions of the al-

gebras of a given (finite) global dimension?

. For Ay n asin Theorem 7.1.1, is repdim Ay xy = N 417 More generally,

if A is a basic algebra, P a direct summand of A which is injective, is
repdim A/ Soc P = repdim A? (By [8] we have “>".)

. Is there a connection between representation dimension and tameness?

(Note that the criterion in Theorem 2 needs a two parameter family
to show that an algebra has representation dimension at least four, so
it should not be possible to apply it to show that a tame algebra has
representation dimension greater than three.)
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